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Abstract

Vanishingpointsin digital imagesresultfrom the projectionby a pin-holecameraof
a setof parallellinesin 3D. Most of the proposedcomputationaimethodsfor detection
of vanishingpointsareforcedto rely heasily on additionalpropertieq(like orthogonality
or coplanarityand equaldistance)of the underlying3D linesin orderto avoid spurious
responses.
In this work we show thatin mary imagesof man-madesrvironmentsvanishingpoints
alone(without ary additionalassumptioron the underlying3D lines beyond pure paral-
lelism) aremeaningfulGestaltsjn the senseof Helmholtz's perceptiorprinciple,recently
proposedor computewisionin [4, 5]. Thisleadsto avanishingpointdetectomwith alow
falsealarmsrateanda high precisionlevel, whichdoesnt rely on ary apriory information
ontheimageor calibrationparametersanddoesnt requireary parametetuning.
The key differencesof this detectorwith respectto previous approachesrethe follow-
ing: (i) Theline sgmentsarethemselesdetectedvith almost-zerdalsealarmsrate, by
are nementof the methodpresentedh [3], alsobasedn Helmholtz's principle; (i) The
thresholdto determinea meaningfulvanishingpoint from a large vote in the generalized
Houghtransformis computedin sucha way thatit guarantees low false alarmsrate;
(i) Finally aMinimum DescriptionLength(MDL) criterionis usedto furtherrestrictthe
numberof spuriousvanishingpoints.

1 Intr oduction

Setsof parallellinesin 3D spaceareprojectednto a2D imageobtainedwvith apin-holecamera
to a setof concurrentines. The meetingpoint of theselinesin theimageplane,is calleda

vanishingpoint, and may eventually belongto the line at in nity of theimageplanein the

caseof 3D lines parallelto the image plane. Even thoughconcurrencen the imageplane
doesnt necessarilymply parallelismin 3D (it only impliesthatall 3D linesintersecttheline

de ned by the focal point andthe vanishingpoint), the counter@amplesfor this implication

areextremelyrarein realimagesandthe problemof nding parallellinesin 3D is reducedo

nding vanishingpointsin theimageplane.

Theusefulnes®f precisemeasurementsf vanishingpoints,amongothergeometrigrim-
itives,wasdemonstratetbr instancdn [2], in theframework of forensicapplicationof single
view metrology Sincethe seminalwork of Barnard[11], however, automatecomputational
methodsfor vanishingpointsdetectionin digital imageshase beenbasedon somevariation
of the Houghtransformin a corvenientlyquantizedGaussiarsphere.Severalre nementsof
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theseechniquegollowed,but mostrecentworkssuggesthatthis simpletechniqueoftenleads
to spuriousvanishingpoints. In orderto eliminatethesefalsealarmsmostauthorsconsidered
somekind of joint Gestalt,which in addsa someotherpropertyto 3D parallelismlike com-
planarityand equaldistancebetweenlines [9] or orthogonalitybetweeerthe threemain 3D
directiong[6, 10, 7].

In this work we shaw that3D parallelismaloneis a signi cant Gestaltin mary imagesof
man-madesrvironmentsandthatit canbereliably detectedvith alow numberof falsealarms
anda high precisionlevel, without usingary secondaryroperty or ary a priory information
on theimageor calibrationparametersandwithout any parametetuning. We do not claim
that secondaryproperties(like equaldistance,or orthogonality)shouldnot be usedin ary
circumstancethis canbe usefulfor someapplicationsandour techniquecanbe extendedto
thesesituations But in mary applicationsa purevanishingpoint detectoiis moreuseful,since
it canbe usedto determinesomecalibrationparameter®f the camerawhich areneededn
otherapproacheeelying onorthogonalityfor instance) Thekey improvementswvith respecto
previousvanishingpoint detectorsarethefollowing:

1. The primitivesthat areaccumulatedn (an equialentof) the Gaussiarsphereareline
sggments,which are themseles detectedwith an almost-zerofalse alarmsrate, by a
re nementof the methodpresentedh [3].

2. Ourcriterionto determineameaningfulanishingpointfrom alargevotein theGaussian
spheres deducedrom the Helmholtzprinciple, thusproducinga low numberof false
alarmswithout needfor threshold-tuning.

3. Finally a Minimum DescriptionLength (MDL) criterionis usedto further restrictthe
numberof spuriousvanishingpoints.

Threstof thepaperis organizedasfollows. Section2 givessomebackgrounentheGestalt
principlesusedin this paperandpresentshere nementsof thealignmentdetectioralgorithm,
thatwerenecessaryo adaptt for vanishingpoint detection.Section3 describeshe vanishing
pointdetectionalgorithmitself, andsectiond presentsheresultsof our experiments.

2 Detectionof Line Segments

As a primitive for our vanishingpoint detectomwe usea setof line segments(edges)hathave
beenobtainedwith are nementof themethodpresentedh [3]. In thefollowing subsectior?.1
we brie y review themethodandits philosophythenwe discusghelimitationsthatshouldbe
addresseth orderto produceusefulprimitivesfor vanishingpoint detection(subsectior®.2),
and nally we describeour proposede nements(subsectior2.3). The initial review of the
line sgmentdetectowill alsosene thereaderasanintroductionto vanishingpointdetection,
sincewe follow exactly the samemethodology

2.1 Helmholtz principle and alignment detection

Thegeneralguiding principlethatwill be usedthroughouthis papers dueto Helmholtzand
canbestatedasfollows:

Assumave are observing independenbbjects,andthat out of themshae a
commorproperty . Thenthegroupingofthese objectdss perceivedasa Gestalt



if theevent“at least outof objectsshaetheproperty ” is extremelyrarein
arandomsetting

Thefollowing de nition is justaformalizationof Helmholtz's principle:

De nition 1 ( -meaningful event) We saythatan eventis -meaningfuljf the expectationof
thenumberof occurencesf this eventin animageeslessthan .

In the caseof alignments the objectswe considerare pixels (we only considerpixelsin
a grid subsampledby a factorof 2 in orderto presere theirindependencejgndthe common
propertywe shall testfor is composedf two parts: (i) First, all the pixels we testmustbe
aligned (up to pixel precision)along a straightline; (i) Secondlythe gradientdirection of
thesepixels mustcoincide(up to a certainprecisionlevel to be speci ed) with the direction
orthogonatlo thisline. More precisely:

Givenanimage of size and asetof independenpixelsof aline
sgment .
We introduceat eachpoint arandomvariable  which equalsl if the anglebetweerthe
imagegradient andthenormaltothesegment islessthan where istheprecision
level (usually ), otherwise

Ourrandomsettingconsistof assuming uniformdistribution of thegradientorientationsso:
and (2)

Therandomvariablerepresentinghesizeof the“grouping” of pointshaving thegooddirection
is

(2)

which hasa binomialdistribution of parameters and .

We wouldlike to consideaseggmentof length  to bemeaningfulwhenits expectechumberof
ocurrencess low (saylowerthan ). We shallseethatthis will bethe casewhenthe obsered
numberof alignedpoints is largeenough.

De nition 2 ( -meaningful segment) A sgmentof length is -meaningfulin an
imageif it containsat least pointshavingtheir directionalignedwith thatof thesegment,
whee is givenby

— (3)
The exactvalue of Is chosenin sucha way thatthe numberof falsealarmsis smaller
than . Letuscomputethis number An imagecontains  possibledigital segments.

Let denotethelengthof the -th sgmentand theevent“the -th sggmentis -meaningful”.
Let denotethecharacteristiéunctionof theevent , sothat:

(4)



Thenthevariablerepresentinghenumberof -meaningfulsegmentss

, andits expectation givestheexpectednumberof falsealarms:
)
(6)
— — (7)
where is thenumberof sggmentsof length , andhence
De nition 3 (number of falsealarms) Givena seggmentoflength in an imagecon-

taining  pointshavingtheir directionalignedwith that of the sgment,the numberof false
alarmsfor this sggmentis

(8)

Notethataseggmentoflength with  alignedpointsis -meaningfulwheneer
, hence is commonlyusedasa signi cancemeasurdor adetectedsegment.
Highly signi cant segmentsmay still be meaningfulif we considera subsebr a superset
of this sggment,evenif the supersetontainsno alignedpointsor if the subsetcontainsonly
alignedpoints. To avoid thiskind of “spuriousresponsesive will consideramonga family of
included -meaningfulsggmentsponly the mostsigni cant one.

De nition 4 (maximal segment) A sgment is maximalif:
1. it doesnotcontainanymote meaningfusegment,.e.

2. it is not containedin any more meaningfulsegment,i.e.

2.2 Limitations of maximal meaningful alignments

(a) Multiple candidatesfor the sameseggment. As shavn in gure 1 when applyingthe
maximal meaningfulalignmentcriterion in [3], we obtain several candidatesor each
sgment.Thisis dueto thefactthatcorrectlysampledmagesareatleastslightly blurred,
which meanghatedgesarealittle bit thickerthanoneor two pixels. Hencemary thin
sggmentscontainedn the actualthik sgmentarestill meaningful.

(b) Choiceof precisionlevel. The methodstill dependn two parameters.The rst of
them,themeaningfulthreshold is necessaryandhasbeenshovn notto becritical (the

standardsetting workswell for all imagesandtheresultsdo notvary signi cantly
even with large variationsof this parametere.g. or ). However, the
precisionparameter is not really necessary Even though works well for

mostimagesa ner precisionlevel mightdo betterin edgeswith highly precisegradient
orientations.



2.3 Proposedre nements

In orderto addresstem (a) in the previous sectionwe would needa criterion which should
allow usto choosethe “best” segmentamongthe mary neighboringcandidatedor a blurred
edge.Sinceall thesecandidatesirecloseto eachotherin the 4-dimensionaparametespace,
anaturalsolutionwould beto require  to bealocal minimumin this space (Notethatdef-

inition 4 alreadyrequires  to bealocal minimumalongthe supportindine of the sggment,
butit doesnt require  to bealocal minimumwith respecto slightchangesn orientationor

positionof thesupportingdine). In thiswork we adoptedwo alternatve criteriawhich shaved

to be computationallyessexpensve andproducesimilar results:

(1) Cannypoints. The edgemultiplicity problemwas rst addressy Canry [1]. We can
adapthis work to our methodologyin the following way: Whenconsideringalignments,
do not considerall pixelsin the image,but only the Canry points,i.e. the pixelsin
theimagedomainthataremetby a zerocrossingof the Canry operator
(This is usually the “center” of the edgein its orthogonaldirection, whereit ist most
steep).Finally in we compute usingequation(8), with the only modi cation
thatinsteadof , we consider whichis thetotal numberof Canry pointsmetby the
sgment,andinsteadof  we consider which is the numberof pixels that do not
only have its gradientorientationalignedwith the sgmentnormal,but are also Canny
points Thenif is still smallerthan the segmentis calleda maximalCanny
meaningfuseggment

(2) MDL with wide sggment. Onceall maximalmeaningfulsegmentshave beenfound, we
starta competitionbetweenneighboringsegmentsin orderto determinethe bestcan-
didate. The competitionis basedon the principle that eachpixel belongsto a single
sggment,namelythe mostmeaningfulsggmentamongall meaningfulsggmentsmeet-
ing thatpoint. More preciselya pixel is assignedo segment iff

. (Notethatsggment competesotonly
for its own pixels, but alsofor pixelsin aslightly dilatedsegment , with ).
Thenwe recompute for all meaningfulsegmentsusingequation(8), with the
only modi cation thatinsteadof ~ we consider whichis thenumberof pixelsthatdo
not only have its gradientorientationalignedwith the segmentnormal, but also belong
to thesegment Thenif is still smallerthan the segmentis calleda maximal
MDL meaningfulsgment A similar criterion (with ) wasalreadyconsideredn
[3] in orderto avoid oblique edgesthat may appearas a side effect of several parallel
edgesWith themodi cation we proposehere( ), thesamecriterioncanbeusedto
eliminatemultiple almostparallelcandidate®f a blurrededge.

To addresstem (b) from the previous sectionwe considerthe following modi cation of our
model.

(3) Multi-precisionMDL Insteadof xing asingleprecisionlevel, wewill considera multi-
ple dyadicprecisionlevels for differentvaluesof in acertainrange
In our experiments shavedto bethe mostusefulrange.Now we canap-
ply thepreviouslydescribednethodfor all precisionevelsandkeepfor eachmeaningful
sggmentthe precisionlevel with the lowestvalueof
This procedurehowever, may multiply the expectednumberof falsealarmsby a factor
of . So,in orderto keepthefalsealarmsratesmallerthan we modify de nition 3
asfollows:



De nition 5 (multi-pr ecisionnumber of falsealarms) Considera family of  preci-
sionlevels with associateshonngativeweights sud that :
Givenasgment oflength inan image sud thatit contains pointshaving
their directionalignedwith the normalto  up to precision . Thenumberof false
alarmsatprecision for thissgmentis de nedas

9)
Thesegmentis consideed -meaningfulat precision if , andit
will beconsideed. Themulti-precisionnumberof falsealarmsis de nedas

(10)
Finally the segmentis multi-precision -meaningfulif , e ifitis -

meaningfulat someprecisionlevel

The questionof how to choosethe weights  is widely open. If thereis no reason
to favor ary of the precisionlevels we choosea uniform family of weights :
whichwe usehere.If orientatiorprecisionis extremelyimportantwe mightassigrhigher
weightsto ner precisionshput this might be at the expenseof lost sggmentsat coarser
precisionlevels.
For any choiceof the weightssatisfying ourde nition guarranteethatthe
expectednumberof occurrence®f multi-precision -meaningfulsegmentsis lessthan
. Neverthelesghe more precisionlevels we considey the lesstight our upperbound
will be, thusincreasingthe numberof sggmentsthat are not detected. The precision
range seemdo be large enoughfor all images,without signi cantly
increasinghenumberof non-detectedegments.

2.4 Experiments

Figure 1 illustrateswith an examplethe differentre nementswe proposedn this paper It
canbeobseredhow the MDL criterionwith wide sggmentsonly leavesonesinglecandidate
for eachsggment(it reduceghe numberof maximalmeaningfulsegmentsfrom 64 to 14, see
sub gureb). TheCanty criterionis notaspowerful in eliminatingmultiple candidateshut it
rarely missessggmentsthatwerekeptby the MDL criterion (whenapplyingboth criteriathe
numberof sggmentss reducedo 11,seesub gurec).
Someof theleastsigni cant sggmentsobtainedby the methoddescribedn [3] (e.g. theones
generatedy shadavs in the middle of the road, sub gure a), arelost with our re nements
(sub guresb andc). But thisis not dueto the Canry or MDL criteria. This is dueto multi-
precision. Sincewe arelooking for sggmentsin a wide rangeof precisionswe decrease at
eachprecisionlevel.

Theseresultssuggesthat we can usethe Canry criterion to improve the computational
costof thedetectionalgorithm. Thebulk of its work is dueto anexhaustve searchamongthe

possiblelines. But we canreducethis searchspacdf we only considerdinesmeetinga

few Canry points. Thenwe canapplythestandardalgorithmwith theMDL criterionto reduce
multiple candidatesFinally we canlocally minimize  for theremainingsegmentsin order
to obtainsubpixel accurag in the sggments localization.
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(a) Maximal meaningfulsegmentsat precision
(63)

(b) Multi-precisionMaximal MDL meaningful (c) Multi-precision Maximal Canry MDL
segments(14) meaningfulsegments(11)

Figurel: Comparisorbetween:(a) the methodproposedn [3]; andthe adaptationsve pro-
posedto adaptthemfor vanishingpoint detection: (b) multi-precisionand MDL, (c) multi-
precision,Canry andMDL.



3 Detectionof Vanishing Points

As in the caseof alignmentswe shall de ne a meaningfulvanishingpoint in termsof the
Helmholtzprinciple. Our objectsin this casewill be all the meaningfulsggmentsobtainedoy
the methodwe describedn the previous section. The commonpropertywe shall seekamong
thesesegmentsis a comonpoint  metby all their supportinglinest. Dueto measurement
errors,we shallnever nd alarge numberof sggmentsintersectingn a singlepoint ; we
shallrather nd afamily of sgmentsintersectinga moreor lesssmallsubset of theimage
plane,which we shall call vanishingregion. In section3.3 we shall addresghe problemof
conveniently choosinga family of vanishingregions. For the momentwe shall think of the
vanishingregionsasa partition of theimageplanesuchthatthe projectionof eachvanishing
region onthe Gaussiarspherehasa quasi-constardrea:

(11)

This partition hasbeenusedin mary works on vanishingpoint detection[11, 6, 10, 7], and
it hasthe adwantagethatit assignghe sameprecisionto all 3D orientationd(if the areawas
constanin theimageplane,thenwe would needanin nite numberof vanishingregions,ori-

entationsorthogonato theimageplanewould belessprecise andorientationsalmostparallel
to theimageplanewouldbein nitely precise)but presentsomelimitationsthatshallbecome
aparenwvhenwe de ne meaningfulvanishingregionin the next section3.1.

We shallcomebackto the choiceof a partitionof theimagedomainin section3.3, aftershow-

ing in section3.2 how to computethe probabilitiesdeducedirom the Helmholtz principle.
Thenin section3.4, we completeour de nition of meaningfulvanishingpointswith a multi-

precisionanalysis,a local maximizationprinciple,andan MDL principle, muchin the same
way asin the caseof alignments Finally, section3.5 summarizeshe algorithmfor vanishing
pointdetectionandsectiord shavstheresults.

3.1 Meaningful vanishingregions

Given independenline sggmentswith supportinglines ,and vanishingre-
gion , let's considerthe characteristidunction of the event“line  meetsvanishingregion

(12)
Thenthenumberof linesmeetinga vanishingregionis simply

(13)
As in the caseof alignmentsthe -th vanishingregion will be meaningfulwheneer the ob-

senedvalue of therandomvariable islargeenough:

De nition 6 ( -meaningful vanishingregion) A vanishingregion  froma partition of the
imageplaneinto  regionsis -meaningfulfor an imagecontaining line sggmentsif at
least linesintersect , whee is givenby

— (14)

1f thesegmentsarepin-holeprojectionsof 3D lineswith acommonorientation , thenthispoint  isthe
pin-holeprojectionof the 3D orientation



Theexactvalueof Is chosenn suchawaythatthenumberof falsealarmsis smaller
than . In factthetotal numberof occurrencesf a vanishingpointin animageis
, Where isthecharacteristidunctionof theevent =" is -meaningful”.
Theexpectednumberof falsealarmsbecomeshen

(15)
(16)
— — 17)
wherethelastinequalityis directly deducedrom thede nition of thethreshold
Themeaningfulnesef avanishingregionis givenby ,wWhere isits numberof

falsealarms,

De nition 7 (number of falsealarms) Givena vanishingregion  from a partition of the
imageplaneinto  regions,which is metby outofatotal of line sgmentsthe number
of falsealarmsfor is

(18)
In orderto actually nd the value of andthe value of the threshold for each
vanishingregion , we needto know the probabilities for all . Sincewe
assumeall segmentsto be independentall areindependentor agiven , and hasa
binomialdistribution
(19)
where
(20)

Thenext sectionshavs how to computesuchprobabilities.

3.2 Probability of aline meetinga vanishing region.

Up to thispointtheanalysigs formally almostequivalentto thecaseof meaningfullignments,
stressingheduality of theeventsn linesmeetatapoint” and“n pointsbelongto asingleline”.
Thethreshold is computedn thesamemannemandfrom thesamebinomialtail asin the
previouscase.Theonly thing thatchangeds theinterpretatiorof the parameters: represents
now thevanishingregion (insteadof thelengthof the segment),andthe numberof events
representshe total numberof possiblevanishingregions(insteadof , thetotal numberof
possiblesegments). The speci ¢ geometryof the vanishingpoint problemcomesinto play
only atthis pointwhencomputingthe probability — of arandomline meeting(theimageand)
avanishingregion



Gratefully this geometricprobability problemhasbeenvery elegantly solved in [8] who
givesa closedform formulain termsof theinternalandexternalperimeterof bothregions.In
therestof thissubsectionve summarizeéhemainideasof his proof. Firstthepolarcoordinates
parameterizatiofor aline is considered:

(21)
andit is shavn from symmetryagumentghatthe only translationandrotationinvariantmea-
surefor setsof linesis . Fromthisit is easyto shav thatthe measureof all the

lines intersectingacorvex set equalstheperimeter of . Themainideasof the proof
arethefollowing:
First,acornvex set containingtheorigin is completelydescribedy the supportfunction
. Thenwe obsere thatthe arc-lengthparameter of IS
, which allows to computethelength  of as:

(22)
But themeasuref all linesintersecting , is by de nition of the supportfunction,also:

(23)
This shawvs thatthemeasuref all linesintersecting isthelength of | ie

This resultcanbe directly appliedto our problemof determinig in the casewherethe
vanishingregion is containedn the (corvex) imagedomain . Sincewe canonly
obsere line sggmentsthatintersecthe imagedomain,the probability we areinterestedn is
actually:

and

(24)

The caseof a a vanishingregion thatis outsideor not includedinto theimagedomainis
slightly morecomplicated Considettwo non-intersectingorvex sets and . Thenall the
measure®f aline intersectingponly ,only ,both and andnoneof them,canbe
computedoy applyingthe previousresultto all corvex setsdelimitedby thebordersof  and

andtheir interior and exterior bitangentsand then solving the resultingsystemof linear
equationsThuswe obtain:

and (25)

where is the perimeterof the corvex ervelopeof and (containingpartsof their bor-
dersandtheexterior bitangents)and is the“internal perimeter’(thelengthof a continuous
curve containingpartsof thebordersof and  andtheinterior bitangents)Figure2 illus-
tratesthis constructiorfor and :

Finally theprobabilityof aline meetinga vanishingregion becomesn this moregenerakase:

and

(26)
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Figure2: Constructiorof theexteriorvanishingregions , andcomputatiorof thecorrespond-
ing probability thatarandomline meetingtheimagedomain alsomeets

3.3 Partition of theimageplaneinto vanishingregions

In this sectionwe addresghe problemof choosinga convenientpartition of theimageplane
into vanishingregions. For this purposewe usethefollowing criteria:

Equal probability. We try to build a partitionsuchthatthe probability

thatarandomline of theimagemeetsavanishingregion is constantor all regions.
Without this equiprobabilitycondition, certainvanishingregions would require mary more
meetinglines to becomemeaningfulthanothers,i.e. they would not be equally detectable
whichis not desireable?

We caneasilydeducdrom theresultsof the previoussectiorthatthis equiprobabilitycondition
impliesthatthesizeof increaseslramaticallywith its distancérom theimage whichagrees
with thefactthatthelocalizationerror of avanishingpointincreasesvith its distanceérom the
image.

Thus,with theequiprobabilitycondition,we obtainthelocalizationerrorof thevanishingpoints
asaconsequencef their detectability

2For instancethe partitioninto regionswhoseprojectioninto the Gaussiarspherehasconstantarea,doesnot
necessarilgatisfythis equalprobability condition. This wasobsenedby [6] in the caseof uniformly distributed
3D lines. In this case linesalmostparallelto theimageplanebecomemuchlessprobablethanlineswhich are
almostorthogonal Despitethe correctionproposedn [6], thisstill leadsto problemsn thedetectiorof vanishing
pointswhentheperspectie effectis verylow (distantvanishingpoints,or linesalmostparallelto theimageplane),
asobseredby[10].
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Angular precision. Thesizeandshapeof thevanishingregionsshouldbein accordancevith

the angularprecisionof the detectedine sggments.In [10] the authoraddressethis problem
by consideringalocalizationerrorof 1 pixel atthe endsof thesegment,sothe precisionof the
seggments orientationis -, where is thelengthof the sggment. The supporting
line of the segmentshouldbe ratherconsideredsa“cone” with angle

Now if isverylargeand verysmallit doesnt makealot of senseo saythatthesegment
meets .3 Sowewill requirethatthesizeofall 'sbecomparabléo thesizeof thesupporting
conegatthecorrespondinglistanceo theimage)of theleastprecisesegments.

Now we shall constructa partition of the planeinto vanishingregionsthatcloselysatis es
both criteriaabove. The partitionis composeaf two familiesof vanishingregions. The rst
(“interior”) oneconsistf regionsentirely containedn theimagedomain , andthe second
(“exterior”) oneconsistf regionsoutsideof theimagedomain.

For simplicity, we shall approximatethe imagedomainby its circumscribedcircle, and
considertheimagedomain asacircle of radius . In orderto meetthe angular
precisionrequirementall exterior regions  will be portionsof sectorsof angle lying be-
tweendistances and fromtheimagecenter . Figure2 illustratesthis constructionFroma
simpletrigonometriccalculationonthis gure we candeducehatthe probabilitythatarandom
line meetingtheimagedomain doesalsomeet is:

— - - (27)

Concerningheinterior regions,we chosea simpletiling of thecircle with squardiles. The
sideof eachsquares choseno be equalto the side of the exterior tiles closestto the image
domain,i.e. . Theperimeterof theinterior regionsis thereforeequalto ,
andthe probabilitythataline meetsaninterior vanishingregionis:

(28)

This ensureghatall interior regionshave the sameprobability, andthattheir sizeis in accor
dancewith the coarsesaingularprecision of theline sgments.Now we have to choosehe

valuesof and to ensurehatall exterior regionshave the sameprobability . Todo
so,we startwith the rst ring of exterior regionssetting , andwe choose by solving
the equation for . Thenwe Il theseconding of exterior tiles by setting
andsolving the equation for . We iteratethis procesuntil we get
, where is suchthat . We caneasilycheckthat is nite
andsatis es:
— - where —_ (29)
Reagionsin thelastring will thenbeunboundedvith probability . They represenparallel

linesin theimageplane.
Figures4 to 7 shav someexamplesof this partition of theimageplanefor differentpreci-
sionlevels

3The solutionproposedn [10] is to have the sgmentvote for all  's met by its supportingcone. In our
formulation of the problemthis solutionis not entirely satisfactoryfor several reasonsand we adoptanother
solution.
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Figure3: Detectionthresholds for vanishingregionsas a functionof the total number of

linesdetectedn theimage For eachgivenprecisionevel (for ), we
constructa partition of theimageplaneinto regionssuchthatthe probability
of aline meetingeachregion is constant . Then,

given randomlineswhich meettheimagedomain we computethe minimalnumber of
linesthatshouldmeet for tobe -meaningfulj.e. for theevent“at least among lines
meet ” to have anexpectednumberof ocurrencegargerthan . The gure plots asa
functionof  for severalprecisionlevels .
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3.4 Final remarks

In this sectionwe introducesomeadditionalcriteriato supresspuriousvanishingpointsand
to eliminatetheangularprecisionparameter

Multi-pr ecisionanalysis. Thechoiceof a x edvaluefor theangularprecisionparameter
requiresa compromisebetweendetectabilityand localizationerror of vanishingpoints. We
areinterestedn the highestpossibleprecisionlevel (smallerlocalizationerrorin thevanishing
point). Ontheotherhandif the precisionlevel is too ne with respecto theangularprecision
of the sggmentsthe vanishingregion will be hardly detected.The optimallevel will approxi-
matelymatchthe precisionof thesegmentsconverging to this vanishingpoint,andour stratgy
will beto try to adjustthe precisionlevel automaticallyto this value.

Figure3 shaws thevalueof the minimal number(equationl4) of concurrentinesneeded
for the vanishingregion to be 1-meaningful,asa function of the total numberof linesin the

image( ) for several angularprecision . Obsere thatfor a total lines, we
needabout300 concurrentinesto be meaningfulat precision , Whereaonly 15
concurrentinesareenoughat precision . But we would only need7 concurrent
lines, if the total numberof lines was . This discussiormotivatesthe procedure

describedelow.

As in the caseof alignments,insteadof xing a singleangularprecisionlevel, we will
considera multiple dyadicprecisionlevels for differentvaluesof in acertain
range . In our experiments shaved to be the mostuseful range,but
this canbe adjustedo the rangeof precisionlevels of the extractedsegments. Accordingto
the discussiorabove, at eachprecisionlevel  we shouldonly keepthosesegmentswith a
precisionlevel no coarserthan . Coarsersggmentswould signi cantly increase  (thus
increasingthe detectionthreshold ) without signi cantly increasingthe number  of lines
meetingthe vanishingregion. Now we can apply the previously describedmethodfor all
precisionievels. Thisprocedurehowever, maymultiply theexpectechumberof falsealarmsby
afactorof . So,in orderto keepthefalsealarmsratesmallerthan we modify de nition 7
asfollows:

De nition 8 (multi-pr ecisionnumber of falsealarms) Considera familyof precisionlev-

els with associateshonngativeweights sud that . Consider
a vanishingregion from a partition of theimageplaneinto sud regionsat precision
level ,sutthat outof sementameet . Thenumberof falsealarmsof isde ned

as

(30)

Thevanishingregionis consideed -meaningfulif ,l.e.if whee
thethresholdis de nedas:

— (31)

With thisde nition thetotal expectechumberof falsealarmsfrom this multi-precisionanalysis
is asexpected.The problemis thata single
vanishingpoint may be meaningfulat several differentprecisionlevels, andwe only wantto

keepthe bestexplanationfor it.
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Local maximization of meaningfulness. Whenahugenumberof sggmentsmeeta vanish-
ingregion  they alsomeetsomeof the neighboringegionsatthesameprecisionlevel , as
well asall coarserregions andsome ner regions . Therefore these
neighboringregionstoo, arelikely to becomemeaningful but arenot necessarilghe bestex-

planation.To chooseamongthemthe bestexplanationwe introducethe following maximality
concept:

De nition 9 (maximal vanishingregion) A vanishingregion froma multi-precisionfam-
ily of partitions of the imageplaneis maximalif it is more meaningfulthanany otherregion
intersectingt. More precisely is maximalif:

(32)

whee denotegheclosue of a set

Note thatthe the condition includesboth neighboringregions at the same
level, aswell as coarserregions containing and ner regions containedin it. We used
this conditioninsteadof inclusion, becausehe equalprobability constraintthat we usedto
construcbur partitionmeanghatregionsat precisionevel cannotalwaysbecompletely
includedin a singleregion at the coarsesprecisionlevel . In this situationthis “non-empty
intersection”-typeonditionis bettersuited.

Minimum Description Length. Figures4 and5 shaw all themaximal -meaningfulvanish-
ing regionsthataredetectedor the photograplof a building. Clearlythe rst threecorrespond
to realorientationin the 3D scenewhereaghe otherthreeareanarti cial mixture of different
orientations.Obsere thatthesemixturesarelessmeaningfulthanthe original ones,because
only a smallportion of the sggmentsin eachdirectioncanparticipate.Therefore thesearti -
cial vanishingregionscanbe Itered outby anMDL criterionsimilar to the onewe usedfor
sggments.Among all maximalmeaningfulvanishingregionswe starta competitionbetween
them,basedon the principle thateachsegmenthasto choosea singlevanishingregion which
bestexplainsits orientation.More preciselya segmentwith supportindine is assignedo the
vanishingregion suchthat is smallestamongall regions metby . Thenwe
recompute for all meaningfulsegmentsusingequation(18), with the only modi ca-
tion thatinsteadof = we consider which is the numberof linesthatdo notonlymeet |,
but alsobelongto thevanishingregion . Thenif thenumberof falsealarmsis still smaller
than , thenthevanishingregionis amaximalMDL meaningfulanishingregion.

3.5 Algorithm
Summarizingpur algorithmfor vanishingregion detectioncanbe describedsfollows:

1. find all maximal MDL 1-meaningful segments

2. for each precision level
3. select the segments with angular precision finer  than ,
and their  supporting lines
4. compute the boundaries of the partition
5. compute the probability of a random line meeting any of the
's.
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4 Experiments

Figures4 to 7 shav the resultsof applyingour algorithmfor vanishingpoint detectionon
severalimages.

In mostcaseshemostrelevantorientationsaredetectedyithoutary falsealarms.Figure5
illustratesheneedof theMDL criterionin orderto Iter outarti cial vanishingpointsthatmay
appeawhentherealvanishingpointsareextremelymeaningful NotethatafterMDL ( gure 4)
we only getthemainthreedirections(two horizontalandonevertical).

Figures6 and7 illustratethe maskingphenomenonin the rst image,thelessmeaningful
directionscorrespondingo thewall are“masked”by themary sggmentsin the horizontaland
verticaldirections.Seethe gure captiondor amoredetailedexplanation.

In all our experimentswe used , but we could alsohave useda muchsmallervalue,
sincein all the exampleqoresentedhereall realvanishingpointshave

Whenapplyingthealgorithmto naturalimageswvherethereareno segmentsandno vanish-
ing points,we canexpectto nd no meaningfulvanishingpoints,orto nd oneevery im-
ages.Therearesomelimitationsin this sensesincein certaincaseshe photographechooses
a specialperspectie for aesthetiaeasonswhich resultsin accidentaimeaningfulvanishing
points.In gure 8 we shav anexampleof this situation.
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Figure4: Detectedine segmentsfor a building imageandthe only threemaximalMDL van-
ishing pointsthataredetected.They correspondo thetwo horizontalorientationsandto one
verticalorientation.Notethatno orthogonalityhypothesisvasused thusit canbe useda pos-
terioriin orderto calibratesomecamergparameterst-or eachvanishingpointwe only display
thesegmentsthatcontributedto this pointat theautomaticallychoserprecision.
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Figure5: Beforeapplyingthe MDL criterion somespuriousvanishingregionsremain. Note
that they arisefrom mixturesof real vanishingregions, and that they are signi cantly less
meaningfuland lessprecisethanthe real vanishingregions. Therefore,during MDL, most
sgmentsvote for thereal vanishingregion insteadof these*mixed” ones,sothatafter MDL
their numberof falsealarmsdecreaseandthey arenolongermeaningful.
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Figure6: Detectedine sggmentdor animageof anitalian paintingby Uccelloandtheonly two
maximalMDL vanishingpointsthataredetectedNotethatthevanishingpointscorresponding
to theobliquewall andthestaircaseremissed.Thisis dueto thefactthatboththealignment
detectionandthe vanishingpoint detectionare global, andthe lessmeaningfulsegmentsand
vanishingpointsaremaskedyy the moremeaningfulhorizontalandvertical orientationgsee
gure 7).
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Figure7: lllustration of the“masking” phenomenonWhenwe selecthewall subimagen the
previous gure, morealignmentsaredetectedandthetwo vanishingpointsthatweremasked
in the global image becomemeaningful. This is due to two cooperatingeffects. First the
maskingphenomenomt the alignmentdetectionlevel meansthatwe detectin this subimage
more meaningfulsggmentsthanin the globalimage. Secondlyat the vanishingpointsdetec-
tion level, the total numberof seggmentsis smaller which meanghatthe minimal numberof
concurrentinesfor avanishingregionto becomemeaningful is alsosmaller
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