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Abstract

In the continuation of [DF], we study reversible reaction-diffusion
equations via entropy methods (based on the free energy functional)
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show explicit exponential convergence to the unique constant steady
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1D, we deduce 1) an at most polynominally growing L°°-bound from a-
priori-estimates on the entropy and entropy dissipation, 2) almost ex-
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1 Introduction

1.1 General presentation

We study the large-time behaviour of diffusive and reversible chemical reac-
tions of the type

OzlAl—I-...—I-Oéqu‘:‘61A1—|-...—|-ﬁq./4q ai,ﬁi€Z+,

in a bounded box @ C RY (N > 1). More precisely, we suppose that the
concentrations a; = a;(t,x) > 0 of the species A; at time ¢ > 0 and point
x € ) react according to the principle of mass action kinetics, i.e. satisfy the
reaction-diffusion equations

q q
Orai = d; Mg = (B — @) (1 Lo —# Hafi) (1)
1=1

=1

with the homogeneous Neumann boundary condition V; a; - n = 0 (on 012,
with n the outward normal to ). Here, d; are constant diffusion rates, a;, f;
the stoichiometric coefficients, and k > 0, [ > 0 are strictly positive reaction
rates.

Systems of the type (1) are well known in the numerous literature on
reaction-diffusion systems. For the large time behaviour of global classical so-
lutions (e.g. within invariant domains) we refer, for instance, to [Rothe, CHS]
and the references therein. For global weak solutions see e.g. [MP, Pie, PS]
with references. Many authors (e.g. [Zel, Mas, HMP, Web, HY88, HY 94, KK]
and the references therein) have deduced compactness and a-priori bounds
from Lyapunov functionals. We recall in particular [Mor, FMS, FHM],
where generalised Lyapunov structures of reaction-diffusion systems yield
a-priori estimates to establish global existence of solutions. We mention also
[Rio, Mul] and the references therein where peculiar Lyapunov functional are
designed to show optimised stability and instability properties for reaction-
diffusion systems.

In an approach which is related to the one proposed here (although it
is non-constructive), the work of [Gro, GGH, GH] shows that systems quite
more general than (1) have a unique asymptotically stable steady state.

The method we propose exploits the free energy functional of these sys-
tems. Going back to Boltzmann’s work on gas dynamics, the basic idea of
the entropy method consists in studying the large-time asymptotics of a dis-
sipative PDE by looking for a nonnegative Lyapunov functional H = H(f)
and its nonnegative dissipation D = D(f) (i.e. functionals which satisfy

%H(f(t)) = —D(f(t)) along the flow of the PDE), which are well-behaved
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in the following sense: first, H(f) =0 < f = f. for some equilibrium f.,
(usually, such a result is true only when all the conserved quantities have been
taken into account), and secondly, there exists an entropy entropy-dissipation
estimate of the form D(f) > ®(H(f)) for some nonnegative function ® such
that ®(z) = 0 < =z = 0. If ' (0) # 0, one usually gets exponential
convergence toward f., with a rate which can be explicitly estimated.

This method, which is an alternative to the linearisation around the equi-
librium, has the advantage of being quite robust. This is due to the fact that
it mainly relies on functional inequalities which have no direct link with the
original PDE.

The entropy method has lately been used in many situations: nonlinear
diffusion equations (such as fast diffusions [DelPD, CV], equations of fourth
order [CCT], Landau equation [DVO00], etc.), integral equations (such as the
spatially homogeneous Boltzmann equation [TV1, TV2, V]), or kinetic equa-
tions ([CCG], [DVO01, DV], [FNS]).

In a previous paper [DF], we have shown quantitative exponential con-
vergence to equilibrium with explicit rates and constants for the systems
modelling the reactions 2.4 = B and A 4+ B = C. For these systems, global
L>°-bounds on the concentrations are known. Moreover, we assumed the
diffusion rates of all species to be strictly positive.

The topic of the present paper are extensions into two directions, both re-
lated to some degeneracy in the system of equations: First, we prove (slower)
explicit exponential convergence when one diffusion rate degenerates to zero,
but - due to the reaction - when the same constant steady state is conserved
for the system.

As second extension, we investigate a system for four species A + B =
C 4+ D, for which a global L*-bound on the concentrations is - up to our
knowledge - unknown, but where, at least in 1D, a polynomially growing
L>°-bound can be established. By a precise entropy-entropy dissipation es-
timate (where precise means that the constant of the estimate depends only
logarithmically on the L*-bound on the solution), we show almost exponen-
tial decay towards the steady state in 1D. Further, that almost exponential
decay interpolated with a polynomially growing H'-bound yields in return
an explicit, uniform in time L*-bound. Thus, we prove finally again ex-
plicit exponential decay towards the steady state. Note that slowly growing
a-priori bounds have already been used in the context of entropy methods
in kinetic theory (cf. [TV2]), as well as the case of interpolation between
an explicit decay in weak norm and controlled growth in strong norm (cf.

[DM]).



1.2 Degenerated Diffusion

In particular, we study degenerated diffusion rates for the chemical reaction

2 A = B modelled by

Ora — dyNpa = —2(la* — kb), (2

Ob — dyNpb =1a? — kb, (3
n(z)-Vya =0, n(z)-Vpzb=0 r € 00, (4
a(0,2) = ag(x) > 0, b(0,z) = bo(x) > 0. (5

e N’ N S

Here a, b denote the concentrations of the species A, B, which satisfy the ho-
mogeneous Neumann boundary conditions (4) and are subject to the nonneg-
ative initial condition (5). The diffusion rates d, > 0, d, > 0 are non-negative
constants.

We remark that the rescaling t — +¢, = — |Q|%ZL’, (a,b) — %(a,b), allows
- without loss of generality - to assume that

l=k=1, |Q=1. (6)

The flow of equations (2) — (5) conserves the total initial mass M

M = /Q(a(t, x)+2b(t,x))de = /Q(ao(:zz) + 2bg(2)) dz (7)

which we assume strictly positive (M > 0) and which determines under the
assumption that either d, > 0 or d, > 0 the unique equilibrium state (@, boo)
as the nonnegative constants satisfying a., + 2b,, = M and a? = b, i.e.

aw=—7+VIFSM, b= ——"==d. (8)
Global existence of a unique classical solution to (2) — (6) is well known
and a consequence of the L*°-bound

0 <a(t) <L =laollo +2[lbollcc, 0 <b(t) <

DO |~

which can be shown, for instance, by the maximum principle applied to the
individual equations (see e.g. [Kir]) or by comparison with the diffusionless
system (see e.g. [BH]).

We consider as entropy functional the physical free energy of (2) — (6)

E(a,b):/Q(a(lna—l)—l—b(lnb—l)) dz . (10)

Assuming strictly positive diffusion rates, we have shown in [DF, theorem1.1]:
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Proposition 1.1 Let Q be a smoothly bounded and connected open set of RV
(N >1), and d, > 0, dy > 0 be strictly positive diffusivity constants. Let the
inttial data ag, by be nonnegative functions of L(Q) with strictly positive
mass fg(ao + 2bo)de = M > 0 and denote L = ||ag|lcc + 2||bol|so- Then,
the unique nonnegative global solution t € Ry — (a(t),b(t)) in L>(Q) to
equations (2) — (6) obeys the following exponential decay toward equilibrium:

1

—Ha(t ) = acollfy + 10(2, ) = beollFi (o (11)
(6+2f)

= 342/2

where P(Q) is the Poincaré constant of Q, and K1(L, M) is a constant defined
as follows: we introduce the function ® : (0,00)* — R defined by

. dg
mm{LWJ\J,da/db)}7

(Eao, bo) — E(au, bo)) e LD

z (In(z) —In(y)) — (z — |
(Ve =)
which is continuous on (0,00)* (with ®(z,z) = 2), strictly increasing in

€ (0,00), and strictly decreasing in y € (0,00) [DF, lemma 2.1]. Then

O(L,as)

Qoo

Ki(L,M) = max{ , ¢ <§,boo>} (= O(n(L)) for large L) .
(13)
Moreover, Ky(M,d,/dy) = K2(v) as defined in (46) with v given in (47), i.e.

d, /T 8M \/d21—|—8M d,VT+8M -1
b

Ky(M,d,/dy) = (14)

d 2 4

In section 2, we extend proposition 1.1 to cover degenerate diffusion rates
d, > 0,d, =0 or d, = 0,d, > 0, for which the systems (2) — (6) still admits
the steady state (8). In fact, we derive functional inequalities which quantify
how the trend of the reaction transfers spatial diffusion of one specie to the
other. We prove the theorems:

Theorem 1.1 (Degenerated Diffusion d, >0)
Let the assumptions of proposition 1.1 hold except that dy > 0. Then,

1
2 la(t, ) = acollzi(q) + 16(t,) = beolf1(q)

6 2 _ Kg(da,L,P)
- ( 3—|—_|_ ;/\_/)_ (E(a07 bO) - E(aoo,boo)) e Ki(L,M) i




where K1(L, M) is still defined by (13) and for all u € (0,1) and v € (0,00):

. 4pdy (8L3P)2  4(1—p) da
in {4/1, K;(LW)P7 (8L§Pl-|-da)2 Kg,(wﬂ) } P S 8L,

: A% -(-ws} 20— .
mm{‘l/% o) f&ﬁ} 7 > 8Lt

Ko(dy, L, P) = (16)

with the constants Ky(y) and Ks(v) defined in (46). Here, v € (0,00) and

p € (0,1) can be chosen in order to mazimise K.

Theorem 1.2 (Degenerated Diffusion d, >0)
Let the assumptions of proposition 1.1 hold except that d, > 0. Then,

1
2 la(t, ) = acollZ1(q) + 10(2, ) = boollF1(q)

(6 +2v2)M _ Kg(dy/P.M)

< (E(ao, bo) — E(aoo; boo)) e K1(L,M)

T 342V2

where Ki(L, M) is defined by (13) and for all p € (0,1), v € (0,00) and
ve(l,00):

(17)

- . 1— T 1 dy }
Kg(dy/P,M) = min { 4u,4(1 — - - ,Ap— , 18
8( b/ ) { K ( /’L) [XQ(’Y) ]X7(]/) M[XS(V)P ( )
where ny(dy/P) is a constant given in (62). Here, p € (0,1), v € (0,00) in
Ks(v) and Ks(v) defined in (46), and v € (1,00) in K7(v) defined in (51)

can be chosen in order to marimise Ks.

1.3 Slowly Growing A-Priori Bounds

We study another kind of degeneracy, namely the case when the L**-bound
present in the entropy-entropy dissipation estimate is growing at most poly-
nomially in time, so that the situation is comparable to that of [TV2]. In
1D, we still show exponential convergence with an explicit constant.

More precisely, we wish to investigate the chemical reaction A+B = C+D
(or equally denoted A; + A; = Az 4+ A4), which leads to the system

Oa —d,Npa = —lab+ kcd, (19)
Oib — dyAb = —lab+ kcd, (20)
Oic —d.Nye = lab—ked, (21)
Owd — dygNyd = lab—kecd, (22)



with a, b, ¢, d satisfying homogeneous Neumann conditions

n(z)-Vea=0, n(z)-Vpb=0, n(z)Vee=0, n(z)-Vp,d=0 z¢€df,

and the nonnegative initial condition .
a(0,2) = ag(x) >0, b(0,z) = bo(x) > 0, (24)
c(0,2) = co(z) >0, d(0,z) = do(x) > 0.
Again - without loss of generality - we assume
l=k=1, Q] =1, (25)

thanks to the rescaling ¢ — ¢, z — |Q|%x, (a,b,c,d) — %(a,b, e, d).
The solutions of (19) — (24) conserve the quantities

Mz = /Q(a(t,x) +c(t,x))de = /(ao(aj) + co(x)) dz, (26)

My, = /Q(a(t, )+ d(t,x))de = /Q(CLO(CL’) + do(x)) dz (27)
Moy = /Q(b(t, )+ c(t,x))de = /ﬂ(bo(.r) + co()) dz (28)

and as a consequence

My = Myy + Mz — Ms :/
Q

(Ot.0) + d(t, ) do = [ (o) + do(2) o
Q
(29)
where the mass-indices 15 correspond to the conserved quantity fg(ai—l—aj) dz.
Moreover, we shall assume strictly positive masses

M3 >0, M4 >0, Mys >0, Mys >0, (30)
and introduce the total mass
M350 = My3 + Moy = Myy + Mas, (31)
and the following natural bounds (fQ a;de < M;)

M1 = miH{M137M14}, M2 = miH{M23,M24},
M3 = miH{Mlg, M23} 5 M4 = min{M14, M24} . (32)



Then, for (19) — (22) satisfying (26) — (28) with (30), there exists a unique
equilibrium state (@0, boo, €0y doo) defined by the unique positive constants

solving @+ ¢oo = Mi3, oo +doe = M1y, boo + oo = Moz, and an, boy = o0 doo:

_ MiasMi4 _ _ MiaMss . My Moy
Qoo = Mi234 > 0’ boo = Mas Mi2zs  —  Miaas > 0

_ MisMos _ _ MiaMig . MigMoy BT
Coo = Mi234 > 0’ doo = My Miszs —  Miazg >0. (33)

Finally, the entropy (free energy) functional associated to (19) — (25) is

E(ay,az,as,a4) = /QZ a;(In(a;) — 1) dx. (34)

Global existence of unique classical solutions of (19)—(25) has been shown
in 1D in the work of [Ama] and [Mor, theorem 2.4] . Global existence of weak
solutions in any dimension follows e.g. from [Pie]. Within the presented
results, global existence of classical solutions in 1D is a consequence of lemma
3.5 in section 3.1.

In section 3.1, we first study a-priori bounds entailed by the decay of
the entropy functional (34). Then in 1D, these bounds allow to bootstrap
an explicit, polynomially in time growing L*-bound on the concentrations
a; (lemma 3.5). In section 3.2, we establish in several lemmata an entropy
entropy-dissipation estimate with a constant depending logarithmically on
the L®-norm of the solution and prove :

Proposition 1.2 Let Q be the interval [0, 1], and d,,dy, d., d; be strictly pos-
itive diffusion rates. Let the initial data ag, by, co, and dg be nonnegative
functions of L*°(2) with strictly positive masses My, My, Mas, and May.
Then, the unique nonnegative global solution with (at most) polynomially in-
creasing L (Q2)-norm ||a;(t)||r~q) (see lemma 3.5) to the equations (19) -
(25) satisfies the following almost exponential decay towards the steady state
Ui given in (33) :

lla(t,)—acoll? [Ib(2,)=booll? lle(t,)=cooll? 4 lld(t,-)~deol|?
() L2 () L2 (%) L)
M + M, + M + M, (35)

: 4min{ I,l Hm{}da dFI,’ dedg} }
S 2ﬂ(E(a270) N E(a2700)) P _ln(e—l—t) (V2+1)2 ( \Ilri)aX {;1119, In 2}+ ) ’

where Ko is defined in (112) (depending on Ky given in (91)), K1 is defined
in (113), K9, is defined in lemma 3.5 (depending on Ki7,; (66), Kis (73),
K1 (88), and Ky (86)), and P(Q) denotes the Poincaré constant of ).

Remark 1.1 The various constants are not optimised, but we write them in
order to convince the reader that they are explicitly computable.



Furthermore, the almost exponential decay of theorem 1.2 interpolates
with an explicit, polynomially growing H'-bound and we obtain an explicit,
uniform in time L°°-bound, and thus, in return, exponential decay towards
the steady state :

Theorem 1.3 Under the assumptions of proposition 1.2, the concentrations
a;, 1 =1,2,3,4 are globally bounded in L> with

% Kig;, 0<t< (2/19)2/21 7

. 0 < ¢
fastOllom < { g2 00m0 9505 000 (36)

Kuisg = oo + G(Q) Ky K, (2 M;(E(aio) — E(am)))g 3% Ky, (37)

59 % mln{ '1 min{dgq, dy,dc, dd}}
[(14 = sup (1 —|— t?) exp | — t Kiyg’ K11 P(Q2
t€f0,00) et 2(\/5+1)2(, max {I—.W}Jr%) ’

1=1,2,3,4 | %,00

where K19 is defined in lemma 3.5 (depending on Kys,; given in (63), Ki7,; in
(66), Kis in (73), K21, in (88), and Ky in (86)), Ky is defined in (143), M,
is defined in (32), Kio is defined in (112) (depending on Kg given in (91)),
K11 is defined in (113), ® is given in (12), and P(2) denotes the Poincaré
constant of @ and G(Q) denotes the Gagliardo-Nirenberg-Moser constant in
(144). Moreover, the concentrations a; decay exponentially towards the steady
state a; o given in (33) :

e Y L YO o PPN o S 18
M, M M3 M,

4min{ Il Hm{zda d}_z); e dd}}
< 2\/§(E(Cl270) - E(az,oo)) exp <_t ( max 0{@(1813117!1: o)) ))

i=1,2,3

(38)

Remark 1.2 Note that exponential decay towards equilibrium in all Sobolev
norms follows subsequently by interpolation of the decay of theorem 1.3 with
polynomially growing H*-bounds, which follow iteratively for k > 1 from (36)
and (142) inserted into the Fourier-representation as used in lemma 3.3.

Notations: The letters K, Ky, K,,... denote various positive constants.
We shall equally write a; = a, ay = b, az = ¢, aq = d, for the concentrations,
whereever the index notation is more convenient. It will also be convenient
to introduce capital letters as a short notation for square roots of lower case
concentrations and overlines for spatial averaging (remember that || = 1)

Ai:\/a_i, Awo:,/ai’oo, E:/Azdl’, i:1,2,3,4.
Q
Finally, we denote || f||3 = [, f* dx for a given function f: Q — R.
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Outline: In section 2, we prove theorems 1.1 and 1.2. Next, in section 3,
we prove proposition 1.2 and theorem 1.3.

2 The degenerated diffusion case 2.4 <+ B

At first we shall sketch the proof of proposition 1.1. We recall that

d

(B(a(t);b(1)) = E(ax, boo)) = = Dl(a(t), (1)),

with D(a,b) denoting the entropy dissipation

2 2 2
D(a,b) =da/ [Vl d:c—l—db/ [V= d;c+/(a2—b)lna—dx, (39)
o da o b Q b

and use crucially the following entropy entropy-dissipation lemma :

Lemma 2.1 For all (measurable) functions a,b : Q@ — R, which satisfy
0<a<L,0<b<ti andfﬂ(a—l—Qb):M,

27

D(a,b) > [f,l min{l, P(;‘%KQ} (E(a,b) — E(aw,bs)),  (40)

where P(Q) is the Poincaré constant of ), deo, b are given by (8), and the
explicit constants Ki(L, M), Ky(M,d,/dy) are defined by the formulas (13)
and (14).

Thus, lemma 2.1 implies exponential convergence of the relative entropy, i.e.

dg

E(a(t),b(t)) — E(aoo, bs) < (E(ao, bo) — E(aoo, bs)) e ¥t ™M@t (41)

The statement of proposition 1.1 is finally a consequence of estimate (41)
and the following analog of the Cziszar-Kullback-Pinsker inequality ([Csi]
and [Kul]) in information theory:

Lemma 2.2 For all (measurable) functions a,b: Q@ — R such that 0 < a,
0<b andfﬂ(a—l—Zb) =M,

34+ 22 1
B(@) — Blomsbo) = — 22 (Lyo o i ponap),  a2)
(6 +2v2)M \2

where a, and by, are defined by (8).
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The proof of the central lemma 2.1 divides into the following steps:
Firstly, we estimate below the entropy dissipation D(a,b) using the identity
Ve ail?[a; = 4|V, Ai]* (with A; = /a;, 1 = 1,2) and Poincaré’s inequality as
well as the inequality (@ — b)(In(a) — In(b)) > 4(A — B)*. We obtain in this

way the estimate:
Ad, — 4d —
Doty 2 A B e AL B2

On the other hand, the continuity of the function ® defined in (12) (see [DF,
lemma 2.1]) and (9) imply an upper bound for the relative entropy

E(a,b) = E(aco; boo) < Ki(L, M) (AL [A = Ascll3 + || B = Bcll3) . (44)

with K1(L, M) given in (13). Moreover, under the crucial use of the conser-
vation of mass, equation (44) can be estimated further to

1
K,

(E(a,b) — E(aoo, beo)) < [|A* = B3 + Ka||A — All; + Ks|| B — BJ|3,(45)
with the constants (for some v > 0 to be chosen)

A
K3(v) = Aw, Ki(y) =4Bs + 1 + 7 . (46)

Finally, by comparing and balancing (45) with (43), we determine v in order
to set the fraction K3/ K3 = d,/dy according to (43), i.e. we set

d 1 d? 1 \* d
— (24, 4+ —— Za 94, 4+ —— - 47
E db< +2Aoo)+\/dz< +2Aoo) te W

and the constant (14) is chosen according to (46) and (8). O

In the cases of diffusivity rates d, = 0 or d, = 0, the proof of proposi-
tion 1.1 lacks one of the terms d,||A — A2 or d;||B — BJ|? in (43) although
both terms would be required to match with (45). The following functional
inequalities ”produce” spatial diffusion in terms of ||4; — A;||2, i = 1,2 at
the costs of the reaction dissipation term ||A? — B||3 and the spatial diffusion
|A; — A;||2, 7 # 7 of the other species. We first consider the case dj = 0
(lemma 2.3) and then the case d, = 0 (lemma 2.4).

Lemma 2.3 Let A, B denote the square roots of the solution of (2) — (6)
satisfying the global bound (9). Then,

Ki||A* = BJl; + Ks||A — All; > || B — BI|; (48)

11



for all 8 € [0,1) and with the constants

2 1612

](4(9) - m, [(5([1,0) - (1 —|— 0)2 .

Proof: For 6 € [0,1), we expand ||A? — B||? as

(49)

|42 B+B-BJ = |\A2—§H§—|-29/(A2—F)(B—B)d;c
Q
#2(1-0) [ (4 =TV B - Bydo + B - B,

where we have used that [, B(B—B)dz = [ A (B— B)dx = 0. Estimating
both integrals with Young’s inequality (i.e. 2zy > —y 'z — yy* with v = 0
for the first integral, and v = (1 + 8)/2 for the second), and comparing the
coefficients with (48), the following inequalities have to be satisfied:

2K, (1—0), , —2,, o 1+0
———||A=AT||5 > Ky(—0"—(1—-0)——+1) > 1.
LT >0, K0 (-0) ) >

Using the global bound (9) to estimate ||A* — ZQHS < AL?||A — A2, we are
led to use the constants (49). O

K[| A- A3~

Proof of theorem 1.2: Let assume firstly that % < 8L2%, which means
that the fraction K4/ Ks5 of the constants (49) matches (for § = 81°P—da 41

(BL2Ppda) s - ‘ 8I2P+d,
W) with the coefficients of

therefore K4 =

d, —
D > 4][4* = BJ} + 434 - .

Then, we may estimate (for all u € (0,1))

d _ (S8L2P)? —
D > 4u||A? — B|?+4u—||A - A|I? +4(1 — y)———~2||B — BJ|?
> 4y I3+ 4u5 14 = Al + 40 = 1) g7 g3 18 — Bl
K
> E—E.).
- Kl( )

In the second case C}%“ > 8L%, we use instead the inequalities:

d, —
D = 4pl|A® = Bl + 4(5 — (1 = p)8LY)[|A = Al;
+A(1 = p)||A* = Bl; + 4(1 — p)8L*| A — Al

and the second line is bounded below by 2(1 — u)||B — B||? via lemma 2.3
(with 8 = 0), which leads to the constant (16) in this case. B

We now consider the case d, = 0:

12



Lemma 2.4 Let A, B denote the square roots of the solution of (2) — (6)
satisfying the conservation law (7). Then, for all n < 1,

L n+l1
EIWHAQ Bll; + ——

7| B = B3 = |4 = Alj3, (50)
with the constant K7(M) defined by (here, one can take any v > 1 in order
to optimise this constant):

v 2 v

. 1 2 1
[&7(M):max{y_1,ﬁy_1 21/ M—|—I/—§ M(41/ —|—I/)—§} (51)

Proof: The proof deals with three cases: 1) B is "big” and 2a/b) B is
"small” with A% is "small” respectively "big”.
1) For B "big”, we apply the ansatz (pointwise for all € Q)

A¥z) = B(1 +6(z)), 6(z)€[-1,00), VYzeQ. (52)

Then, after expanding ||A* — B||3 as
HF—B+§M}ﬂ@—§ﬁ+2§/&§—BMm¥ﬁﬁ,
Q

and using Young’s inequality for the above integral:

2

n)I\B—FHé—PQin 5,
L+n—n?

— — 1 —
2B/5(B—B)d;z:2 - <1+
Q
we get for the left hand side of (50) the following estimate
LK (HB —BI2+9B [, 0(B - B)dx + EW) + | B - B2

> Krp B B2 > Ky Bo2, (53)

1

since (1 +n)/(1 +n —n?) > 1. Next, on the right hand side of (50), we
Taylor-expand A = VBVI+6 forall z € Q according to
iTe=14 L L 8 ) e (0,0) (54)
= —— - x x
2 4 \/T 2 ’ ’

and observe that the remainder term R = R(4) defined by

1 8 )
R(6) = — 52<1+__\/1+5>, Sel-1,00) (55)
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is monotone decreasing on § € [—1,00) with R(—1) =4 and R(cc) = 0. We
obtain therefore for the left hand side of (50) that

=2
AT A = §<1+3)_§<1+3+%_lm_13m+ iﬁ(‘))
<

< &2 , (56)

since R<4and B=A2—B=M—-B?2— B< M—EQ—Eby Jensen’s
inequality. Finally, by (53) and (56), equation (50) holds for

_2 —_—
K. > %Wv (57)
B

so that we have to find a different estimate if B is small.

2) As a preliminary step, we see that

14> = Bll; = [IA* - B|;+ 2/Q(A2 — B)(B - B)dx + | B - Bl|;

— 1 —
> (-n)l4 =Bl (1 1) 15 B
by Young’s inequality, and, hence, that it is sufficient to show that
K7|A* = B|5 + K7||B— B} > |[A—A|;. (58)

Expanding and estimating further by Jensen’s inequality (ﬂ > EQ), it 1s
sufficient that L

A2
AT _9BAT+ BT
2a) Let us firstly assume that A? < % Then, in (59), we may neglect the

K7 > (59)

) —2 ) _ _
quadratic term A2 > 0 and use the conservation law B? = M — A? to
estimate (assuming B < %)

A? 1 1 v — 1
— — < ——; < — < for B< —.
—2B A+ M — A? —;‘|‘?—1 —;‘|‘1 v—1 2

(60)

14



2b) In the case when A2 > %, we neglect B2 > 0 and estimate (assuming
2B < M < A%

2v — v
1 1 2 v

< < for B<
A2-2B ~ A2(1-4) 7" Mv-—1 B

(61)

JE

Combining the cases, we obtain from (60) and (61) the first two contri-

butions for the constant K; (51), which covers the case B < min{;-, % .
In the other case, inserting B > min{-, % into (57) leads to the last two
terms in (51). O
Proof of theorem 1.2: By lemma 2.4, we have
1 — 772 — 1—n —
A* — B2 B—B|?>—1||A— Al?%.
47 = Bl + = - B = LA - A
Then, if we chose 1; such that % = 1;—177%, ie.
dy d?
Y . S 62
mE=ToptVapE T (62)

we obtain, for any u € (0,1),

1—77 — db —
D > 4p| A = B+ 4(1 = )= A = A+ 4 | B~ B

> Ks (|A* = Bl + Ko||A = A3 + K3||B = Bll3) ,

and estimate (44) completes the proof. B

3 Thecase A+B < C+7D

3.1 A-priori estimates

The a-priori-estimates of lemma 3.1 below are direct consequences of the
entropy decay. The statements are more easily readable when using the
notation a;, ¢ = 1,2,3,4 instead of a, b, ¢, and d, (and A;, a;0, d;, or even
K, for constants).

Lemma 3.1 (A-prior: estimates from the entropy decay)
Let a;, 1 = 1,2,3,4 be solutions of the system (19)-(25) with initial data

15



a;oln(a;o) € LY(Q). Then, with M; defined in (32) and for all T > 0,

fQ E?:l a0 hl(ai,o) dz + 4e7!

IV Aill T oryesy < 4d,

= ](1572', (63)

te[0,7]

4
sup |la;In(a;)|| 1@ < /QZG,Z"Q In(a; o) dz + 5e™" := K6, (64)
i=1

sup [ Aillzz) < M.
tefo,T]

(65)

Proof: Calculating the time-derivative of the entropy-functional (34) yields

4 4 T 4
a; In(a;))(T)dx + 4 di/ /%Aﬂdzdtg/ a;ioln(a; o) de,
/Z @ty +13 2 [ [ %Al (3 aolntaso

which ensures directly that estimate (65) holds, once the conservation of
masses (26)-(29) has been taken into account. Moreover, estimates (63) and
(64) follow from —a;|In(a;)| < e '. O

The a-priori estimates of lemma 3.1 combine and yield

Lemma 3.2 Let N =1, i.e. Q be the interval [0,1]. Then, fori =1,2,3,4
the solutions a; of (19)-(25) with initial data a;9ln(a;o) € L*(Q) satisfy for
T>0,

llaillZ2 o 50,7 < Kara(1+ T, Kz =2 M;(M; + Ki5,), (66)

with M; defined in (32) and Kys,; in (63).
Moreover, for all ¢ > 0,

Hai”igi([O,T]x[O,l]) < K(e)(1+T)
for some constant K(g) > 0 that we do not make explicit.

Proof: By A;(t,z) — A;(t,y) = f; 0y A;(t,u) du, we consider firstly

1 1 T 1
Ao - [ acpail=|[ [ aqut,u)dudy\s I
0 0 u=y u=0

and obtain

1 1
Aol < [t uldes [ A o],
0 0
1 1
At 2)? < 2/ |8uAi(t,u)|2du—|-2/ At u)Pdu.  (67)
0 0

16



Combining the L*-bound (67) with (65) and (63) of lemma 3.1, we get

[ et dedt < 7 sup At o) (1A dedi)  (68)
yE[O,l]
< 2M; fOT fol |0, Ai(t, w)|? dudt + 2MZT < Ki7(1 +T).
Then, we obtain an improved version of (63)
[ [0, A3 dudt = [ [ 3] A4]?|0, Ai| dudt
<3 (S 1A dude)” (fF 2 10AP dudt) < K(L4T), (69)
by Holders inequality and (68). In a next step, similar to (67) and (68),
I Jas(t, @) |45 dedt < [ sup [A2(t,y)| f) |Ai(t, )| de dt
yE[O,l]
<2M; i fy (147 + 10,42, w)) dudt < K(147), (70)

which again allows to increase the exponent 3 in (69). The statement of the
lemma is finally obtained by bootstrapping (69) and (70). O

With the next technical lemma, we provide an explicit, polynomially
growing bound for L"-norms (r > 1) of the solution of the 1D heat equation.

Lemma 3.3 (Ezplicit bounds for 1D heat equation)
Let a denote the solution of the 1D heat equation (t > 0,z € [0,1], with
constant diffusivity d,) with homogeneous Neumann boundary condition, i.e.

ay — daaa:a: =49,
a.(t,0) =a.(t,1) =0, (71)
a((),x) = ao(x) >

and assume for the initial data and for the source term g that
ap(z) € L' N L>=([0,00) x [0,1]),  g(t,z) € L' N LP([0,00) x [0,1]).

Then, for the exponents r,p > 1 and q € [1,3) satisfying % +1 = ]l?—l— %
and for all T > 0, the L"([0,T] x [0,1])-norm of the solution grows at most
polynomially in T like

la(t, )

romixoa) < T (llaoll o, + llaoll o1 + 1191l qo,17x(0.1)
1,1
+Kis(q) (1 + Tq+2)HQHLP([O,T]X[O,I]) ; (72)
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with the constant Kis(q) given by

2-|-q 1

24¢
- _3q2 7\ 24(2¢-1) q(2¢—1) 9 /e
Kaslg) = 2550 (2) T (L) (o gy 4 97 (L) (73)

Note that Kis(q) > 11 for g € [1,3).

Proof: The proof uses Fourier series, which simplify when (71) is mirrored
evenly around = = 0, i.e. when the functions are extended like

. [ oa(t,z) =z €]0,1]
at,z) = { a(t,—z) z €[-1,0] (74)

and when ¢ and dy are defined analogously. Then, the eigenvalue-problem
Prz = A@ on [—1, 1] with homogeneous Neumann boundary and periodicity
conditions is satisfied by the eigenvalue-eigenfunction-pairs

(e, ¢r(2)) = (—(km)?, cos(kmz)) for £=0,1,2,...

and yields the Fourier representation

a(t,x) = i M (/_1 do(y)Pr(y) dy) o)

k=0 1

e [ ([ sty ) e 55

1

By construction, the solution a(t, z) is the restriction of a(t,z) to = € [0, 1].
Considering in (75) that dg,§ and @ are even functions, we obtain with
cos(x) cos(y) = cos(x — y) — sin(a) sin(y) that

a(t,x) = 2f0 ao(y) dy + E —k*m tf L Go(y) cos(km(z —y))dy  (76)
+2 fo fo s,y) dyds + Z fo —k*7 (t=s) f_llfi(s,y) cos(km(z — y)) dyds .

With the Fourier transform normalised as f( (2 _l 2 [7° f(y)e* dy,
we invert f(k) = ¢ Ft o flz) = (Zt)" -1 _I2/(4” t) Then, using the
Poisson summation formula Ek__ ( Je the — \[or Zk o f(z 4 2km) and

since f(k) is even, we obtain that

1—|—ZZ coskﬂr(w—y

i e el (77)

k=—0c0

-
o~
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_LW#Ldy (78)

[

Thus, by (76) and (77),
a(t,z) = fol ao(y) dy + # f_ll do k:z_:oo %e
-I-fo fo s,y) dyds + 2\/—f0f y)k:ij:oo \/tl_—se_( = y dyds .
We define then S(t,z):= >, ﬁe‘iﬁ%ﬁ and rewrite and estimate
(fo1]) T ﬁ [do *z S L7 ([0,T]x[~1,1])
(79)

la(t, )|z qo,r1x(-1.p < (2T)7
+(21)7 ([0,7]x[0,1])

Lr([07T]X[_171]) ’
where *, and *,, denote the convolution in & and ¢, x respectively. For the

‘I’ ﬁ Hg *t,z S

function S := S(¢,x), we prove the lemma
[ I]Q
=> e %e‘ e Then,

Lemma 3.4 Let S(t,z)
) = 2V,
1), gel13).

[S(t Mz ein
HSHLq 0,T]x[-1,1]) < K18(q) (1-|-T‘1 )

Proof: The first statement is easily obtained by
1 [> _2
e~ 7 dr =2/

a2 [ e[

For the second, we consider ¢ € (1,3) and use (when n #

2n+x 2 ) )
4t

0) (2n + x)?

|2n + x| > 2n — 1 to estimate
La([0,T]x[-1,1])

15 zooimperay = 1% (% + 2252, €
< (5 e2mme)

?

La([0,T]x[-1,1])
—(2n-1)/4t _ (61/47: _ —1/47,‘)—1

and further, using the geometric sum )
La([0,T]x[-1,1])

< Ht_%e T —I—QHt_%(el/‘”—e_l/‘” -1
- Lq([O,T]X[— )
Then, thanks to a Taylor expansion, the second term writes (for some & €

3 =&\ ~
ete” < 9t.
192¢2

7 4t

0, 4)
( 1/4t 6—1/47,‘)—1 — 9 (1 +
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Therefore, noting that f_ll e~ dz = Zﬁ\/gerf (%), we obtain for ¢ €
(1,3)

§25< )2“ (fOTt%dthrQ“% ( OTt%dt>

1 1
_orfz\2a [ 2 Va2 | 24l o
=20 (3)7 (%) T 2 (55)

Moreover, since ?’Q;qq < 5 + £ for ¢ € (1,3), we denote by Tp the time which

SRR
Q=

Q=

Tats (30)

equals the two terms of (80) and estimate

1 1 3=g 1,1
LT\ ? 2 N e=a [ /T\ T\ 2
o - # () () ()7 (2)
(50) (CJ) (3—Q> ’ <<T0> Ty )
1 (T 2 2 @ i -1 141
<o ( IV () e (141 (1+Tq )
q 3—q

= Kis(q) (14 T77). (81)

Q

For ¢ = 1, we have explicitly ||S]|z1(jo,r1x[-1,1]) = 27T T < Kis(1+ T%—F%). a

Continuation of the proof of lemma 3.3:
Returning to (79), we estimate the second term on the right hand side by

1 27 o g
NG ldo o St M pro,ryx-1,1) < NG </0 [[do *z S, )| Loog-1,17) dt)
< (2T)7 |laol| oo,y » (82)

since [|do *z S(t,-)||ze-1,1) < [ldollzee(-1,apllS(L, )l L2 (-1,7) and thanks to
lemma 3.4.

Finally, for the fourth term on the right hand side of (79), we apply
Young’s inequality ||g* S|z < ||g|lze]|S]|pe for 24+1 = %—I—% and lemma 3.4.
Collecting (79) with (82) and (81), we obtain (72) since ||&HL’"([0,T]><[—1,1]) =

27 O

a

L7([0,T]x[0,1])*

Combining lemma 3.2 with lemma 3.3 shows in three iterations that the
L*-norm of 1D solutions of (19)-(25) increases at most polynomially in time:
this is detailed in the following

Lemma 3.5 Let a;, 1 = 1,2,3,4 be solutions of the system (19)-(25) with
bounded initial data a;o € L*(Q). Then, for T >0

. 21
@il Lo (0, 71x[0,1)) < K19, (1 + 77> ) ,
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with the constant

Kig,i = ||a;, OHLOO 0,1] t ||, oHLl 01] + 21\172 + 31&1821 o1, (83)

=1 =1
depending on the constants Ki7; (66), Kis (73), K21, (88), and Ky (86).
Proof: We apply the following bootstrap. By lemma 3.2, we have

4
1
Hab_CdHLl [0,7]x[0,1]) §§Z K17, (14+1T),

and moreover by lemma 3.3 with p=1and r =g € [1,3)and 1 = 1,2,3,4

4
1 1 .
Lr([0,T]x[0,1]) < T (HQZ',OHLOO[O,I] + || @i ollz1jo,1) + 3 Z K7 (1+ T))

[ ai
=1
1 4
+ Kis E Z; K7, (1 + T;+5)(1 + T) ) (84)
3 4
(Nlaiollzoon] + llaiollzio + 51(18 Z; Kz )(1+T7%2),

since K13 > 1. In a second step, we apply again lemma 3.2 for s € [2,3) and
obtain by (84) that

4 4
1
2 2
lab = edll s o ey < 5|22 % 52” 113 (o 1yxg0.1
i=t lrsqnxpa) =
1 4
- EZH%HL orxop < Koo (L+T5F%) . (85)
=1
with

4 4 2
Kyp=Y_ (HQZ-,O;\LOO[OJ] + lacoll Lo + S K > [xmi) . (86)

Then, by lemma 3.3 with p= 3, ¢ € [1,3) and r € [1, 00), it follows that

4
1 -
[azollcpon + laiollron + 5 Y Kiri(1+1T))

=1

vomxoay < I7(

|

FKys Koo (1 4+ ToF2)(1 + T3
< Ky (1+Tr7t2), (87)
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since T%—F%T%‘H3 — T+t and with the constants
4
Kyn,= Hai,OHLOO[O,l] + Hai,OHLl[O,l] + Z K74+ 3 Kis Ky . (88)
=1

In a final step, we observe firstly (similar to (85) for s € [2,00)) that

1< 2
b = el s oy = 5 2 Noiloncony <me (L+ 79, (89)

and, secondly, by lemma 3.3 with p= 2, r = o0, and 1 = ]lg + %, that
=
llailloeo,mx0,1) < l@iollego + llaiollLijoa + 3 Z Ki7;,(1+T)

4
+Kis Y K3 (L+Ta42)(1+T75)

=1

< K (1 + T%) ;

since Ta+2T3+9 = T% and with the constant Kig,; define in (83). O

3.2 Convergence

The proof of theorem 1.2 is divided into six lemmas. Lemma 3.6 shows, for
the special situation where A, B, C, and D are constants subject to the
conservation laws (26)— (28), how L?-distances with respect to the steady
state are controlled by a L2-distance coming from the reaction:

Lemma 3.6 Let A, B.,, Cw, and D, denote the positive square roots of
(33). Let A, B, C, and D be nonnegative constants satisfying the conser-

vation laws (26) — (28), i.e. A —|—€2 = A? +C?%, A —{—EQ = A? + D2,
EQ —|—62 = Bgo + Cgo. Then,

[ A= Acol[3 41 B= Beol[34 1€ = Cocll34 | D= Dec|l3 < Ko|[AB—C D[, (90)

where

Ky =

1—|—ma.x{4 1} AOO—}—\/AOO—}—min{CgO,DgO} :
— (CL - %) ( BT L. (91)
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Proof of lemma 3.6: The proof is based on the ansatz
A=A (L4 w)?, —1<p, fori=1,234, (92)

The conservation laws (26)—(28), and more precisely the relations

A2 + 1) — B2 (2u2 + p3) = 0 (93)
AL (2 + ) + C%(2p3 + p3) = 0, (94)
AZ(2p1 + ) + D2 (204 + p3) = 0 (95)

allow to express o, 3, and py as function of py as stated in the following
lemma:

Lemma 3.7 (Ranges of u1, p2, s, and jiy)
Let pa(pr), pa(pn), pa(pr) be defined via (93)-(95), i.e.

pi2(pen) =—1+\/1+% (2 +13), (96)
poln) = =1+ /1 = 222 +443), (97)
palpn) = =1+ \/1 - é—g@m +4i). (98)

Then, pa(p1) ts monotone increasing in gy, while ps(py) and pa(pr) are
monotone decreasing in py. Finally, pi(p1) = 0 if and only tf uy = 0 for
i =234,

Moreover, since we know ps(py), ps(p1), pa(pr) to be real, py restricts to

//Ll,min S H1 S ,Ufl,maza (99)

with

ftmin = —1 + \/1 el e = —1 + \/1 4 min(CEDE (100)

implying by monotonicity of pa(p1), pa(pr), and pa(pr) the admissible ranges

=1 < pa(prmin) < p2(0) = 0 < pra(p1,maz) (101)
—1 < ps(p1mac) < ps(0) = 0 < ps(pa,min) (102)
—1 S ﬂ4(ﬂ1,mam) S ﬂ4(0) =0 S ﬂ4(ﬂ1,min) . (103)

The next lemma quantifies how p;(u1) for ¢ = 2,3,4 is proportional to p;:
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Lemma 3.8 (Taylor expansion of uy, ps, and 4)
A Taylor-expansion of (96), (97), and (98) yields

M2 = 2—5:]%2(%)/!17 H3 = ——RS(M)M o M4 = _3_52340‘1)/11 ,(104)

where Ry(p1), Rs(p1), and Ry(p1) are strictly positive for py € (1, min, 1,maz)
and bounded by

0 < R,y
0<33,R4

max{2A., Bx }, (105)
A + /A2 + min{C2,D2}. (106)

<
<

Proof: We Taylor-expand

2
e 1+ (2<+<2)

for some (¢ € (0, uy) and consider the remainder

RQ(/’LI): %: %Ml ( 1+\/1+B2 2/~L1 ‘I’/“Ll)> ;
1+§(2<+<2)

for w1 € [, mins 1 maz|. 1t is straightforward to show that Ry(uq) is mono-
tone increasing or decreasing in g1 € [(1,min, f1,maz) if and only if Ao, < Bo
or As > By, respectively, and continuous at gy = 0 with Ry(0) = A
Therefore,

Ao Ao +min 02
0< RQ(Ml,min) < RQ(Ml,maar) = +\/ - {
1+\/1+

D3}
min{C Dgo} < B AOO S BOO’
B

0 < RQ(Ml,maz) < RZ(Ml,min) = Aoo —I' \ Ago - Bgo < 2A007 Aoo 2 Boo 9
which yields (105).
For ps (and analogously for py), we Taylor-expand

2 2
°° 1- (2C+C2)

for some ¢ € (0, ;) and consider the remainder

Ry(p) = 2=40  _ ¢ ( \/1 2u+,,b),
s(11) \/% Aoom 1 1)

which increases with respect to py, and R3(0) = A, and

0 < RS(Ml,min) < RS(MI,maz’) S Aoo —I_ \/Ago —I_ mln{c(%o? Dgo} .
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Continuation of the proof of lemma 3.6
Using the ansatz (92) to expand (90) (and with Ay, Bew = Cs Dy ), we have
to prove that

AL pi + BLps + CLps + D2 pd
AZBZ (p + pa + pafia — ps — pa — [i3fta)

- < Ky, (107)

for 1 € {1 min, f1.maz) and with pa(p1), ps(p1), pa(pr) as in lemma 3.7.
Considering the numerator of (107), we estimate with lemma 3.8 that
Bomom
B, 0% D%
< A’ B’ K,. (108)

Ai#?+3iﬂ3+C§M?+DiMifE/ﬁAi<1+

Concerning the denominator of (107), we observe first by lemma 3.7 that

assuming gy < 0 in the sum gy + pg + papz + (—pa) + (—pa) + (—papa),
only the term 9 is non-negative and all the other terms are non-positive.
Moreover, we know in this case that —1 < py and —1 < py and therefore

2 < —piipz implying

[+ fo + pape — fis — pa — fafta < g — fz — fla — papa < —|pa|. o (109)
If we now assume that p; > 0, only the term —psu4 is non-positive and
—1 < pg as well as —1 < puy, therefore ps < —pspy and

p1 o+ e — s — pa — fapa > pn + po + papie — e > |l (110)
Altogether, by (109) and (110), we estimate the denominator of (107) by

AZ B2 (1 + po + prapz — pts — pa — papa)’ > A2 B2

which proves (with (108)) that we can take the constant (91), and lemma 3.6
is obtained. O

The following lemma extends lemma 3.6 to nonnegative functions A, B,
C, and D, which satisfy the conservation laws (26) — (28).

Lemma 3.9 Let A, B.,, Cw, and D, denote the positive square roots of
(33). Let A, B, C, and D be measurable, nonnegative functions satisfying
the conservation laﬁ (,Qﬁlf (28), i.e. A24C? = M3 =A% +C?%, A2+ D? =
M14 = AZO + D?)oﬁ B2 + 02 = M23 = Bzo + Cgo Then,
A = Axcllz + 1B = Bao|l3 + IC = Cucllz + 1|10 = Daoll; < Kol AB — CDI|3
+EW(A= A3+ |B- Bl +|C-CR+ID-DJE), (1)
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where, recalling (31), the total mass is Mygzq = A% + B: + C? + D2, and

AM AM
ot e o (i o

with Ko defined in (91) and

Ko (\/ 14Ma3 + M1234 if A/ A% < &; for somei=1,2.3,4,

[/(11 =
Ko/ MisMos (1 + max {27%}> + max {M}, else
i=1,2,3,4 € i=1,2,3,4 €
(113)
where
M9a4 M3 M, M; M; .
. = vV Mi334 Mz My \/ 3+ Mis + Mis- =12, (114)
Mis + M4 2Mi234
VvV Mi2zs My; My; My, + My, .
g = 14+ ————1], 1=3,4. 115
My, + My, 2M234 (115)

Proof: Since we want to apply lemma 3.6, we expand around the mean
values

A; = A+ 6i(x), 5; =0, fori=1,2,3,4, (116)

and modify then the ansatz of lemma 3.6 into
AP = A (L), —1<p fori=1,234, (117)

in order to preserve the relations (93)-(95) and therefore the ranges of y; and
wi(p), t = 2,3,4 as stated in lemma 3.7 together with the Taylor expansions
in lemma 3.8.

The ansatz (116), (117) implies readily for the right hand side of (111)
that

|4~ A= A7 - A =82, fori=1,23,4. (118)
Since o
52 —
Y A, fori=1,234, (119)
A2+ A;
it follows that
. 1 _
A= Aol 4 i) — ———— 02, fori=1,2,3,4. (120)
A?+ A;
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Thus the expansions in terms of 5_22 is unbounded for vanishing A_f and the
same for the left hand side of (111), where we use (120) to expand

|Ai — Aiool3 = AF

! ot + =2,
AR+ A

Leaving the singularity for small A_f for later, we factorise in a first step

fori=1,2,3,4.  (121)

|AB~CDI} = [AB—CDI}+2AB - CD)(50; - 3:04)
|| ASy + By + 618, — T4 — Dby — 8564]|2. (122)

Since A; < \/A_? by Jensen’s inequality and A2 B2 < MysMos, Dz <
Mi4Ms3 by the conservation laws (26)—(29), we estimate the second term on
the right hand side of (122) using Young’s inequality:

2(AB — C D)(616; — d304)

Then, we insert (120) (recalling Ao Boo = Coo Do) into

IAB—CD|; = ALB2 (u1+ p+ paps — ps — fa — fisjla)
(VIR - VD) ( VBR | VAR
JE+A VBT
5252 VD252
VA2+D(VBI+B) Vii+C
B \/E(S_Z 5252 )
\/ﬁJrD (vV/C? + 0) (VD% + D)
H \/>52 5252 2

. (124)

VE+a \/>—|-C\/E—I-D

For the second factor on the right hand side of (124), we estimate similar to

above \/ﬁﬁ— \/@ﬁ < VM4 Ms3 and use (119) to calculate
B’ | VARG 5353 _ 1 \/B2+B52 1VA A 52
AZ4A B+B  (VAZ+A)(VB2+B) 2\/A24+4 T3 B2+B

27



and we compute in the same way the product proportional to 626%. Thus, by

A; < \/A_? < v/ Miazq for all = 1,2, 3,4, we obtain

_ B°+Bg2 | VA+Ag2 57 VDiD53 _ Vit 52
\/A__2+Z B2+B c24+C D2+D
—/ 14 23 Hl'lSL)§4 {Wﬁ} ((S% + 5% + (S% + (SZ) . (125)

Thus, inserting (121) into the left hand side of (111) and combining (118)
and (122)—(125) for the right hand side of (111) we have to prove that

Z Alonf < KwALBL (i + pa + papiz — ps — pa — piapia)”

2 V M1234
A?

K3

+ | K1 — Ko/ Mi4Mys | 14+ max

i=1,2,3,4

When Ko > Ky with Ky stated in (91), then lemma 3.6 (see (107)) implies

Yoy Ay < KoAZ B2 (p1 4 pia 4 papta — s — j1a — papta)” and we look
for

- - 2v/Mi234 24 oo :
K1 2 Ko/ MiysMos <1 + i:r{l,g,}:}(A {7\/%234 }) + i:r{{2a7>§74{ \/Tg} . (126)

We now suppose that P < &2, where ¢; are constants to be specified
later. In particular for A < \/ 2 < &y, we estimate (using B < /M3,

C < /M3, D < /M, and c'D’ (02 52)(D2 — 52) with (26) and (27)
for the product C2 D?) that
IAB-CD|?=A"B*-2ABCD+C’D* (127)
> —2e17/Migza Myy Mig + (My3 — e3) (Mg — €3) — D262 — UZ%-

Moreover by (26)—(29), a straightforward expansion yields

1A = Asollz + 1B = Bollz + IC = Coollz + 1D = Doolly < 2Mizsa.  (128)
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Thus, combining the left hand side (111) with (128) and the right hand
side with (122), (123), and (127) where D2, c < Mj334, we must prove that

2Mi23¢ < Kyo <M13 My — 251\/M1234 Mz My — 5%(M13 + M14) + 5?)
+( K11 — Kio/ Mg Moz — Ko Mi234) (? + 5_3 + 5_§ + E) (129)

We treat the first bracket on the right hand side of (129). After neglecting &7,
we denote the non-negative solution of the (in terms of ¢) quadratic equation

zy — 2e/Mygas vy — e*(z +y) = h for 0 < h < zy by

VMia34: M y—h
c(a,y, h) = — 1234 LY 1234 "Ey Ty ‘ (130)
Tty (x 4+ y)? Tty
In the present case, where x = M;3 and y = M4, choosing in particular
h = %¢ confirms (129) with
Ko > M7 — Mia M
R ]\{ISMM for \Y A? S &1 = €(M13, M14, M) .
K1 > Ko <\/ My Moz + M1234) 5 2
(131)
Similarly, for the cases A2 <e?,i=2,3,4, we obtain the same K;; and
AM fanss Mys M.
[(10 Z 1234 5 for B2 S Eq9 1= €(M23, ]\4247 M) 5 (132)
Ma3 Myy 2
i AM — My; My; o
Ky > Mulz\?; . for \/A? < g; :=e(My;, My, %), i =34,

and this yields (112) and (113). O

We are now able to state the entropy/entropy-dissipation estimate for the
model (19) — (22), which holds for admissible functions regardless if or if not
they are solutions.

Lemma 3.10 Let a,b,c,d be (measurable) functions from Q to R such that
0 < ai < ||aillpoo,gx[oa)), and [, artas = Mis, [, a1+as = My, [, ar+as =
Mgg. Then

4 ) 1 min{d,,dy,d.,dq} a:
D ; > 5 - E 7 —F 7,00 1
(@) 2 s minf o, PS50 B ()

where [(10(M13,M14,M23) 18 deﬁned in (112) [(11(M13,M14,M23) m (113),

K12(HGZ'HLoo([o,t]x[o,l]);M13,M14,M23) = max {(I) HGZHLOO ([0,¢] %[0, 1])76%00)} ,

=1,2,3,4
(134)
and a; o fori=1,2,3,4 are defined in (33).
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Proof of lemma 3.10: Let square roots be denoted by capital letters, i.e.
= a,B = Vb, C = Ve, D = V/d. Using Poincaré’s inequality and
(ab — cd)(In(ab) — In(ed)) > 4(AB — C'D)?, we obtain the estimate

—2+4db

D(a,b,e,d) > 4||AB—CD|>+
4d +4dd

4d,
P

|55,

|D - DH2 . (135)

We show in the sequel that the r.h.s. of (135) is bounded below by the
relative entropy F(a,b,¢,d) — E(doo, boo, Coos doo ).

First, we use the conservation laws (27) and (28) to rewrite the relative
entropy as

E(a,b,c,d) — E(oo,booy Cooy doo) = /
Q

(mi —(a—aw)

oo

b d
+blnb——(b—boo)+c1ni—(c—coo)+dlnd——(d—doo)> da,

(o) COO o0

and we use the boundedness the function ® defined in (12) (see [DF, lemma
2.1]) to estimate

E(a7b7 ¢, d) - E(aooabomCOOadOO) S [(12 <HA - AOOH% + HB - BOOH%
H|C = Colz + 1D = Dooll3) {136)

with K2 as defined above in (134). The statement of lemma 3.10 follows
now from lemma 3.9 by comparison with (135). O

We now state a Cziszar-Kullback type inequality.

Lemma 3.11 For all (measurable) functions a; : @ — R, 1 =1,2,3,4 such
that 0 < a; and [,(ay + as) = Mys, [y(ar 4+ as) = My, [o(az + as) = Mas,
and fﬂ(ag + a4) = May, we have the inequality

2\/§(E(G,7b7 ¢, d) - E(aooyboochO7 > Z Haz aZOOHI 7

with M; defined in (32).
Proof of lemma 3.11: We define ¢(a;) = a;Ina; — a; and rewrite

E(a,b,c,d) — E(oo, boo, Coos doo) = 2?21 Jq ailn = da (137)
+q(@) — qlace) + q(b) — q(bso) + q(2) — glcc) + ¢(d) — g(dec).  (138)
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Using the conservations (26),(29), we define moreover

Q13(My3,@) = q(@) + q(Miz — @) = Q13(M,3,¢) for @, € [0, My3],
Q14(My4,@) = q(@) + g(M1s — @) = Q1a(My4,d) for @, d € [0, M14],
Q24(Ma4,b) = q(b) + q(Mag — b) = Q24(Ma4, d) for b,d € [0, M34],
Q23(M33,0) = q(b) + q(M3s — b) = Q33(M3,7¢) for b, € [0, M),

(138) = Qu3(Miys,@) — Qi3(Miz,a00) + Q24(M24,E) — (QQ24( M2y, bs)
= Qua(Mi4,a) — Qra(Mys,a00) + Q23(M23,5) — (Q23(Mas, bs)
= (Q3(Miz, ¢) — Qi3(Mis,c00) + Q24(M24,E) — Q24(Ma4, ds)
= (23(Ma3,¢) — Qa3(Mss, coo) + Q14(M14,E) — Qa(Mi4,ds) .

Since

Q'5(Mis, @) + Q44(Mas,b) = Q5(Mi3,¢) + Qhy(Maa, d) = In b= =0,

Coo oo
Q14( My, @) + Qh3(Mss,b) = Qa(Mas, @) + Qly(Mys,d) = In % =0,
and

Q/1/3(M137 a)v Q/1/3(M137 E)

Y

’ 1(Myg, @), Q14 (Mya, d) > 3=

4
— Mis _ B Mg 0
/2/3(M23vb)7Q/2/3(M237E) 2 Mlgg,7 /2/4(M247b)7 /2/4(M247d) > MLM7

we Taylor-expand (138) (using @ — ao, = b— by and € — coo = d — doo,
respectively, so that the first order terms vanish) and estimate below by

@ —ac|> b —boo|? N € — cool? N |d — dool?

138) >
(138) 2 M, M, M; My

For the right hand side of (137), we estimate with Cziszar-Kullback-Pinsker
inequality

' 1
/ aln 2 de > —|lai — @12,
Q a; Za'

for which moreover @; < M;, for 1 = 1,2, 3,4 and obtain (by Young’s inequal-
ity [|ai — dicoll} < V2||la; — @7 + 2v2[@ — a;00/*)

E(@,b, ¢, d) — (o, boo, oo, doy) > Nazaslly | Ibollf | llomcollf  [ld=dsl
7T G0y ¥o0y ~00)y TOO - 2\/§M1 2\/§M2 2\/§M3 2\/§M4 :

This ends the proof of lemma 3.11. O
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Proof of proposition 1.2

By the entropy dissipation %E(a, b,c,d) = —D(a,b,c,d), lemma 3.10 yields

d 4 . 1 min{da, db, dc, dd}
— In(¥E i —F .00 > , — , 1
(B(@:) — Bla,.0) win { o, (139)

dt — Kis(t)
where K15(t) = maxi—123.4{P(||as]| £ (j0,x[0,1])> @i,00) } With @(z,y) defined in

(12) (this function is monotonely increasing in x). Moreover, it is easy to see
that for k& > 1,

Eln(k) — (k —1) <\/E+1ln
WVE-1)2 " VE-1

Note that the factor (\/];—I— 1)/(\/%— 1) is strictly monotone decreasing in k.

Next, we have by lemma 3.5 that |[a||re(o,qx01]) < Ko (1 + t22_1),
where Kig,; > 2?21 Kz > 22?:1 M? may be small with M; defined in
(32). Hence, in order to apply (140), we estimate e.g. ||a;||r(o9x[0,1]) <
max{ K19, 2a; 0} (1 + t22_1) and

O(ky,y) = k), Vk>1. (140)

Kig,; 21
D(||asl| zoe (0, x[0,1])s Ciros) < @ <max{ 19, ,2} (1 +¢ 21> aim,aim)

\/5 +1 Kig; 21
< | =, 2 In (1412

since k > 2 in (140) and therefore

Kig; 21
Kia(t) < (V2 +1)? <'nlqg>§4{ln < 19 > 71112} +In (1 ‘|‘t7>> :
1=1,4,9, CLLOO

Next, integrating fOT(139) dt on the right hand side, we estimate

T
1 1 T
Kios aodt > Ko 21 )
o max{ln %,ln 2} +In(1 +1t7) (max{%,ln 2} + 7) In(e +7")
(141)
since both sides vanish at 7' = 0 and the time-derivatives of the left hand
side can be estimated below by

Z K . 1 Z K 1 1
max{ln %, In2} + 22—1 In(e +7") (max{%7 In2} + 22_1) In(e +7')

—_

1 1 T 1
> ~ — ’
(max{%,h&}—k %)ln(e—l-T) ( e—l—Tln(e—l—T)>
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which is the time-derivative of the right hand side of (141). Now, the state-

ment of theorem 1.2 follows from integrating fOT(139) dt and the Cziszar-
Kullback type lemma (3.11). W

Proof of theorem 1.3
To establish an H'-bound on the solution, lemma 3.5 and (63) yield

T mf HV a’Z”L2 < Hvx aiH%Q([O,T]XQ) < 4[(1572' 1(1972' (1 + T%) ,

tefo

for all 7' > 0. Since the function (T_1 + T%) assumes its minimum value at
time T' = (2/19)%/2!, there exists a time 7 € [0, (2/19)%*?'] when

19

21 [ 2\ 2t
= 2 <4[ i K9 — )
I () < 1K ons 5 ()

Next, multiplying the equations (19)—-(22) formally with A.a; yields with
Young’s inequality

i/ |vzai|2dx+di/<Azai)2

We integrate over a time interval T > (2/19)%/2' > 7 this formula and obtain

Ve ai(T) 720y < Ve ai(7)l[220) + — cd|| 20,1740 -

Using the bound (89), i.e. ||ab — cd||r2(0,17x[0,17) < El ) &212 (1 + T%) with

K31, given in (88) we obtain
Ve ai(T) 7o) < Koo (14+T%)  for T > (2/19)*/*", (142)

with the constant

e e - 21 2 2_9 <
Koy = 4K5; Kio i (E) (Z K3 ) : (143)

This formal argument is made rigorous by approximating the solution (see
e.g. [MP]).

Next, see e.g. [Tay] for the Gagliardo-Nirenberg-Moser interpolation in-
equality

laillioei) < GOV @l llad (144)
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with a constant G(€2) on a smoothly bounded €. Then, interpolating the
almost exponentially decaying L'-norm of theorem 1.2 for T > (2/19)%/%' >
T, we get

HGZ(T)HLOO(Q) < 400 + Haz - ai7OOHLOO(Q)

1 1 1 )
< i + G| V2 (a5 — aico)|o]|@i — Giool|fool|@i — @iol|f1 < Kisis

where (142), lemma 3.5 and theorem 1.2 lead to the constants K3, given
in (36). Moreover, the value of Ki3; for 0 < 7 < (2/19)2/21 follows from
lemma 3.5. Finally, using this global L*-bound, the right hand side of (139)
is bounded below by a constant and the exponential decay stated in the
theorem can be obtained. W

References

[Ama] H. Amann, Global existence for semilinear parabolic problems. J.

Reine Angew. Math. 360, (1985), pp. 47-83.

[BH] D. Bothe, D. Hilhorst, A reaction-diffusion system with fast reversible
reaction. J. Math. Anal. Appl., 286, no. 1 (2003), pp. 125-135.

[CCT] M. Céceres, J. Carrillo, G. Toscani, Long-time behavior for a non-
linear fourth order parabolic equation. Trans. Amer. Math. Soc. 357,
(2005), pp. 1161-1175.

[CCG] M. Caceres, J. Carrillo, T. Goudon, Fquilibration rate for the linear
inhomogeneous relaxation-time Boltzmann equation for charged parti-
cles. Comm. Partial Differential Equations 28, no. 5-6 (2003), pp. 969
989.

[CIMTU] J. A. Carrillo, A. Jingel, P. Markowich, G. Toscani, G., A. Un-
terreiter. Entropy dissipation methods for degenerate parabolic problems
and generalized Sobolev inequalities. Monatsh. Math. 133 (2001), no. 1,
pp- 1-82.

[CHS] E. Conway, D. Hoff, J. Smoller, Large time behaviour of solutions of
systems of nonlinear reaction-diffusion equations. SITAM J. Appl. Math.
35, no. 1 (1978), pp. 1-16.

[Csi] 1. Csiszar, Fine informationstheoretische Ungleichung und thre Anwen-
dung auf den Beweis von Markoffschen Ketten. Magyar Tud. Akad. Mat.
Kutaté Int. Kozl. 8 (1963), pp. 85-108.

34



[CV] J. Carrillo, J.L. Vazquez, Fine asymptotics for fast diffusion equations.
Comm. Partial Differential Equations 28, no. 5-6 (2003), pp. 1023-1056.

[DelPD] M. Del Pino, J. Dolbeault, Best constants for Gagliardo-Nirenberg
inequalities and applications to nonlinear diffusions. J. Math. Pures

Appl. 81, no. 9 (2002), pp. 847-875.

[DF] L. Desvillettes, K. Fellner, Exzponential Decay toward Equilibrium via
Entropy Methods for Reaction-Diffusion Fquations, accepted for J.
Math. Anal. Appl.

[DM] L. Desvillettes, C. Mouhot, Large time Behavior of the a priori bounds
for the solutions to the spatially homogeneous Boltzmann equations with
soft potentials. Preprint HY KE2005-029 available at www.hyke.org.

[DV00] L. Desvillettes, C. Villani, On the spatially homogeneous Landau
equation for hard potentials. Il. H-theorem and applications. Comm.
Partial Differential Equations 25, no. 1-2 (2000), pp. 261-298.

[DVO1] L. Desvillettes, C. Villani, On the trend to global equilibrium in
spatially inhomogeneous entropy-dissipating systems: the linear Fokker-
Planck equation. Comm. Pure Appl. Math. 54, no. 1 (2001), pp. 1-42.

[DV] L. Desvillettes, C. Villani, On the trend to global equilibrium for spa-
tially inhomogeneous kinetic systems: the Boltzmann equation. Inven-
tiones Mathematicae. 159, no. 2, (2005) pp. 245-316.

[FNS] K. Fellner, L. Neumann, C. Schmeiser, Convergence to global equilib-
rium for spatially inhomogeneous kinetic models of non-micro-reversible
processes, Monatsh. Math. Vol. 141, no. 4 (2004), pp. 289-299.

[FMS] W. E. Fitzgibbon, J. Morgan, R. Sanders, Global exzistence and bound-
edness for a class of inhomogeneous semilinear parabolic systems. Non-
linear Analysis, Theory, Methods & Application, 19, no.9 (1992), pp.
885-899.

[FHM] W. Fitzgibbon, S. Hollis, J. Morgan, Stability and Lyapunov func-
tions for reaction-diffusion systems. SIAM J. Math. Anal. 28 (1997),
no. 3, pp. 595-610.

[Gro] K. Groger, Free energy estimates and asymptotic behaviour of reaction-
diffusion processes. Preprint 20, Institut fur Angewandte Analysis und
Stochastik, Berlin, 1992.

35



[GGH] A. Glitzky, K. Gréger, R. Hiinlich, Free energy and dissipation rate
for reaction-diffusion processes of electrically charged species. Appl.

Anal. 60, no. 3-4 (1996), pp. 201-217.

[GH] A. Glitzky, R. Hiinlich, Energetic estimates and asymptotics for electro-
reaction-diffusion systems. 7. Angew. Math. Mech. 77 (1997), pp. 823-
832.

[HY88] A. Haraux, A. Youkana, On a resultl of K. Masuda concerning
reaction-diffusion equations. Tohoku Math. J. 4 (1988), pp. 159-163.

[HMP] S. Hollis, R. Martin, M. Pierre, Global existence and boundedness in
reaction-diffusion systems. SIAM J. Math. Anal. 18 (1987), pp. 744-761.

[HY94] H. Hoshino, Y. Yamada, Asymptotic behavior of global solutions for
some reaction-diffusion systems. Nonlinear Anal. 23 (1994), no. 5, pp.

639-650.

[Mas] K. Masuda, On the global existence and asymptotic behavior of solution
of reaction-diffusion equations. Hokkaido Math. J. 12, (1983), pp. 360
370.

[MP] R. H. Martin, M. Pierre, Nonlinear Reaction-Diffusion Systems. in
Nonlinear Equations in Applied Sciences, W. F. Ames and C. Rogers ,
eds., Math. Sci. Engrg. 185, Academic Press, New York (1991).

[Mor] J. Morgan, Global existence for semilinear parabolic systems. STAM J.
Math. Ana. 20, (1989), pp. 1128-1144.

[MW] J. Morgan, S. Waggonner, Global existence for a class of quasilinear
reaction-diffusion systems. Comm. Appl. Anal. 8, no. 2, (2004), pp. 153
166.

[Mul] G. Mulone, Nonlinear stability in fluid-dynamics in the presence of
stabilizing effects and the choice of a measure of perturbations. ”WAS-
COM 2003"—12th Conference on Waves and Stability in Continuous
Media, World Sci. Publishing, River Edge, NJ, (2004), pp. 352-365.

[KK] Y. I. Kanel, M. Kirane, Global solutions of Reaction-Diffusion Systems
with a Balance Law and Nonlinearities of Frponential Growth. J. Diff.
Equ. 165, (2000), pp. 24-41.

[Kir] M. Kirane, On stabilization of solutions of the system of parabolic dif-
ferential equations describing the kinetics of an autocatalytic reversible

36



chemical reaction. Bull. Inst. Mat. Acad. Sin. 18, no. 4 (1990), pp. 369
377.

[Kul] S. Kullback, Information Theory and Statistics, John Wiley, (1959).

[Pie] M. Pierre, Weak solutions and supersolutions in L' for reaction-
diffusion systems. Dedicated to Philippe Bénilan. J. Evol. Equ. 3,
(2003), no. 1, 153-168.

[PS] M. Pierre, D. Schmitt, Blowup in reaction-diffusion systems with dissi-
pation of mass. SIAM Rev. 42, (2000), pp. 93-106 (electronic).

[Rio] S. Rionero, On the stability of binary reaction-diffusion systems. Nuovo

Cimento Soc. Ital. Fis. B 119 (2004), no. 7-9, pp. 773-784.

[Rothe] F. Rothe, Global Solutions of Reaction-Diffusion Systems. Lecture
Notes in Mathematics, Springer, Berlin, (1984).

[Tay] M. E. Taylor, Partial Differential Equation III -~ Nonlinear Equations.
Springer Series Applied Mathematical Sciences Vol. 117, New York,
(1996).

[TV1] G. Toscani, C. Villani, Sharp entropy dissipation bounds and explicit
rate of trend to equilibrium for the spatially homogeneous Boltzmann
equation. Comm. Math. Phys. 203, no. 3 (1999), pp. 667-706.

[TV2] G. Toscani, C. Villani, On the trend to equilibrium for some dissipative
systems with slowly increasing a priori bounds. J. Statist. Phys. 98, no.

5-6 (2000), pp. 1279-1309.

[V] C. Villani, Cercignani’s conjecture is sometimes true and always almost

true. Comm. Math. Phys. 234, no. 3 (2003), pp. 455-490.

[Web] G. F. Webb, Theory of nonlinear agedependent population dynamics.
Monographs and Textbooks in Pure and Applied Mathematics, 89. Mar-
cel Dekker, Inc., New York, 1985.

[Zel] T. Zelenyak, Stabilization of solutions to boundary value pronlems for
second order parabolic equations in one space variable. Differentsial’nye
Uravneniya 4 (1968), pp. 34-45.

37



