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Abstract

Vanishingpointsin digital imagesresultfrom the projectionby a pin-holecameraof
a setof parallel lines in 3D. Most of the proposedcomputationalmethodsfor detection
of vanishingpointsareforcedto rely heavily on additionalproperties(like orthogonality
or coplanarityandequaldistance)of the underlying3D lines in orderto avoid spurious
responses.
In this work we show that in many imagesof man-madeenvironmentsvanishingpoints
alone(without any additionalassumptionon the underlying3D linesbeyondpureparal-
lelism)aremeaningfulGestalts,in thesenseof Helmholtz'sperceptionprinciple,recently
proposedfor computervision in [4, 5]. This leadsto avanishingpointdetectorwith a low
falsealarmsrateandahighprecisionlevel, whichdoesn't rely onany apriory information
on theimageor calibrationparameters,anddoesn't requireany parametertuning.
The key differencesof this detectorwith respectto previous approachesarethe follow-
ing: (i) The line segmentsarethemselvesdetectedwith almost-zerofalsealarmsrate,by
a re�nementof themethodpresentedin [3], alsobasedon Helmholtz'sprinciple;(ii) The
thresholdto determinea meaningfulvanishingpoint from a largevote in thegeneralized
Houghtransformis computedin sucha way that it guaranteesa low falsealarmsrate;
(iii) Finally a Minimum DescriptionLength(MDL) criterionis usedto furtherrestrictthe
numberof spuriousvanishingpoints.

1 Intr oduction

Setsof parallellinesin 3D spaceareprojectedinto a2D imageobtainedwith apin-holecamera
to a setof concurrentlines. The meetingpoint of theselines in the imageplane,is calleda
vanishingpoint, andmay eventuallybelongto the line at in�nity of the imageplanein the
caseof 3D lines parallel to the imageplane. Even thoughconcurrencein the imageplane
doesn't necessarilyimply parallelismin 3D (it only impliesthatall 3D lines intersecttheline
de�ned by the focal point andthe vanishingpoint), the counterexamplesfor this implication
areextremelyrarein realimages,andtheproblemof �nding parallellinesin 3D is reducedto
�nding vanishingpointsin theimageplane.

Theusefulnessof precisemeasurementsof vanishingpoints,amongothergeometricprim-
itives,wasdemonstratedfor instancein [2], in theframework of forensicapplicationsof single
view metrology. Sincetheseminalwork of Barnard[11], however, automatedcomputational
methodsfor vanishingpointsdetectionin digital imageshave beenbasedon somevariation
of theHoughtransformin a convenientlyquantizedGaussiansphere.Several re�nementsof
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thesetechniquesfollowed,but mostrecentworkssuggestthatthissimpletechniqueoftenleads
to spuriousvanishingpoints. In orderto eliminatethesefalsealarmsmostauthorsconsidered
somekind of joint Gestalt,which in addsa someotherpropertyto 3D parallelismlike com-
planarityandequaldistancebetweenlines [9] or orthogonalitybetweeenthe threemain 3D
directions[6, 10,7].

In this work we show that3D parallelismaloneis a signi�cant Gestaltin many imagesof
man-madeenvironmentsandthatit canbereliablydetectedwith a low numberof falsealarms
anda high precisionlevel, without usingany secondaryproperty, or any a priory information
on the imageor calibrationparameters,andwithout any parameter-tuning. We do not claim
that secondaryproperties(like equaldistance,or orthogonality)shouldnot be usedin any
circumstance;this canbeusefulfor someapplications,andour techniquecanbeextendedto
thesesituations.But in many applicationsapurevanishingpointdetectoris moreuseful,since
it canbe usedto determinesomecalibrationparametersof the camera(which areneededin
otherapproachesrelyingonorthogonalityfor instance).Thekey improvementswith respectto
previousvanishingpointdetectorsarethefollowing:

1. The primitivesthat areaccumulatedin (an equivalentof) the Gaussiansphereare line
segments,which are themselves detectedwith an almost-zerofalse alarmsrate, by a
re�nementof themethodpresentedin [3].

2. Ourcriterionto determineameaningfulvanishingpointfromalargevotein theGaussian
sphereis deducedfrom the Helmholtzprinciple, thusproducinga low numberof false
alarms,withoutneedfor threshold-tuning.

3. Finally a Minimum DescriptionLength(MDL) criterion is usedto further restrict the
numberof spuriousvanishingpoints.

Th restof thepaperisorganizedasfollows.Section2 givessomebackgroundontheGestalt
principlesusedin thispaper, andpresentsthere�nementsof thealignmentdetectionalgorithm,
thatwerenecessaryto adaptit for vanishingpointdetection.Section3 describesthevanishing
pointdetectionalgorithmitself, andsection4 presentstheresultsof ourexperiments.

2 Detectionof Line Segments

As a primitive for our vanishingpoint detectorwe usea setof line segments(edges)thathave
beenobtainedwith are�nementof themethodpresentedin [3]. In thefollowing subsection2.1
webrie�y review themethodandits philosophy, thenwediscussthelimitationsthatshouldbe
addressedin orderto produceusefulprimitivesfor vanishingpoint detection(subsection2.2),
and�nally we describeour proposedre�nements(subsection2.3). The initial review of the
line segmentdetectorwill alsoserve thereaderasanintroductionto vanishingpointdetection,
sincewefollow exactly thesamemethodology.

2.1 Helmholtz principle and alignment detection

Thegeneralguidingprinciplethatwill beusedthroughoutthis paperis dueto Helmholtzand
canbestatedasfollows:

Assumewe are observing� independentobjects,and that
�

out of themshare a
commonproperty � . Thenthegroupingof these

�

objectsis perceivedasa Gestalt
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if theevent“at least
�

out of � objectsshare theproperty � ” is extremelyrare in
a randomsetting.

Thefollowing de�nition is justa formalizationof Helmholtz'sprinciple:

De�nition 1 ( � -meaningful event) We saythat an eventis � -meaningful,if theexpectationof
thenumberof occurrencesof this eventin an imageeslessthan � .

In the caseof alignments,the objectswe considerarepixels (we only considerpixels in
a grid subsampledby a factorof 2 in orderto preserve their independence),andthecommon
propertywe shall test for is composedof two parts: (i) First, all the pixels we testmustbe
aligned(up to pixel precision)along a straight line; (ii) Secondlythe gradientdirectionof
thesepixels mustcoincide(up to a certainprecisionlevel to be speci�ed) with the direction
orthogonalto this line. Moreprecisely:

Givenan image
�

of size ����� and ���
	��
�
	�������	��
� a setof � independentpixelsof a line
segment � .
We introduceat eachpoint �
� a randomvariable ��� which equals1 if the anglebetweenthe
imagegradient�

���

����� andthenormalto thesegment��� is lessthan� � where� is theprecision
level (usually�"!$#&%'#�( ), otherwise�)��*,+ .
Ourrandomsettingconsistsof assumingauniformdistributionof thegradientorientations,so:

�.- �)�
*/#
0�*1� and �.- �)�
*2+&0 (1)

Therandomvariablerepresentingthesizeof the“grouping”of pointshaving thegooddirection
is

3

�
*4�5�768�)�76,9�9�9:68�)� (2)

whichhasa binomialdistributionof parameters� and � .
Wewouldlike to considerasegmentof length �<; to bemeaningfulwhenits expectednumberof
ocurrencesis low (saylower than � ). We shallseethatthis will bethecasewhentheobserved
numberof alignedpoints

�

; is largeenough.

De�nition 2 ( � -meaningful segment) A segmentof length � is � -meaningfulin an �=�,�

imageif it containsat least
���

�>	

�

� pointshavingtheir directionalignedwith thatof thesegment,
where

���

�?� is givenby

���

�>	

�

�7*,@5ACBED

�GF�H

	 �.-

3

��I

�

0�J

�

�5K�L

(3)

Theexact valueof
���

�>	

�

� is chosenin sucha way that the numberof falsealarmsis smaller
than � . Let uscomputethis number. An �M�N� imagecontains�

K possibledigital segments.
Let �C� denotethelengthof the O -th segmentand PQ� theevent“the O -th segmentis � -meaningful”.
Let R7SUT denotethecharacteristicfunctionof theevent P&� , sothat:

�.- R7SUT�*$#
0�* �.-

3
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���
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�
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�
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�
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(4)
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Thenthevariablerepresentingthenumberof � -meaningfulsegmentsis
�

*,R S��
6�R7S���6 9�9�9�6

R7S���� , andits expectation	

�

�

� givestheexpectednumberof falsealarms:

	

�

�

� *
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�
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�

	

�

R7SUTU� (5)
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� (7)

where�

�

�?� is thenumberof segmentsof length � , andhence�

�

�

�

�?�7!$�

K .

De�nition 3 (number of falsealarms) Givena segmentof length �U; in an � � � imagecon-
taining

�

; pointshavingtheir directionalignedwith that of thesegment,thenumberof false
alarmsfor this segmentis

���

� �

;&	��C;
� *2�

K

�.-

3

� � I

�

;�0 (8)

Notethatasegmentof length��; with
�

; alignedpointsis � -meaningful,whenever ���

� �

;&	��C;
� J

� , henceb������c���

� �

;&	��C;
� is commonlyusedasasigni�cancemeasurefor adetectedsegment.
Highly signi�cant segmentsmaystill bemeaningfulif we considera subsetor a superset

of this segment,even if thesupersetcontainsno alignedpointsor if thesubsetcontainsonly
alignedpoints.To avoid thiskind of “spuriousresponses”wewill consider, amongafamily of
included� -meaningfulsegments,only themostsigni�cant one.

De�nition 4 (maximal segment)A segment� is maximalif:

1. it doesnotcontainanymore meaningfulsegment,i.e. ���)	����,���! #"

�

�.� I$ #"

�

�E�

2. it is not containedin any more meaningfulsegment,i.e. ���)	%�'& �(�) #"

�

�.�GI

 #"

�

�E�

2.2 Limitations of maximal meaningful alignments

(a) Multiple candidatesfor the samesegment. As shown in �gure 1 when applying the
maximalmeaningfulalignmentcriterion in [3], we obtainseveral candidatesfor each
segment.Thisis dueto thefactthatcorrectlysampledimagesareatleastslightlyblurred,
which meansthatedgesarea little bit thicker thanoneor two pixels. Hencemany thin
segmentscontainedin theactualthik segmentarestill meaningful.

(b) Choiceof precisionlevel. The methodstill dependson two parameters.The �rst of
them,themeaningfulthreshold� is necessary, andhasbeenshown not to becritical (the
standardsetting�

*$# workswell for all images,andtheresultsdonotvarysigni�cantly
even with large variationsof this parameter, e.g. �

* +a�C# or �

*�#�+ ). However, the
precisionparameter� is not really necessary. Even though � *�#&%'#�( works well for
mostimages,a �ner precisionlevel mightdobetterin edgeswith highly precisegradient
orientations.
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2.3 Proposedre�nements

In orderto addressitem (a) in the previous sectionwe would needa criterion which should
allow us to choosethe“best” segmentamongthe many neighboringcandidatesfor a blurred
edge.Sinceall thesecandidatesarecloseto eachotherin the4-dimensionalparameterspace,
a naturalsolutionwouldbeto require #" to bea localminimumin this space.(Notethatdef-
inition 4 alreadyrequires #" to bea localminimumalongthesupportingline of thesegment,
but it doesn't require #" to bea localminimumwith respectto slightchangesin orientationor
positionof thesupportingline). In thiswork we adoptedtwo alternativecriteriawhichshowed
to becomputationallylessexpensive andproducesimilar results:

(1) Cannypoints. The edgemultiplicity problemwas�rst addressby Canny [1]. We can
adapthis work to ourmethodologyin thefollowing way: Whenconsideringalignments,
do not considerall pixels in the image,but only the Canny points, i.e. the pixels in
theimagedomainthataremetby a zerocrossingof theCanny operator

�

�

���

�

�

	

�

�

� .
(This is usually the “center” of the edgein its orthogonaldirection,whereit ist most
steep).Finally in we compute #"

� �

�
	��U�Y� usingequation(8), with theonly modi�cation
that insteadof � ; , we consider� � which is the total numberof Canny pointsmetby the
segment,and insteadof

�

; we consider
�

� which is the numberof pixels that do not
only have its gradientorientationalignedwith thesegmentnormal,but are alsoCanny
points. Thenif  #"

� �

�
	��U�Y� is still smallerthan � thesegmentis calleda maximalCanny
meaningfulsegment.

(2) MDL with widesegment.Onceall maximalmeaningfulsegmentshave beenfound,we
starta competitionbetweenneighboringsegmentsin order to determinethe bestcan-
didate. The competitionis basedon the principle that eachpixel belongsto a single
segment,namelythe mostmeaningfulsegmentamongall meaningfulsegmentsmeet-
ing that point. More preciselya pixel � is assignedto segment � if f ���)	

�

 #"

�

�.�)J

�

���

�

�

F

���

���

� �  #"

�

�.���$ #"

�

�E� . (Notethatsegment � competesnot only
for its own pixels,but alsofor pixels in a slightly dilatedsegment �	�

�
�

, with �.! # ).
Thenwe recompute #"

� �

��	��C;
� for all meaningfulsegmentsusingequation(8), with the
only modi�cation thatinsteadof

�

; weconsider
�

� which is thenumberof pixelsthatdo
not only have its gradientorientationalignedwith thesegmentnormal,but alsobelong
to thesegment. Thenif  #"

� �

��	��C;
� is still smallerthan � thesegmentis calleda maximal
MDL meaningfulsegment. A similar criterion (with �N* + ) wasalreadyconsideredin
[3] in orderto avoid obliqueedgesthat may appearasa sideeffect of several parallel
edges.With themodi�cation we proposehere( �E*$# ), thesamecriterioncanbeusedto
eliminatemultiplealmostparallelcandidatesof a blurrededge.

To addressitem (b) from the previoussectionwe considerthe following modi�cation of our
model.

(3) Multi-precisionMDL Insteadof �xing a singleprecisionlevel, wewill considera multi-
pledyadicprecisionlevels �
� *��

e�� for � differentvaluesof � in acertainrange- � ��	����&0 .
In our experiments� *	�a	��Z	�������	�( showedto bethemostusefulrange.Now we canap-
ply thepreviouslydescribedmethodfor all precisionlevelsandkeepfor eachmeaningful
segmenttheprecisionlevel with thelowestvalueof  #" .
This procedure,however, maymultiply theexpectednumberof falsealarmsby a factor
of J

� . So, in orderto keepthefalsealarmsratesmallerthan � we modify de�nition 3
asfollows:
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De�nition 5 (multi-pr ecisionnumber of falsealarms) Considera family of � preci-
sionlevels

�

�����

�

�

X

�

withassociatednonnegativeweights
���

���

�

�

X

�

such that �

�

�

X

�

�

� */# .
Givena segment� of length ��; in an � �.� image,such that it contains

�

; pointshaving
their directionalignedwith the normal to � up to precision ��� . Thenumberof false
alarmsat precision��� for this segmentis de�nedas

 #"

� �

;&	��C;&	 �	� � */�

K

� �

V

WYXZW

�

_

�C;

��`

�

W

�

�

# b �	� �

� �Ye

W

� (9)

Thesegmentis considered � -meaningfulat precision�
� if  #"

� �

;&	��C;�	 �	� � J

�

�

� , and it
will beconsidered.Themulti-precisionnumberof falsealarmsis de�nedas

 #"

� �

;&	��C;
� * ACB
�

�

X

�>\ � � � \ �

 #"

� �

;&	��C;�	 �	� � (10)

Finally the segmentis multi-precision � -meaningfulif  #"

� �

;&	��C;
�NJ

� , i.e. if it is � -
meaningfulat someprecisionlevel �
� .

The questionof how to choosethe weights
�

� is widely open. If thereis no reason
to favor any of the precisionlevels we choosea uniform family of weights

�

��* #&%

� ,
whichweusehere.If orientationprecisionisextremelyimportantwemightassignhigher
weightsto �ner precisions,but this might beat theexpenseof lost segmentsat coarser
precisionlevels.
For any choiceof theweightssatisfying �

�

�

X

�

�

� *$# ourde�nition guarranteesthatthe
expectednumberof occurrencesof multi-precision� -meaningfulsegmentsis lessthan

� . Neverthelessthe moreprecisionlevels we consider, the lesstight our upperbound
will be, thus increasingthe numberof segmentsthat are not detected.The precision
range �

e

K

	��

e�


	������
	��

e	� seemsto be large enoughfor all images,without signi�cantly
increasingthenumberof non-detectedsegments.

2.4 Experiments

Figure1 illustrateswith an examplethe different re�nementswe proposedin this paper. It
canbeobservedhow theMDL criterionwith wide segmentsonly leavesonesinglecandidate
for eachsegment(it reducesthenumberof maximalmeaningfulsegmentsfrom 64 to 14, see
sub�gureb). TheCanny criterionis not aspowerful in eliminatingmultiple candidates,but it
rarelymissessegmentsthatwerekeptby theMDL criterion(whenapplyingbothcriteria the
numberof segmentsis reducedto 11,seesub�gurec).
Someof theleastsigni�cant segmentsobtainedby themethoddescribedin [3] (e.g. theones
generatedby shadows in the middle of the road,sub�gure a), are lost with our re�nements
(sub�guresb andc). But this is not dueto theCanny or MDL criteria. This is dueto multi-
precision.Sincewe arelooking for segmentsin a wide rangeof precisions,we decrease� at
eachprecisionlevel.

Theseresultssuggestthat we canusethe Canny criterion to improve the computational
costof thedetectionalgorithm.Thebulk of its work is dueto anexhaustive searchamongthe

�

�

����� possiblelines. But we canreducethis searchspaceif we only considerlinesmeetinga
few Canny points.Thenwecanapplythestandardalgorithmwith theMDL criterionto reduce
multiple candidates.Finally we canlocally minimize  #" for theremainingsegmentsin order
to obtainsubpixel accuracy in thesegment's localization.
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(a) Maximal meaningfulsegmentsat precision
����������� (63)
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(b) Multi-precisionMaximal MDL meaningful
segments(14)
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(c) Multi-precision Maximal Canny MDL
meaningfulsegments(11)

Figure1: Comparisonbetween:(a) themethodproposedin [3]; andthe adaptationswe pro-
posedto adaptthemfor vanishingpoint detection:(b) multi-precisionandMDL, (c) multi-
precision,Canny andMDL.
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3 Detectionof VanishingPoints

As in the caseof alignmentswe shall de�ne a meaningfulvanishingpoint in termsof the
Helmholtzprinciple. Our objectsin this casewill beall themeaningfulsegmentsobtainedby
themethodwe describedin theprevioussection.Thecommonpropertywe shallseekamong
thesesegmentsis a comonpoint ��� met by all their supportinglines1. Due to measurement
errors,we shall never �nd a large numberof segmentsintersectingin a singlepoint ��� ; we
shall rather�nd a family of segmentsintersectinga moreor lesssmall subset

�

of the image
plane,which we shall call vanishingregion. In section3.3 we shall addressthe problemof
convenientlychoosinga family of vanishingregions. For the momentwe shall think of the
vanishingregionsasa partitionof theimageplanesuchthat theprojectionof eachvanishing
regionon theGaussianspherehasa quasi-constantarea:

�

�

�

X

�

�

��*�� �
	 �
���������

�

�

�?��	:*�� �:B������&B�� (11)

This partition hasbeenusedin many works on vanishingpoint detection[11, 6, 10, 7], and
it hasthe advantagethat it assignsthe sameprecisionto all 3D orientations(if the areawas
constantin theimageplane,thenwe wouldneedanin�nite numberof vanishingregions,ori-
entationsorthogonalto theimageplanewouldbelessprecise,andorientationsalmostparallel
to theimageplanewouldbein�nitely precise),but presentssomelimitationsthatshallbecome
aparentwhenwe de�ne meaningfulvanishingregion in thenext section3.1.
Weshallcomebackto thechoiceof apartitionof theimagedomainin section3.3,aftershow-
ing in section3.2 how to computethe probabilitiesdeducedfrom the Helmholtzprinciple.
Thenin section3.4,we completeour de�nition of meaningfulvanishingpointswith a multi-
precisionanalysis,a local maximizationprinciple,andan MDL principle,muchin the same
way asin thecaseof alignments.Finally, section3.5summarizesthealgorithmfor vanishing
pointdetection,andsection4 showstheresults.

3.1 Meaningful vanishingregions

Given � independentline segmentswith supportinglines �>��	����
	������
	��


 , and � vanishingre-
gion

�

� , let's considerthecharacteristicfunctionof the event “line � � meetsvanishingregion
�

� ”

�.� � *$#�� T�� �"!$#

X�%

� (12)

Thenthenumberof linesmeetinga vanishingregion is simply

3

� *




V

�

X

�

�.� �Q� (13)

As in the caseof alignmentsthe & -th vanishingregion will be meaningfulwhenever the ob-
servedvalue

�

of therandomvariable
3

� is largeenough:

De�nition 6 ( � -meaningful vanishingregion) A vanishingregion
�

� from a partition of the
imageplaneinto � regions is � -meaningfulfor an imagecontaining � line segmentsif at
least

���

& 	

�

� linesintersect
�

� , where
���

& 	

�

� is givenby
���

& 	

�

� *,@5ACB

D

�GF�H

	 �.-

3

� I

�

0�J

�

� L

(14)

1If thesegmentsarepin-holeprojectionsof 3D lineswith a commonorientation' ( , thenthis point )$( is the
pin-holeprojectionof the3D orientation'*(
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Theexactvalueof
���

& 	

�

� is chosenin suchawaythatthenumberof falsealarmsis smaller
than � . In fact thetotal numberof occurrencesof a vanishingpoint in animageis

�

*/R

�

��6

R

�

��6,9�9�9&68R

��� , whereR

�

! is thecharacteristicfunctionof theevent �

� =”
�

� is � -meaningful”.
Theexpectednumberof falsealarmsbecomesthen
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�
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�

V

�

X
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�

R

�

! � (15)

*

�

V
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X

�

�.-

3

� I

���

& 	

�

�?0 (16)

J

�

V

�

X

�

�

�

* �

�

�

*

� (17)

wherethelastinequalityis directlydeducedfrom thede�nition of thethreshold
���

& 	

�

� .
Themeaningfulnessof avanishingregion is givenby b������  #" , where #" is its numberof

falsealarms,

De�nition 7 (number of falsealarms) Given a vanishingregion
�

� from a partition of the
imageplaneinto � regions,which is metby

�

; out of a total of � line segments,thenumber
of falsealarmsfor

�

� is

���

�

�

� � *

�

V

�

X

�

�.-

3

� I

�

;�0 (18)

In order to actually �nd the valueof  #" and the valueof the threshold
���

& 	

�

� for each
vanishingregion

�

� , we needto know the probabilities�.-

3

� I

�

0 for all
�,F$H

. Sincewe
assumeall segmentsto be independent,all � � � are independentfor a given & , and

3

� hasa
binomialdistribution

�.-

3

� I

�

;�0�*




V

WYXZW

�

_

�

�c`

�

W

�

�

# bd�	� �




e

W

(19)

where

�	� * �.- �.� � *$#
0�* �.- �C�

�

�

��� *��
0?� (20)

Thenext sectionshowshow to computesuchprobabilities.

3.2 Probability of a line meetinga vanishingregion.

Up to thispointtheanalysisis formallyalmostequivalentto thecaseof meaningfulalignments,
stressingthedualityof theevents“n linesmeetatapoint” and“n pointsbelongto asingleline”.
Thethreshold

���

& 	

�

� is computedin thesamemannerandfrom thesamebinomialtail asin the
previouscase.Theonly thing thatchangedis theinterpretationof theparameters:& represents
now thevanishingregion (insteadof thelengthof thesegment),andthenumberof events �

representsthe total numberof possiblevanishingregions(insteadof �

K , the total numberof
possiblesegments). The speci�c geometryof the vanishingpoint problemcomesinto play
only at this pointwhencomputingtheprobability ��� of a randomline meeting(theimageand)
a vanishingregion

�

� .
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Gratefully this geometricprobability problemhasbeenvery elegantly solved in [8] who
givesa closedform formulain termsof theinternalandexternalperimetersof bothregions.In
therestof thissubsectionwesummarizethemainideasof hisproof.Firstthepolarcoordinates
parameterizationfor a line

�

is considered:
� ���

	��'� *

�

�

��	��Z�

F��

�	�

�
� ���
� 6�� �>ACB�� *

�

� (21)

andit is shown from symmetryargumentsthattheonly translationandrotationinvariantmea-
surefor setsof lines is 


�

*�


�



� . Fromthis it is easyto show that the measureof all the
lines

�

intersectinga convex set � equalstheperimeter� of � . Themain ideasof theproof
arethefollowing:
First, a convex set � containingtheorigin � is completelydescribedby thesupportfunction

�

�

�'�c* �����

�

�

�

� ���

	��'�

�

� �* � � . Thenwe observe thatthearc-lengthparameter� of ��� is

 �E*

�

�

�

�'��6d�����

�

�'�Y��
�� , which allowsto computethelength � of ��� as:

�8*

�����


 � *

�

� �

;

�

�

�'��

� (22)

But themeasureof all linesintersecting� , is by de�nition of thesupportfunction,also:
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� �*��
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�

*

�

� �

;
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� *

�

� �

;

�

�

�'��

� (23)

This shows thatthemeasureof all linesintersecting� is thelength � of ��� , i.e. !

-

�

�

� �*

�
0�*'� .
This resultcanbe directly appliedto our problemof determinig��� in thecasewherethe

vanishingregion
�

� �)( is containedin the (convex) imagedomain ( . Sincewe canonly
observe line segmentsthat intersectthe imagedomain,theprobabilitywe areinterestedin is
actually:

�	� * �.-

�

�

�

� �* � 	

�

�

( �*��
0�*

!

-

�

�

�

� �*�� and
�

�

( �*��
0

!

-

�

�

( �* �
0

*�*,+.-

�

�

� �

*,+.-

�

( �

(24)

Thecaseof a a vanishingregion that is outsideor not includedinto the imagedomainis
slightly morecomplicated.Considertwo non-intersectingconvex sets� � and �.� . Thenall the
measuresof a line intersectingonly �5� , only ��� , both � � and �.� andnoneof them,canbe
computedby applyingthepreviousresultto all convex setsdelimitedby thebordersof � � and

�.� andtheir interior andexterior bitangents,andthensolving the resultingsystemof linear
equations.Thusweobtain:

!

-

�

�

�)� �*�� and
�

�

�.� �*��
0�*'���
b/�7S (25)

where �7S is theperimeterof theconvex envelopeof �"� and �.� (containingpartsof theirbor-
dersandtheexteriorbitangents),and � � is the“internalperimeter”(thelengthof a continuous
curvecontainingpartsof thebordersof �"� and �.� andtheinteriorbitangents).Figure2 illus-
tratesthis constructionfor �5� *0( and �.�c*

�

.
Finally theprobabilityof a line meetinga vanishingregionbecomesin thismoregeneralcase:

�	� * �.-

�

�

�

� �* � 	

�

�

( �*��
0�*

!

-

�

�

�

� �*�� and
�

�

( �*��
0

!

-

�

�

( �* �
0

*

���
b/�7S

*,+.-

�

( �

(26)
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Figure2: Constructionof theexteriorvanishingregions
�

, andcomputationof thecorrespond-
ing probability

�

� ��b/�7S��Y%

*,+.-

�

( � thata randomline meetingtheimagedomain ( alsomeets
�

.

3.3 Partition of the imageplane into vanishingregions

In this sectionwe addresstheproblemof choosinga convenientpartitionof the imageplane
into vanishingregions.For thispurposewe usethefollowing criteria:

Equal probability. We try to build a partitionsuchthattheprobability � � * �.-

�

�

�

� �* �
0

thata randomline
�

of theimagemeetsavanishingregion
�

� is constantfor all regions.
Without this equiprobabilitycondition, certainvanishingregions would requiremany more
meetinglines to becomemeaningfulthanothers,i.e. they would not be equallydetectable,
which is notdesireable.2

Wecaneasilydeducefrom theresultsof theprevioussectionthatthisequiprobabilitycondition
impliesthatthesizeof

�

� increasesdramaticallywith itsdistancefrom theimage,whichagrees
with thefact thatthelocalizationerror of avanishingpoint increaseswith its distancefrom the
image.
Thus,with theequiprobabilitycondition,weobtainthelocalizationerrorof thevanishingpoints
asa consequenceof theirdetectability.

2For instancethepartitioninto regionswhoseprojectioninto theGaussianspherehasconstantarea,doesnot
necessarilysatisfythis equalprobabilitycondition.Thiswasobservedby [6] in thecaseof uniformly distributed
3D lines. In this case,linesalmostparallelto the imageplanebecomemuchlessprobablethanlineswhich are
almostorthogonal.Despitethecorrectionproposedin [6], thisstill leadsto problemsin thedetectionof vanishing
pointswhentheperspectiveeffect is verylow (distantvanishingpoints,or linesalmostparallelto theimageplane),
asobservedby [10].
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Angular precision. Thesizeandshapeof thevanishingregionsshouldbein accordancewith
theangularprecisionof thedetectedline segments.In [10] theauthoraddressesthis problem
by consideringa localizationerrorof 1 pixel at theendsof thesegment,sotheprecisionof the
segment's orientationis

�

�G* �

-

� ���&B

�

�

, where � is thelengthof thesegment.Thesupporting
line of thesegmentshouldberatherconsideredasa“cone” with angle

�

� .
Now if

�

� is very largeand
�

� verysmallit doesn't makea lot of senseto saythatthesegment
meets

�

� . 3 Sowewill requirethatthesizeof all
�

� 'sbecomparableto thesizeof thesupporting
cones(at thecorrespondingdistanceto theimage)of theleastprecisesegments.

Now we shallconstructa partitionof theplaneinto vanishingregionsthatcloselysatis�es
bothcriteriaabove. Thepartitionis composedof two familiesof vanishingregions. The�rst
(“interior”) oneconsistsof regionsentirelycontainedin theimagedomain ( , andthesecond
(“exterior”) oneconsistsof regionsoutsideof theimagedomain.

For simplicity, we shall approximatethe imagedomainby its circumscribedcircle, and
considerthe imagedomain ( asa circle of radius

�

* �.%�� � . In orderto meettheangular
precisionrequirement,all exterior regions

�

will beportionsof sectorsof angle
�

� lying be-
tweendistances

�

and
���

from theimagecenter� . Figure2 illustratesthisconstruction.Froma
simpletrigonometriccalculationonthis�gure wecandeducethattheprobabilitythatarandom
line meetingtheimagedomain( doesalsomeet

�

is:

� S

���

	

�

�

� *

���
b/�7S

*,+.-

�

( �

*

#

�

��

�

�

� 6	� �

-

��� ���

�

#




��6
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:�

b4#�
��

X ���

���������

�����

�

X

�

���������

�����

��

(27)

Concerningtheinterior regions,we chosea simpletiling of thecircle ( with squaretiles. The
sideof eachsquareis chosento be equalto thesideof theexterior tiles closestto the image
domain,i.e. �

�

�>ACB

���

�'� . Theperimeterof theinterior regionsis thereforeequalto  

�

�>ACB

���

�'� ,
andtheprobabilitythata line meetsaninteriorvanishingregion is:

� ��*�*,+.-

�

�

�

*,+.-

�

( �

*

� �>ACB

���

�'�

�

(28)

This ensuresthatall interior regionshave thesameprobability, andthat their sizeis in accor-
dancewith thecoarsestangularprecision

�

� of theline segments.Now we have to choosethe
valuesof

�

and
�

�

to ensurethatall exterior regionshave thesameprobability � S * � � . To do
so,we startwith the�rst ring of exterior regionssetting

�

�c*

�

, andwe choose
���

�

by solving
the equation�ZS

���

�
	

�!�

�

�)* � � for
�!�

�

. Thenwe �ll the secondring of exterior tiles by setting
�

�)*

�!�

�

andsolving the equation��S

���

��	

�!�

�

�.* � � for
�!�

�

. We iteratethis procesuntil we get
�!�

�

�

� , where
�

� is suchthat �CAC@#"

� $

�

� S

���!�

	

�

�

� *1� � . We caneasilycheckthat
�

� is �nite
andsatis�es:

� �>ACB

���

�'� *

�


:�

b,# b




6 �

�
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�

�

b �

-

��� ���

�

#




� where 


*

�

�

�

� ���

���

�'�

(29)

Regionsin thelastring will thenbeunboundedwith probability J �
� . They representparallel
linesin theimageplane.

Figures4 to 7 show someexamplesof this partitionof theimageplanefor differentpreci-
sionlevels

�

� .
3The solutionproposedin [10] is to have the segmentvote for all %'& 's met by its supportingcone. In our

formulationof the problemthis solution is not entirely satisfactoryfor several reasons,andwe adoptanother
solution.
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Figure3: Detectionthresholds
�

for vanishingregionsasa functionof thetotal number� of
linesdetectedin theimage. For eachgivenprecisionlevel

�

� *��

e��

� (for � * �Z	

�

	�������	�#�+ ), we
constructa partition � �

X

�
�

�

� * � � of the imageplaneinto regionssuchthat theprobability
of a line meetingeachregion is constant�

���

�

�

� �* + 	

�

��( �* +'� * � �>ACB

���

�'�Y%&� . Then,
given � randomlineswhich meettheimagedomain ( we computetheminimalnumber

�

of
linesthatshouldmeet

�

� for
�

� to be � -meaningful,i.e. for theevent“at least
�

among� lines
meet

�

� ” to have anexpectednumberof ocurrenceslargerthan �

* # . The�gure plots
�

asa
functionof � for severalprecisionlevels � .
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3.4 Final remarks

In this sectionwe introducesomeadditionalcriteria to supressspuriousvanishingpointsand
to eliminatetheangularprecisionparameter.

Multi-pr ecisionanalysis. Thechoiceof a �x edvaluefor theangularprecisionparameter
�

�

requiresa compromisebetweendetectabilityand localizationerror of vanishingpoints. We
areinterestedin thehighestpossibleprecisionlevel (smallerlocalizationerrorin thevanishing
point). On theotherhandif theprecisionlevel is too �ne with respectto theangularprecision
of thesegments,thevanishingregion will behardlydetected.Theoptimal level will approxi-
matelymatchtheprecisionof thesegmentsconvergingto thisvanishingpoint,andourstrategy
will beto try to adjusttheprecisionlevel automaticallyto thisvalue.

Figure3 shows thevalueof theminimal number(equation14) of concurrentlinesneeded
for thevanishingregion to be 1-meaningful,asa functionof the total numberof lines in the
image( � ) for several angularprecision

�

� . Observe that for a total � * #�+:+:+ lines, we
needabout300 concurrentlines to be meaningfulat precision

�

�8* ��%'#�( , whereasonly 15
concurrentlinesareenoughat precision

�

�5* ��%'#�+ � � . But we would only need7 concurrent
lines, if the total numberof lines was � * #�+:+ . This discussionmotivatesthe procedure
describedbelow.

As in the caseof alignments,insteadof �xing a singleangularprecisionlevel, we will
considera multiple dyadicprecisionlevels

�

� * �

e��

� for � differentvaluesof � in a certain
range - �:��	����&0 . In our experiments�4* �Z	

�

	�������	  showed to be the mostuseful range,but
this canbe adjustedto the rangeof precisionlevels of the extractedsegments.Accordingto
the discussionabove, at eachprecisionlevel

�

� we shouldonly keepthosesegmentswith a
precisionlevel no coarserthan

�

� . Coarsersegmentswould signi�cantly increase�
� (thus
increasingthe detectionthreshold

�

) without signi�cantly increasingthe number
�

; of lines
meetingthe vanishingregion. Now we can apply the previously describedmethodfor all
precisionlevels.Thisprocedure,however, maymultiply theexpectednumberof falsealarmsby
afactorof J

� . So,in orderto keepthefalsealarmsratesmallerthan � wemodify de�nition 7
asfollows:

De�nition 8 (multi-pr ecisionnumber of falsealarms) Considera family of � precisionlev-
els

�

�

� � �

���

�

X

���

with associatednonnegativeweights
���

� �

���

�

X

���

such that �

���

�

X

���

�

� *$# . Consider
a vanishingregion

�

� \ � froma partition of the imageplaneinto � � such regionsat precision
level � , such that

�

; outof � � segmentsmeet
�

� \ � . Thenumberof falsealarmsof
�

� \ � is de�ned
as

 #"

�

�

� \ ��� *�� �
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�Ue
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� (30)

Thevanishingregion is considered � -meaningfulif  #"

�

�

� \ ���cJ

�

�

� , i.e. if
�

; J

���

�'	

�

� where
thethresholdis de�nedas:

���

�'	

�

�7*,@5ACB

�

�

;
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�
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�Ue
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�

�

�

� ���

� (31)

With thisde�nition thetotalexpectednumberof falsealarmsfrom thismulti-precisionanalysis
is 	

�

�

� * �

���

�

X

���

�

�

�

X

�

	

�

R

�

!��

�

� J �

���

�

X

���

�

�

�

*

� asexpected.Theproblemis thata single
vanishingpoint maybe meaningfulat several differentprecisionlevels,andwe only want to
keepthebestexplanationfor it.
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Local maximization of meaningfulness. Whena hugenumberof segmentsmeeta vanish-
ing region

�

� \ � they alsomeetsomeof theneighboringregionsat thesameprecisionlevel � , as
well asall coarserregions

�

� \ �

�

&

�

� \ �

� andsome�ner regions
�

� \ �

� �

�

�

� \ �

� . Therefore,these
neighboringregionstoo,arelikely to becomemeaningful,but arenot necessarilythebestex-
planation.To chooseamongthemthebestexplanationwe introducethefollowing maximality
concept:

De�nition 9 (maximal vanishingregion) A vanishingregion
�

� \ � froma multi-precisionfam-
ily of partitionsof the imageplaneis maximalif it is more meaningfulthananyother region
intersectingit. More precisely,

�

� \ � is maximalif:

� �

�

F

- �:��	����:0?	 ��&

�

F

�

#:	�������	 � �

�

�a	

�

�

�

\ �

�

�

�

� \ � �*����  #"

�

�

�

�

\ �

�

� I  #"

�

�

� \ �Y� (32)

where � denotestheclosure of a set � .

Note that the the condition
�

�

�

\ �

�

�

�

� \ � �* � includesboth neighboringregionsat the same
level, as well as coarserregions containing

�

� \ � and �ner regions containedin it. We used
this condition insteadof inclusion,becausethe equalprobability constraintthat we usedto
constructourpartitionmeansthatregionsat precisionlevel � 64# cannotalwaysbecompletely
includedin a singleregion at thecoarsestprecisionlevel � . In this situationthis “non-empty
intersection”-typeconditionis bettersuited.

Minimum Description Length. Figures4 and5 show all themaximal # -meaningfulvanish-
ing regionsthataredetectedfor thephotographof abuilding. Clearlythe�rst threecorrespond
to realorientationin the3D scene,whereastheotherthreeareanarti�cial mixtureof different
orientations.Observe that thesemixturesarelessmeaningfulthantheoriginal ones,because
only a smallportionof thesegmentsin eachdirectioncanparticipate.Therefore,thesearti�-
cial vanishingregionscanbe �ltered out by anMDL criterionsimilar to theonewe usedfor
segments.Amongall maximalmeaningfulvanishingregionswe starta competitionbetween
them,basedon theprinciplethateachsegmenthasto choosea singlevanishingregion which
bestexplainsits orientation.Moreprecisely, asegmentwith supportingline � is assignedto the
vanishingregion

�

� \ � suchthat  #"

�

�

� \ ��� is smallestamongall regions
�

� \ � metby � . Thenwe
recompute #"

�

�

� \ ��� for all meaningfulsegmentsusingequation(18), with theonly modi�ca-
tion that insteadof

�

; we consider
�

� which is thenumberof lines thatdo not onlymeet
�

� \ � ,
but alsobelongto thevanishingregion

�

� \ � . Thenif thenumberof falsealarmsis still smaller
than

�

�

� , thenthevanishingregion is a maximalMDL meaningfulvanishingregion.

3.5 Algorithm

Summarizing,ouralgorithmfor vanishingregiondetectioncanbedescribedasfollows:

1. find all maximal MDL 1-meaningful segments
�

���

�

�����������

�




2. for each precision level ���
	 �&�������
�

3. select the segments with angular precision finer than �������

e���� ,
and their supporting lines

�

���

�

�����������

�




�

4. compute the boundaries of the partition ��� �>\ �������������

�

��\ ��� .

5. compute the probability � � of a random line meeting any of the
��� \ � 's.
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6. precompute the binomial tail distribution
�����

; ��� ��� � ��� �
	




�

WYXZW

���




�

W�


�

W

�

�����

� ���




�?e

W

for
�

; �
� ������� ��� � .

7. initialize the accumulator � � \ � �
� for � �
� ����������� �

8. for each line
�

�

9. increment � � \ � by one for each � such that
�

� meets ���

10. end

11. end

12. for all vanishing regions �
� \ �

13. compute ��� � \ � �
� �

���

� � \ ����� ��� � ���

14. if ��� � \ ����� ���

15. mark ��� \ � as meaningful

16. end

17. end

18. for all meaningful vanishing regions �
� \ �

19. ismaximal = true

20. for all meaningful vanishing regions �

�

�

\ �

� meeting ��� \ �

21. if ���

�

�

\ �

�

����� � \ �

22. ismaximal = false

23. break the loop ( ��� \ � is not maximal)

24. end

25. end

26. if ismaximal, mark ��� \ � as maximal meaningful

27. end

28. reset � � \ � �
� for � �
� ������� ��� � for

29. for all lines
�

�

30. compute
�

�
� ������� �! �"�#%$'&)( �*��� � \ �,+ ��� \ � is maximal meaningful and
�

�.-

��� \ ��/ �
0 � .

31. increment � �<TC\ �UT by one

32. end

33. for all maximal meaningful vanishing regions ��� \ �

34. compute ��� � \ � �
� �

���

� � \ ����� ��� � ���

35. if ��� � \ ����� ���

36. mark ��� \ � as MDL maximal meaningful

37. end

38. end

16



4 Experiments

Figures4 to 7 show the resultsof applyingour algorithm for vanishingpoint detectionon
several images.

In mostcasesthemostrelevantorientationsaredetected,withoutany falsealarms.Figure5
illustratestheneedof theMDL criterionin orderto �lter outarti�cial vanishingpointsthatmay
appearwhentherealvanishingpointsareextremelymeaningful.NotethatafterMDL (�gure 4)
we only getthemainthreedirections(two horizontalandonevertical).

Figures6 and7 illustratethemaskingphenomenon.In the�rst image,thelessmeaningful
directionscorrespondingto thewall are“masked”by themany segmentsin thehorizontaland
verticaldirections.Seethe�gure captionsfor amoredetailedexplanation.

In all our experimentswe used�

* # , but we couldalsohave useda muchsmallervalue,
sincein all theexamplespresentedhereall realvanishingpointshave  #"

�

+a� +:+:+a# .
Whenapplyingthealgorithmto naturalimageswheretherearenosegmentsandnovanish-

ing points,we canexpectto �nd no meaningfulvanishingpoints,or to �nd oneevery #&%

� im-
ages.Therearesomelimitationsin this sense,sincein certaincasesthephotographerchooses
a specialperspective for aestheticreasons,which resultsin accidentalmeaningfulvanishing
points.In �gure 8 weshow anexampleof this situation.

5 Acknowledgements

We would like to speciallythankJean-MichelMorel for his encouragement,support,ideas,
andfor introducingus to Gestalt-basedimageanalysis.A. Almansawould alsolike to thank
Leny Rudinfor usefuldiscussions,references,andmotivationto addressthis problem;Agn�es
Desolneuxfor providing the key referencesthat allowed us to solve this problem,and for
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(c) Secondvanishingregion
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(d) Third vanishingregion

Figure4: Detectedline segmentsfor a building imageandtheonly threemaximalMDL van-
ishingpointsthataredetected.They correspondto thetwo horizontalorientationsandto one
verticalorientation.Notethatnoorthogonalityhypothesiswasused,thusit canbeuseda pos-
teriori in orderto calibratesomecameraparameters.For eachvanishingpointweonly display
thesegmentsthatcontributedto this pointat theautomaticallychosenprecision.
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(c) Fifth maximalvanishingregion
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(d) Sixthmaximalvanishingregion

Figure5: BeforeapplyingtheMDL criterionsomespuriousvanishingregionsremain. Note
that they arisefrom mixturesof real vanishingregions, and that they are signi�cantly less
meaningfuland lessprecisethan the real vanishingregions. Therefore,during MDL, most
segmentsvote for therealvanishingregion insteadof these“mixed” ones,so thatafterMDL
theirnumberof falsealarmsdecreasesandthey areno longermeaningful.
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(a)Original imagewith detectedsegments
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(b) Zoomout of �rst vanishingregion
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(c) FirstmaximalMDL vanishingregion
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(d) SecondmaximalMDL vanishingregion

Figure6: Detectedlinesegmentsfor animageof anitalianpaintingbyUccelloandtheonly two
maximalMDL vanishingpointsthataredetected.Notethatthevanishingpointscorresponding
to theobliquewall andthestaircasearemissed.This is dueto thefact thatboththealignment
detectionandthevanishingpoint detectionareglobal,andthe lessmeaningfulsegmentsand
vanishingpointsaremaskedby themoremeaningfulhorizontalandverticalorientations(see
�gure 7).
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(a) Original imagewith detectedsegments
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(b) FirstmaximalMDL vanishingregion
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(c) SecondmaximalMDL vanishingregion

Figure7: Illustrationof the“masking” phenomenon.Whenweselectthewall subimagein the
previous�gure, morealignmentsaredetected,andthetwo vanishingpointsthatweremasked
in the global imagebecomemeaningful. This is due to two cooperatingeffects. First the
maskingphenomenonat the alignmentdetectionlevel meansthatwe detectin this subimage
moremeaningfulsegmentsthanin theglobal image.Secondly, at thevanishingpointsdetec-
tion level, the total numberof segmentsis smaller, which meansthat the minimal numberof
concurrentlinesfor avanishingregion to becomemeaningful

�

is alsosmaller.
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(a) Original imagewith detectedsegments
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(b) FirstmaximalMDL vanishingregion

-log
10

(NFA) = 3.03414, angular precision = 64

-300 -200 -100 0 100 200 300 400

0

100

200

300

400

500

600

(c) SecondmaximalMDL vanishingregion

Figure8: Accidentalvanishingpoints.
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