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Abstract

We consider a quantum particle in a 1D infinite square potential well with variable length. It
is a nonlinear control system in which the state is the wave function ¢ of the particle and the
control is the length I(¢) of the potential well. We prove the following controllability result : given
¢o close enough to an eigenstate corresponding to the length [ = 1 and ¢ close enough to another
eigenstate corresponding to the length [ = 1, there exists a continuous function / : [0,7] — R%
with T' > 0, such that [(0) =1 and I(T") = 1, and which moves the wave function from ¢ to ¢
in time 7. In particular, we can move the wave function from one eigenstate to another one by
acting on the length of the potential well in a suitable way. Our proof relies on local controllability
results proved with moment theory, a Nash-Moser implicit function theorem and expansions to
the second order.

1 Introduction

1.1 Main result

We consider a quantum particle in a potential well with variable length I(7), where
l: [0,400) — (0,400)

is a continuous function of the time variable 7. At any time 7, the particle is represented by a wave
function ¢(r, z),

2 = 6(r2)

where z is the space variable. The physical meaning of |¢(7, z)|?dz is the probability of the particle
to be in an elementary volume dz surrounding the position z at time 7, thus, at any time 7, the wave
function defines a point on the L?((0,1(7)), C)-sphere

I(r)
/ |p(7, 2)|Pdz = 1. (1.1)
0
This wave function is solution of the following Schrédinger equation

&) { i) = G, <Ry 2 € (0,10))
¢(7,0) = ¢(7,1(7)) = 0,7 € RY..

The system () is a control system in which
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e the state is the wave function ¢, with (1.1) for every T,
e the control is the function [, with [(0) = I(7y) = 1, where 7 is the final time.

In order to work on a more convenient control system, we perform changes of space variable
z — x, time variable 7 — ¢, wave function ¢(7, z) — ¥(t,z), and control | — u which are presented
in subsection 1.2. They lead to the equivalent nonlinear control system

=) i (t, ) = (1) + [a(t) — 4u2(t)]a2)(t,2),t € RY,z € (0,1),
$(t,0) = ¥(t, 1) = 0,t € R

in which
e the state variable is the wave function 1, with fol [Y(t, z)|2dx = 1 for every t,

e the control is the real valued time depending function u, with u(0) = u(ty) =0, fotf u(s)ds =0
where ¢7 is the final time.

The system (X) is easier to deal with than () because it is posed on a fixed space domain.

Definition 1 Let T} < Ty be two real numbers and u € C*([T1,T),R). A function 1) is a solution of
() if ¥ belongs to CO([Ty, To], H* N HE((0,1),C)) N CY([T, Ty, L?((0,1),C)) and satisfies the first
equality of (X) in L2((0,1),R), for every t € (T1,Ts). Then, we say that (¥, u) is a trajectory of the
control system (X).

We give a sense to the solution of the initial problem (f]), posed on a variable domain, by using
this definition of solution for the new system (X) posed on a fixed domain : given a regular function
l:]0,+00) — (0,400) (regular enough so that the corresponding function u is C!), a function ¢(r, 2)
is said to be a solution of (i) if the corresponding function v (t, z) through the changes z — z, 7 — ¢,
[ — w is a solution of (X) in the sense of the previous definition.

Let us introduce the operator A defined by
D(A) := H*N H}((0,1),C), Ap:=—¢".

For every n € N*,
on(z) := V2sin(nrx) (1.2)

is an eigenvector of A associated to the eigenvalue \, := (nm)? and the family (¢, )nen- is orthonormal
in L2((0,1),C). For every n € N*, the function

P (t, ) == pp(x)e At
is a solution of (¥) with u = 0. For s > 0, we introduce the space
H(SO)((07 1)7 C) = D(AS/Q)

Since we will work with control functions u with zero mean value, we introduce, for s > 0, the spaces
o T
H3((0.7),B) i= {u € H3((0.7).R): | u(t)dt = 0).
0

We write L2((0,T),R) instead of HO((0,T),R). The main result of this article is the following one.



Theorem 1 Let € > 0. For every n € N*, there exists n, > 0 such that, for every ng,ny € N*, for

every o, ¥y € H*((0,1),R) with

1Yo = @nollas+e <m0, 100f — onyllms+e <y,

there exists a time T and a trajectory (1,u) of (X) on [0,T] which satisfies 1¥(0) = 1o, ¥(T) = ¢y,
and u € H((0,7),R).

Thus, we also have the following important corollary.

Corollary 1 For every ng,ny € N*, there exists a time T and a trajectory (¢, u) of (X) on [0,7]
which satisfies Y(0) = g, Y(T) = @n, and u € HF((0,T),R).

Using the changes of variables presented in the subsection 1.2 this corresponds to the following
controllability result for the initial system.

Theorem 2 For every ng,ny € N*, there exists T > 0 and a trajectory (¢,1) of (2) on [0, 7] such
that 1 € C*([0,T],R%), 1(0) = I(T) =1, ¢(0) = @ny, &(T) = @n,.

The author thanks Enrique Zuazua for having attracted her attention to this controllability prob-
lem and Jean-Michel Coron for fruitful discussions and advice on this work.

1.2 Changes of time variable, space variable and wave function

In order to get a problem posed on a fixed domain, we consider the change of space variable and
function

We get the following system

{ ’i%(T,CE) = —l(‘})Q%(T,x) +i%$%(7’,$),7’ eR,y,z€(0,1),
((r,0) =¢(r,1) = 0.

In order to make disappear the term before the Laplacian, we consider the change of time variable
defined by

which gives
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where u(t) :

[(7) = exp (4 /O tu(s)ds) . (1.3)

w(t, .1') = g(t’ x)e_iu(t)$2+2 fg u(s)ds

Now the change of wave function

leads to the system (X). In order to justify that the controllability of (X) gives the controllability of
(X), we need to prove that the map [ — w is surjective. For the control problem on (X) to have a



sense, we look for [ : [0,7¢] — R’ continuous with [(0) = I(7¢) = 1, which, together with (1.3) implies
f(ff u(s)ds = 0, where 7y and ty are linked through the relation

¢ / T
= T
= Jo ()2

In order to have (0) = ¢(0) and ¥ (tf) = ¢(7¢), we look for u such that u(0) = u(ty) = 0. In the
proof of Theorem 1, we will get the time 7 and the control u € HZ((0,7),R) in the following way

T=mT
u(t) = ug(t — kT') for every t € [kT, (k + 1)T] and for every k € {0,...,m — 1},

where m is a positive integer, T := 2/m, uy € Fg((o, T),R) is small. Thus, the following proposition
is sufficient.

Proposition 1 Let T > 0 and € € (0,1). Let u € C°([0,T],R) be such that

T
w(0) = u(T) = / u(s)ds = 0, (1.4)
0
small in the following sense
Alul| 1o,y exp(df|ullLror)) <€ (1.5)
8T'(1+ €
(1(_6)4)HU‘L°¢(O,T) exp(4flullzr0,7)) < 1. (1.6)

We define u on Ry by u =0 on [T, +o0]. Then, there exists a unique | € C°(R, [1—¢,1+€]) solution

of
t(T) T
I(T) = exp <4/0 u(s)ds> where t(T) ::/O l(01)2d0'

Proof : The space
Voi={lc CO(Ry,[1—¢,1+¢]);l(0)=1and I =1 on [T(1 +¢€)? +o0)}

is complete for the L*°(R, R)-norm. Forl € V., we define (1) : Ry — R, ®(1)(7) := exp(4 fg(T) u(s)ds).
Assumption (1.5) justifies that ® maps V¢ into itself, and assumption (1.6) justifies that ® is a con-
traction. We conclude thanks to the Banach fixed point theorem. [J

1.3 A previous non controllability result

In [2], J.M. Ball, J.E. Marsden and M. Slemrod discuss the controllability of infinite dimensional
bilinear control systems of the form

w(t) = Aw(t) + p(t)B(w(t)), (1.7)

where the state is w and the control is p. Thanks to Baire lemma, they prove the following non
controllability result.

Theorem 3 Let X be a Banach space with dim(X) = +oo. Let A generate a CY-semi group of
bounded linear operators on X and B : X — X be a bounded linear operator. Let wg € X be fized and
let w(t; p,wo) denote the unique solution of (1.7) for p € L}, ((0,+00),R). The set of states accessible
from wq defined by

S(wo) := {w(t;p,wp);t = 0,p € L,.((0,00),R),r > 1}

loc

15 contained in a countable union of compact subsets of X and, in particular, has dense complement.



As noticed by G. Turinici in [13], Theorem 3 shows that, for the bilinear control system

{ “7[} = _w” —|—p(t)x2¢),a: € (07 1)a

P(t,0) =(t,1) =0
given 99 € X = S§nN H?O)((O, 1),R), the set of #(t) in X accessible from )y with controls in

p € L] ((0,00),R), r > 1, has dense complement in X. Thus, the system (X) is not controllable in

loc

SN H{, ((0,1), R), with control functions u in Hj((0,7),R), T > 0.
However, there is no obstruction for having controllability in other spaces. For example, Theorem

3 does not apply with B
X = H?O)((()? 1)a R)

instead of X because the operator B, defined by By := 2%y, does not map X into X.

In this article, we prove local controllability results in H (50‘§ °((0,1),R), with € > 0 and with control

functions u in H2((0,T),R) with T = 2/7. Thus, the negative result proved by G. Turinici relies
on a choice of functional spaces which does not allow controllability. In order to state affirmative
controllability results, one must
e either control ¢ in H(QO)((O, 1),R) but with a control functions set larger than F&((O, T),R), for
example L2((0,T),R),

e or control v using the control functions set F&((O, T),R), but in a smaller space than H(QO) ((0,1),R),
for example I-I(E”O)((O7 1),R).
In the regularity assumption H>*¢((0,1),RR), the term +e is probably only technical. We conjec-
ture that (X) is controllable

e in H3

&) ((0,1),R) with control functions u in Hj((0,T),R),

e in H?

(0 (0, 1), R) with control functions u in H2((0,T),R),

: 7
e in H(o)

because it is the case for the linearized systems studied in section 2.

((0,1),R) with control functions u in H3((0,T),R), ...etc

1.4 Sketch of the proof

The technic used in this proof are very close to the one used in [5|]. We extend the use of the
Nash-Moser theorem to a nonlinear control system which is not bilinear.

1.4.1 Global strategy : compactness argument

Thanks to the reversibility of the control system (X), in order to get Theorem 1, it is sufficient to
prove it with ny = ng + 1. We prove it with ng = 1 and ny = 2 to simplify.

First, we prove the local controllability of (¥) in H57¢((0,1),C), in time T = 2/7 or 4/ around

the trajectories
(V1= 0z — 301 + /02102 + /0313, u = 0),

for every (f2,03) € D := {(z,y) € (0,1)%,0 < z+y < 1} U {(0,0),(1,0)}. Then, we know
that, for every (6a,603) € D, there exists a nonempty open H°7¢((0,1),C)-ball Big,0;) centered at
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(V1 =0y — 03101 + /O21h2 + +/B313)(0) such that (3) can be moved in finite time between any two

points in Byg, g,). We conclude thanks to a compactness argument : let f(z) := z(1 — x); the curve

[p1, 2] := {V/1—0— F(O)p1 + VOps +/f(0)ps;0 € [0,1]}

is compact in H57¢((0,1),R) and covered by Uo<o<1Ba,1(0)) thus, there exists an increasing finite
family (6, )o<n<v such that [p1, @o] is covered by Upcn<n By with By, := By, #(s,))- We can assume
B, N Bn+1 7& 0 for n = 0,...N—-1, By = B(O,O) and By = B(l,O)- Given 1/)0 € By and wf € By we
can move () from 1)y to v; in finite time in the following way :

e we move from 1y to some point & € By N B in finite time,
e we move from 11 to some point £ € By N Ba, ...etc.

Now, let us explain the proof of the local controllability of (¥) around

1 — 05 — 0301 + \/O2tpo + /03103

for (62,03) € D. We explain in the next section that the strategy can be the same for every (62,03) €
Int(D) but has to be different for (62, 63) € {(0,0),(1,0)}.

1.4.2 Different behaviors for the linearized systems

In order to get the local controllability of a nonlinear control system around some trajectory, a classical
approach is the following one :

e first, we prove the controllability of the linearized system around this trajectory,

e then we conclude applying the inverse mapping theorem to the end-point map © defined by

O : (vo,u) = (¢(0),%(T)),
where 1 is the solution of (¥) with control w and initial condition ¥ (0) = 4.

Thus, it is natural to start with the study of the linearized system of (3) around the trajectories

1 — 0 — 0531 + /02t + /0333, u = 0)
for (02,03) € D, which is

(502 0) { iS5 Vit x) = —‘?;T‘g(t, x) + 0(t)x? (\/1 — 0y — 0311 + VO21p2 + \/%wg) (t,x),t € Ry,z € (0,1),
6205/ Ww(t,0) = W(t,1) = 0.

For z € C, R(z) (resp. ¥(z)) denotes the real (resp. imaginary) part of z. For every point £ in the
L?((0,1),C)-sphere S, Ts(€) denotes the tangent space to S at the point &,

Ts(€) := {p € L*((0,1),C (/g >:0}.

The system (24, 9,) is a control system in which
e the state is the function ¥, with U (¢t) € Ts[(v/1 — 02 — 0311 + /Oa1ps + \/@wg)(t)], for every t,
e the control is the real valued time depending function v, with v(0) = fo s)ds = 0.

In section 2, we prove the following result.



Theorem 4 Let (92,93) nt(D) and T > 2/(3m). The system (Xg,,) is controllable in time T :
for every Wo, U, € H (( ,1),C) with

o € Ts[(v/1— 0y — 0311 + /0212 + /O313)(0)],
Ur e Ts[(V1— 02 — 030p1 + Oa1pg + /O31h3) (T)],

there exists a trajectory (V,v) of (Xg,6,) with ¥(0) = W, U(T) =V, v € F&((O,T),R).

The system (X00) is not controllable : for every T > 0 and for every v € F&((O,T),R), the
solution W of (Xo,0) satisfies

< W(T), 1 >=< ¥(0), 1 > e MT,

LetT >0, ¥g, ¥, € H(O)((O, 1),R) with
Uy € Tg(wl(O)), \Iff S T3(1/}1(T)) and < \I’f,gol >=< \1’0,901 > e~ MT

There ezists a trajectory (¥, v) of (Xo,0) with ¥(0) = Wo, U(T) =V, v € F&((O,T),R).

For the linear system (Xg), when ¥(0) = 0, the component ® < W(t),1; > is identically zero,
we can control all the components < W(t), pr > for k > 2 and we cannot control & < W(t),¢1(t) >
We call this situation controllability up to codimension one, as in [5]. For the linearized system (%1 )
around (¢2,u = 0), the component R < W(t),12(t) > is identically zero, we can control all the other
components excepted & < U(t),1a(t) >

1.4.3 Local controllability around )y, g, for (62,63) € Int(D).

The goal of section 4, is the proof of the following result.

Theorem 5 Let (02,03) € Int(D), T := 2/m and € > 0. There exist C > 0 and a neighborhood V;

(resp. Vi) of (V1 —02 — 0311 + v/0atha + V/03¢3)(0) (resp. (V1 — 02 — 03901 + V0212 + /03103)(T) )
in SN H(50")'E((O, 1),C) such that, for every 1o € Vo, 1y € Vi, there exists a trajectory (¢, u) of (X)

with (0) = o, Y(T) =1y, u € HZ((0,T),R), moreover
Jull gz oy < Cllo — (V=02 = Bty + VB + v ) (O) o
+llp = (VI =02 = 0391 + /02t + VO333)(T) || g5+

Remark 1 For T = 2/n, (/1 — 02— 031 + /O21p2 + V0313)(0) = (V1 — 02 — O3¢1 + VOa1)2 +
VO303)(T). This theorem is written in this way in order to discuss its generalization with T # 2/7
in section 7.2.

The first part of Theorem 4 is not sufficient to conclude the local controllability of (¥) around

V1 — 0y — 0311 + /O21ps + /B33 for (02,05) € Int(D), by applying the classical inverse mapping
theorem. Indeed, the end point map @ is well defined and of class C'' between the following spaces

P [SQH(QO)«O? 1)7C)] X F&((O,T),R) - [SQH(%J)((Ov 1)7C)] X [SHH(QO)«O?D?C)];

®: [SN Hip((0,1),C)] x H2((0,T),R) — [SN Hy ((0,1),C)] x [S 0 Hipyy ((0,1),C)].

In order to apply the inverse mapping theorem to the map ®, we need to control the linearized system

around (v/1 — 02 — 0301 + /Oa1)2 + /B31h3, u = 0)
e cither in H(20)((0, 1), C) with control functions in HZ((0,T),R),
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e orin H(?’O)((O, 1), C) with control functions in Fg((o, T),R),

but it is not possible (see Proposition 2). Theorem 4 provides a right inverse d®(y/1 — 6y — 0301 +
V202 +1/0303,0)! defined between the following spaces

H{y((0,1),C) x Hiy((0,1),C) — Hig((0,1),C) x H((0,T),R).

We lose regularity in the controllability of the linearized system : the control function cannot be
regular enough to apply the classical inverse mapping theorem.

We prove Theorem 5 by applying a Nash-Moser theorem stated in section 3, and inspired from
[23]. A similar version of this theorem is used in [3], [4], [5]. In section 4.1, we give the context for
the application of this theorem. In subsections 4.2, 4.3 and 4.4, we check its assumptions.

1.4.4 Local controllability around 1; : expansion to the second order

The goal of Section 5 is the proof of the following result.

Theorem 6 Let T :=2/m and € > 0. There exist C > 0 and a neighborhood Vy (resp. Vi) of 11(0)

(resp. ¥1(2T)) in SN HE’OJ)FE((O, 1),C) such that, for every 1o € Vo, 15 € Vy, there exists a trajectory

(Y, u) of (X) with ¥(0) = o, (2T) =5, u € Hig((0,2T),R), moreover
HuHHig((OQT)’R) < C[Hl/fo - 1/}1(0)‘|H5+6 + Hzpf - ¢1(2T)HH5+6]‘

Again, for T' = 2/m, we have 11(0) = ¢1(2T) = 1, but this theorem is written in this way in
order to discuss its generalization with T' # 2/7 in section 7.2. The same result holds with everywhere
1o instead of 1)1.

Our strategy is in two steps. First, in section 5.1, we state a local controllability up to codimension
one result of (X) around 7. Then, in section 5.2, we justify that the second order term d?®(y1,0)
allows to move in the two directions +it)1(T) which are missed by the linearized system. Finally, in
section 5.3 we prove Theorem 6, thanks to the intermediate value theorem.

These technics have already been used by J.-M. Coron and E. Crépeau in [11]. In their situation,
the second order term was not sufficient to conclude, they used the third order term.

The local controllability up to codimension one of (X) stated in section 5.1 is proved in section 6
by applying a Nash-Moser theorem stated in section 3.

Remark 2 [t would be more natural to use the path
[901)@2] = { V1-—"0p1 + \/5902’9 S [07 1]}

in the compactness argument presented in Section 1.4.1. However, for 0 € (0,1), the linearized
system of (X) around (/1 — 0y + V0ia,u = 0) is not controllable : as in the case 6 € {0,1},
it misses two directions. Ezpansions to the second order would probably also give the local control-
lability in H>*€((0,1),C) of (X) around V1 —0¢; + V0 for 6 € (0,1), with control functions
u € HZ((0,4/7),R).



2 Controllability of the linear system (X, )

The goal of this section is the proof of Theorem 4.

Let (62,03) € D, T > 0 and ¥ be a solution of (3¢, g,) for some v € F&((O,T),R) with ¥(0) = 0.
For every t € [0,T], we have

U(t) = o ye(t)pr  where yi(t) :=< U(t), o1 >

and < .,. > denotes the scalar product on L2((0,1),C). The partial differential equation satisfied by
W provides, for every k € N*, the following expression

t
yk(t) = —i/ () (\/ 1 — 03 — O3ae’ AT 4 fgoby P =A2)T o \/chkei(A’“*A?’)T) dre= Akt
0

where
ap =< zp1, 0 >, by =< zpy, 0 >, =< 203,01 > . (2.1)

Let U € H(QO)((O, 1),C) be such that

Uy € Ts[(v/1— 02 — O3tp1 + /Oatby + \/031)3) (T)]. (2.2)

The equality U(T') = U is equivalent to : for every k € N¥,

V1 — 0y — Osay fOT o(7)e MR =ATdr 4\ /Boby, fOT o(1)eM=22)Tdr 4 \/Bacy fOT o(7)etPr=23)7

=i < ¥y, > T,

(2.3)
The explicit expression (1.2) provides, for every k,j € N*,
(=1)**T8k; ;
< 5(32(,0]'7Q0k >= { 71r2(k+j)f(k7j)27 when k?é I (24)
3 22 when k = j.
In particular, for every k,j € N*, < 22p;, o ># 0.
Let (02,63) = (0,0). The relation (2.3) gives the following trigonometric moment problem
g i(Ap—A1)t iAeT
H(t)e"\ TNt = ———————— < W o > e for every k € N, 2.5
| e o <V > N for every 25

A necessary condition for the existence of a solution v € H((0,T),R) is < ¥f,¢; >= 0. Under
this assumption, this moment problem has a solution v € H}((0,T),R) for every T > 0, as soon as
the right hand side of (2.5) belongs to [2(N*,C) (see [22, Theorem 1.2.18]), which is the case when
s e H(SO)((O, 1),C).

Now, let us assume (62,03) € Int(D). The relation (2.3) is satisfied, for instance, when

Jo @)X = —— L (i < Wy 4 (T) > —v/B3b3C)
ST o(t)elPs =Mty L (0 < Wy (T > —/B505C)
[T o(t)e'Ps—22)tdt = C (2.6)
Jo ()it gy = WISl < gy gy (T) >, Wk > 4, '
Jo 0(t)efC Dt = NP < Wy 4y (T) >,k > 4,

[ [y o))ty = Y <y gy (T) >, Wk > 4.



where C' is a complex number with

R(C) = S(< Wy, (V1= 02 — O30 — \/Oatbs — \/O33)(T) >

1
2b3+/0903

This trigonometric moment problem has a solution v € F&((O, T),R), as soon as the right hand side

belongs to (2 and T > 2/(37) (see [22, Theorem 1.2.18]), which is the case when ¥, € H(?’O)((O, 1),C).

The assumption 7" > 2/(37) corresponds to

2
T> % where D := liminf(wj;1 —wj) = Ao — A1 = 32

j—+oo
and (wj)jen is the increasing sequence of the frequencies in the trigonometric moment problem (2.6).

Remark 3 The minimal time for the controllability of the linear system (Xg,p,), with (62,03) €
Int(D), may not be 2/(3w). We conjecture that (Xg, g,) is controllable in any positive time T > 0.
The proof of this conjecture could rely on an Ingham inequality of the form : let T > 0, there exists
C > 0 such that, for every N € N* and for every (a;)agji<n C C,

N T
1
C > < o7 Yzt
=N -

41N
with
zj(t) = j a;V/ ajme W =ADE 4 38h\/Oae A=A 1 j3ei fhzem N W > 4,
zj(t) == 25(1),Vj <

With j3a; < 1, j3b; «— =2, j3c; <« 3 and when T is large with respect to inf{|\j11 — \;|;7 > 4},
the proof of this Ingham inequality could be similar as the one of [22, Theorem 1.2.9]. It could be
generalized to the case T > 0 with the same argument as in [19, Theorem 4]. The result with the
ezact values of aj, bj, ¢j (see (2.4)) could be got thanks to an argument of close linear maps.

Remark 4 At this step, we can justify the non controllability of the linearized system around /1 — 011+
V0o stated in Remark 2. Let W be a solution of (Sg0) with 0 < 6 < 1, with some v € H}((0,T),R)
and such that U(0) = 0. Let & := /1 — 0py — /Oy Then

T
< U(T),&(T) >=2/0(1 — 0) < 2%p1, 00 > / 0(t) sin[(A2 — Ap)t]dt € R.
0
This condition is not implied by V(T) € Ts(Vrer(T)).

Proposition 2 Let T' > 0 and (62,03) € Int(D). The system (3g,0,) (resp. (Xo,0)) is not con-
trollable (resp. controllable up to codimension one) in H?O)((O, 1), C) with control functions in HE N
H?((0,T),R).

Proof : Let us assume that this is not the case for some (62,603) € D. Then, for every ¥; €
0,1),R), there exists v € H! N H?((0,T),R) which solves (2.3) for every k > 3. However, an
(0) 0
1ntegrat1on by parts shows that, for w € H*((0,T),R),

T gy < C
[ woear < lwlmgom .
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Thus, there exists a constant C' = C(6) > 0 such that, for every ¥y € H(O)((O, 1),R),
| <Vroon> 1< 3

We get a contradiction by considering, for instance, the function ¥ € H(‘lo)((O, 1),C) with \1,;4) =f
and f € L?((0,1),C) is defined by

[ _Z\f‘)&k’ where Q := {m?;m € N*}.0J

ke@

3 The Nash-Moser theorem used

In order to get local controllability for the nonlinear system (X) around /1 — 0y — 0311 + /G109 +
V0313, we use a Nash-Moser theorem inspired from Hérmander’s one in [23]. The use of a projec-
tion P introduces changes in the statement and the proof, so, we repeat them completely. Similar
statements has already been used in [3], [4], [5]. We refer to [1] for another presentation and other
applications of this theorem, the authors also explain how to detect the “Nash-Moser symptom ”.

We consider a family of Hilbert spaces (Eq)qep2,5) With continuous injections E, — E, of norm
< 1 when b > a. We suppose that we have linear operators Sy : Fy — Eg for § > 1. We also assume
there exists a constant K > 0 such that, for every a,b € [2, 8] and for every u € E,,

|Soullp < K||lullq when b < (3.1)

| Spully < K6°~%||ull, when b > a, (3.2)
|lu — Spullp < K6°~%||ullq when b < a, (3.3)
|- ol < KO" (3.4

We fix a sequence (6;);jen of the form 0; := (j + 1)° where 0 < § and we set, for every j € N,
Aj =011 —0;. For every u € E,, we have a decomposition

o]
u = Z AjRjU
7=0

with convergence in Ep when b < a, moreover there exists a constant K’ such that, for every b € [2, 8],
1Rjullo < K'65|ufa-

We also have the convexity of the norms : there exists a constant ¢ > 1 such that, for every a,b € [2, §]
with a < b, A € [0,1], and u € E,

lullxara—np < ellullalull, ™. (3.5)

We refer to [23] for the proof of the two previous properties.

We have another family (Fa)ae[z,g] with the same properties as above, we use the same notations
for the smoothing operators. Moreover, we assume that the injection F, — Fj, is compact when b > a.

11



Theorem 7 Let P be a continuous linear operator from Fy to Fy of norm < 1 for b= 2,...,8, such
that PSy = SyP for every 0. Let B be a real number such that

5< <6

Let V' be a Ey-neighborhood of zero and ® a map from V to Fy which is twice differentiable and
satisfies
19" (s v, w) |6 < C Y (1 + [[ullm) 0]l |0l (3.6)

where the sum is taken over the following values

~
~
<

(3.7)

N NN RN
oo o] 3
@M%MS

We assume that ® : Ey — Fy is continuous for every a € [2,8]. We assume that, for every v € VN Eg,
®'(v) has a right inverse (v) : Fr — FEg, that (v,g) — (v, g) is continuous from (VN Eg) x F; — Eg
and that there exists a constant C' such that, for every (v,g) € (V N Eg) X Fx,

[ (v)gllz < CllIPglls + [[vl4llglls] (3.8)

[¥(v)glls < CllIPgllz + llvllallglz + llvllslglls] (3.9)

Then, there exists C > 0 and € > 0 such that for every f € Fg with || f||s < €, there exists u € Ej
such that ®(u) = ®(0) + f and |julls < C||Pf|5.

Proof : Let g € Fjg. There exists a decomposition

9= ZA]g] with [|g;lls < K'[lglls0; 7", ¥b € [2,8]. (3.10)
7=0

Since PSy = SyP, we also have

Py = ZA Pg; with ||Pg;ll < K'|[Pglls? "~ vb € 2,5]. (3.11)
7=0

We claim that, when ||g||g is small enough, we can define a sequence (u;);jen with ug = 0 and the
recursive formula

wjt1 =y + Agiy, = 1p(vs)g5, vj = Spuy

We also claim that there exist constants C7, Co, C3, Cy such that, for every j € N*,

lijlla < C1l[Pgllp6 ", Va € {2,4,6}, (3.12)

lujlls < CallPglls and [lujlls < Col|Pglls8] 7, (3.13)
lvjlla < CsllPglls , lvslla < C5l|Pglls05 " 'Va € {6,8}, (3.14)
luj — villa < CallPgll0 "+, Va € {2,4,6}. (3.15)

More precisely, we prove by induction on k € N the following property

Pi : uy is well defined for j =0,...,k + 1,
(3.12) is satisfied for j =0, ..., k,
(3.13),(3.14) and (3.15) are satisfied for j =0, ...,k + 1.

12



We introduce r > 0 such that, for every u € Ey4, |lu|lo < r implies u € V.
Property Py is obvious. Let & € N*. We assume property Pr_1 is satisfied. Let us prove Py.

The vector uj; is well defined if and only if v, € V, which is true as soon as ||Pg||g < r/Cs3
thanks to (3.14) with j = k.

Let us prove (3.12) for j = k. Using (3.8) and (3.10), we get
ills < CK'| Pyl g67 (1 4 C < 20K'| Pyl 507"
[uk]l2 < CK|[Pyllf), " (1 + Csllglls) < IPgllsty "
when ||g||s < 1/C3. Using (3.9), (3.14), (3.10), we get
. 6— 6— 9-8,2— 6—
liells < CKIPgllslti™” + Csllgllstl™” + Cllglisbh™"6x "] < 3CK'|Pgllaty ™,
when ||g||3 < 1/Cs. Then, the convexity of the norm (3.5) provides
liklla < 3CK|[Pgllst) "
Therefore, we have (3.12) for j = k, when ||g||g < 1/Cs for C = 3cCK’.

Let us prove (3.13) for j = k+ 1. Thanks to (3.12), we have

k
luksalla < ChlIPglls > 2077 < C1|Pgl|sS,
3=0

where S =372 A]ﬁ?*ﬂ is finite because # > 5.. Thanks to (3.12), we have

k -3
_ 6
luesills < CullPglls y_ 8057 < CullPgllaz"=5.
j=0
Thus, we get (3.13) for j = k with
C C S !
= max - (-
2 1 na ’ 7 ,8

We get (3.14) for j = k + 1 thanks to (3.1) and (3.2), with C5 := KC5. We get (3.15) for
j = k + 1 thanks to (3.13) and (3.14) for a = 6 and thanks to (3.3) and (3.13) for a € {2,4}, with
Cy := max{Cy + C5; KCs}.

Inequality (3.12) proves that (ug) converges in E4 toward

o0
u = ZAjuj, which satisfies [Ju||4 < C2||Pyl|g-
=0

The continuity of the map ® : E4 — Fy implies that ®(uy) converges to ®(u) in Fj.
Let us study the limit of the sequence (®(ug))ren in a different way. We have
(I)(Uj+1) — @(Uj) = Aj(eg- + 6;-/ + gj)

13



where

1
e

1
I A, (@(uj + Ajitg) — @uy) — ¥ (uj)Ajitj) = Aj/o (1 = )" (uj + tA 1y 11y, y)dt,

1
e = () = ¥ty = [ 6oy s = vy = )

Thanks to (3.6), we have

leflle < C 31+ llugllm + Aj||ujum)||uj||m/||uj||fu2 »
SO+ + Co)[[Pglls0; ")CRIIPgl30; + 3(1 + (C1 + Co)|[Pglls)C2 I Pgl36; ]
< C||Pg|20; ",
lejlls 2L+ lvsllm + Nl = vjllm) et = vjll [l

<C
< Cl(A+ (Cs + Co)|[ Pyl s8] ") CLCulPgl|2605 %" + 3(1 + (C5 + Cu)[|Pyll5) C1CulPgl|26 )
< C|[Pgl|36]~%°.

Since 9 — 28 < —1, then ) Aj(e} + €) converges in Fg and
o
13- 44(5 +€lls < CIIPglI3-
=0

The uniqueness of the limit of the sequence (®(ux))ren gives the following equality in Fy
P(u) =g+ T(g)
where T'(g) € Fs and
IT(9)ll6 < ClPyl3- (3.16)

Let 0 < p < min{1/(2C),r/C3,1/Cs} where C' is given by (3.16). Let f € Fj, be such that
|| fllg < p/2. Then the map ©(g) := f —T'(g) maps the ball B := {g € Fp;||g||g < p} into itself. The
Leray-Schauder fix point theorem justifies that © has a fix point g € B. The equality g = f + T'(g)
and the choice of p gives | Pg|ls < 2||Pf||3- The vector u built in the first part of this proof gives the
solution and satisfies ||ull4 < 2C||Pf|3. O

Remark 5 The proof can be done thanks to the Banach fixed point theorem, instead of the Leray-
Schauder fived point theorem, provided one add new assumptions (see next proposition). In this
situation, one don’t need any longer the compactness of the injections F, — F, for b > a. The
interest of this approach is that is provides the continuity of the local inverse f — w of the map P.
This continuity is important for the use of the intermediate values theorem in section 5.3.

Theorem 8 Let us consider the same assumptions as in the previous theorem. We assume moreover
that, for every u,u € VN Eg,

19" (u; v, w) — & (@; v,w) |6 < CY_(1+ [lu—=lln) 0]l ||0] | (3.17)
where the sum is taken over the values given in (3.7). We also assume that, for every v, € V N Eg,
1[4 (v) = P(0)]gll2 < Cllv — [l glls, (3.18)

e (v) =P (0)]glls < Clllv = vllallgllz + [lv = ollsllglls]- (3.19)
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Then, there exists C > 0, n > 0 and a continuous map
II: V — Ei whereV:={fecFg|fllg<n}
foe o

such that, for every f €V,
Q(II(f)) = @(0) + f and |II(f)lla <C[Pf]s. (3.20)

Proof : The map II is the composition of the two following maps

Fg — Fg — Ly

| (3.21)

where f = g+ T'(g) and w is the limit built in the previous proof. First, we prove the continuity of
the second map g — u. Let g,§ € Fg and (uj), (1), (v;), (@;), (%;), (9;) be the sequences built in the
proof of Theorem 7. In the same way as we proved (3.12), (3.13), (3.14) (3.15) thanks to (3.8) and
(3.9), we prove the existence of Cq,Cs,C3,Cy > 0 such that, for every j € N,

i — 1510 < Cillg — gllg8 7, Va € {2, 4,6}, (3.22)

lu; — iijlls < Callg — dllp and JJu; — ;)6 < Callg — §lls0; ", (3.23)
lv; = 0;lla < Csllg — dlls » lv; — Bjlla < Csllg — glls05 " 'va € {6,8}, (3.24)
I(u; — v) = (i1 — 5)la < Callg — gllg87 7, Va € {2,4,6}. (3.25)

In particular, we get
lu—alls < Callg — gl

which gives the continuity of the second map of (3.21). Now, we prove the continuity of the first map
f +— g of (3.21). It is sufficient to prove that the map T : Fg — Fj3 is a contraction, indeed, the
inequality

IT(9) = T(9)lls < llg — glis
with 6 € (0, 1) gives

g — 3l < =117 — s
We have

Z Al + (ef = &)
Let us prove the existence of Cs, Cg > 0 Such that, for every j € N,

e, - &ls < Cs max{llglls 3]s} lg — lls:
/ (3.26)
e — élls < Comax{|lglls, 3]5}lg - lls.

which shows that 7' is a contraction of a small neighborhood of zero in Fg. In order to prove the first
bound of (3.26), we use (3.17) and the decomposition

ej - éj = A fO 1 @/’(u] + tA; uj,u],u]) (I)//(fbj + tAj{Lj;le,iLj)]dt-l-
A fo (1—t)®"(a; + tA; sty — u],uj)dt—l-
A, fo (1 —6)®" (a1 + tAjij; iy — g, 0 — ug)dL.

The second bound of (3.26) can be proved in the same way. We know that
Il < Cal[Pylls-
Thanks to (3.16), we have
IPglls < IPflls + IIPTglls < IP£lls + ClIPgll
which gives (3.20).0
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4 Local controllability around /1 — 0, — 03¢ + /0315 + /0513 with
(92, (93) c Int(D)

The aim of this section is the proof of Theorem 5 by applying Theorem 7. In all this section,
(62,03) € Int(D) is fixed and we use the notations (X,.s) for (Xg, ,) and

Yref = /1 — bt — 03101 + V0212 + \/0303.

4.1 Context for the Nash-Moser theorem

We apply Theorem 7 to the map ® defined in section 1.4.2, with 7' := 2/7, in a neighborhood of
Vrer(0), with P = Id and with the spaces

E,:= SN HY ((0,1),C)] x Hg ((0,T),R),Va € {2,4,6,8},

Fy =[S0 Hy ((0,1),C)] x [SN Hy ((0,1),R)], Ya € {2,3,4,5,6, 7},

where T := 2/w. We work on the manifold S instead of a whole space. It does not matter because,
as in [4] and [5], we can move the system to an hyperplane of L2((0,1),R) by studying

®:=qgodor

where 7(vo,u) = (p~ (o), u), (wo,wf) = (p(¥0),p(¥f)), and p is a suitable local diffeomorphism
from a neighborhood of {tcf(t);t € [0,2/7)}, in the sphere S to an hyperplane H of L?((0,1),C),
which does not change too much the H*((0,1),C)-norm. For example, one can use the following one.

Proposition 3 Let (03,03) € Int(D), € > 0 be small enough so that

(V1—0y—03—€)*(1—¢)—e(1+€)? >0, (4.1)
(1—6)[(1—02—«93) —6 —€]>0 (4.2)

U:={peS;3tel0,2/m), | — tres ()l L2(0,1),0) < €}
H = {¢ € L*((0,1),C); R < ¥, 04 >= 0}
and p : L*((0,1),C) — H be defined by
p() =1 = R(< ¥, 04 >)ps + R(< U, 04 >) < 1h, 01 > 1.

The map p is a C diffeomorphism from U to an open subset of H. Moreover, the norm of dp(1) as
a linear operator from (Ts, ||.|lzs(0,1),c)) to (H,[ll#s(0,1),c)) 95 uniformly bounded on U, for every
integer s € [2,9].

Proof : Let us introduce the orthogonal projection P : L?((0,1),C) — (Cyy +ch4)f. First, we
prove that p is injective on U. Let 1,7 € U be such that p(1)) = p(s). Then P()) = P(¢)) and

(14 R <P, 04 >) <th,01 >= (14+R <P, 04 >) < 1,01 > . (4.3)
The equality [[4]| 2 = [|9)[| 2 gives
(R <04 >+ | <th,01> P =(R< 01>+ | <01 > *. (4.4)
The relations (4.3) and (4.4) lead to

[ <o > P (L4 R <dipn > = (LR <000 >)?) = (1R < dypr >R < 6,00 >) = (R < w01 >)7.
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We assume that ¢ # ¢. Then R <~1/~1, wg ># R < 1,4 >, otherwise (4.3) gives < ¥, 01 >=< 1,1 >
thus ¢ = 1. Therefore, y := R < 1, o4 > is a solution in [—e¢, €] of f(y) = 0 where

fW)=0+y)20+y) —al+b+y), a:=|[<thp1>| b=R<p,p4>.

The assumption (4.1) justifies that f(y) < 0 for every y € [—¢, €], which is a contradiction.

Now, we prove that, for every ¥ € U, dp(v) is an isomorphism from Ts(¢) to H. Let ¢ € U and
€ € H. For h € L%((0,1),C), the statement (h € Tt and dp(y)h = &) is equivalent to Ph = P¢ and
AX = b where

R<y,01 > S<,o1>  R<h,pq>
A= 1+R<Y,p4 > 0 R <, 1 >
0 1+R< Y, 00> F<Y, 01 >
R<h, o1 > —R < PE, Py >
X = S < h,p1 > , b:= R<E 1 >
R <h,pq> <& >

Thanks to (4.2), we have det(A) < 0. We conclude thanks to the inverse mapping theorem.
It is clear that ||dp(V)||lgs—ms < 1+ ||o1llgs + ||eallgs. Since ||PE|lgs < ||€]lgs and ||[A7Y| is
uniformly bounded with respect to ¢ € U, then ||dp(¥)) ™| gs—p= also. O

For the construction of smoothing operators for the controls u € FS((O,T),R), we can use the
same strategy as in [4, Section 3.3], which is inspired from [18]. For smoothing operators on the wave

functions, we propose
=~ [k
Sep = -] < >
bep ZS<9> .0k > Pk

k=1
where s € C*°(R4,[0,1]), s =1 on [0,1] and s = 0 on [2, +00]. The proof of (3.1), (3.2), (3.3), (3.4)
is the same as in [4, Section 3.3]. Note that Sy preserves the hyperplane H of Proposition 3.

4.2 Bound on 9"
The aim of this section is the proof of the bound (3.6) on the map ® defined in section 1.4.2.

Proposition 4 The map ® : Eg — Fg is twice differentiable and for every (1o, u) € Eg, (¢o,v), (o, ) €
FEg, we have

(I)”(iﬂ(), u)((d}O? V)a (5071“’)) = (07 h(T))

where
i = =" + (i — du?)z?p,
P(t,0) = 9(t,1) = 0,
¥(0) = o,
i€ = + (4 — du?) 22 + (1 — Sup) 9, ip= + (i — du?)z?p + (v — Suv)z*Y,
£(t, ) (7)—0, o(t, ) (,)—0,
£(0) = &o, ¢(0) = ¢o,

ih = —h" + (i — 4u?)22h + (1 — Sup)z2¢ + (0 — 8uv)x2E — dvpaep,
£(t,0) =¢(t,1) =0,
£(0) = &o-

For every r > 0 there exists a constant C(r) > 0 such that, for every (o, u) € Fg, (¢o,v), ({0, 1) € Eg
with || (Yo, u)||a < 7, we have

19" (0, w). (90, ), (€0, 1))ll6 < C(r) D (L + 1 (%0, @) llm) (S0, 1)l | (€0, 18) (4.5)
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where the sum is taken over the values given in (3.7).

Proof : We only justify the bound (4.5). Thanks to Proposition 21, we have
].

where f := fi + fo + f3, f1 := (o — 8up)x?¢, fo := (¥ — Suv)x®¢ and f3 := —dvux®y. Using
Propositions 19, 20 and 21, we get

1D lag, < ClllF w2 om).12) + 1 flcoqory,mey + lul sl om),n

2
© )

I fillro,m),m2) < Cllpll g Az,
I f1llcoqo,r),mey < Cllpll g2 Aa,
I f1llw21(o,7),m2) < Clllpll s Az + |l g2 Ag =+ ||l 111 As],

with
Az = [|gol| g2 + [[v]| mraz,
Ay = ||gollgs + [Vl g2z + V] g1 ag,
Ag = ||doll s + [lull gl doll g2 + [Vl a2 + [Vl m2as + (V] e,

and a; := [|(v0,u)| g, for j = 2,4,6. We have

1f3ll 1 (o.r),12) < Cllpwllpraz < Cllpll g l|v | graz,
Ifallcoom),my < Cllpvlicoas < Cllpll g |[v ]| as,

| fsllw21(0,m),m2) < Cllpvlgeaz + |pvlgras + ||pvl L2 a6]
< Clllellg=llvll g + el m vl 22)az + el g [V )| ras).O

4.3 Controllability of the linearized system around (¢,.f,u = 0) with tame esti-
mates

The goal of this section is the proof of the following proposition, which corresponds to the bounds
(3.8) and (3.9) for v = 0. We introduce, for s > 0 the spaces

h*(N*,€) := {d = (di)ren- € PN, C); (K*dp)en- € P(N*, C)}
equipped with the norm ||d||s v+ c) == |E°di|li2 v+ )

Proposition 5 LetT :=2/m. There exists a constant C > 0 such that, for every ¥ € H(70)((0v 1),C)n

Ts(tref(T)), there exists a trajectory (¥, v) of (Erer) with v € Fg((O,T),R), U(0) =0 and ¥(T) =
Vs, moreover

((0,1),0) and HUHH3(0T)R) Cl¥ sl e

||"UHH1((0 T),R) <O Ws| g2 T

iy ((0,1),0)°

Proof : Thanks to Section 2, it is sufficient to prove the existence of a constant C' > 0 such
that, for every d = (dy)ren € h*(N, C) there exists © € HZ((0,T),R) with the following prescribed
Fourier coefficients

fo t)dt =0,

I tv t)dt =0,

OTv(t) iPRe=A)t gt = g

[ o(t)ePa= bt = dy

To(t)eiPa A2t = dy
o)M= dy o), Yk 2 3,
ng@(t)ei()‘kf’b)tdt d3(k—2)+1, Vk = 3,
fOT (t)el()\k As)t Qy — d3(k: 2)+2,Vk3> 7
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and which satisfies

9l z2(0,m)r) < Clldlizavey  and  [[9] g2(0.1)r) < Clldllns c)-

A candidate is

o(t) == {doe—i()\z—h)t + dle—i()\g—h)t + d26—i()\3—>\2)t + f [d3(k,2)6_i0‘k—)‘1)t
k=3
Hdg(pogy 1€ M g _gy e AN e H(1 - cos(m2t)),

where “+ c.c.’means that we sum the complex conjugate number of the expression before.[]

Remark 6 In the same way as in Remark 3, the previous proposition probably holds for any T > 0.
4.4 Controllability of the linearized system around (¢, u), close to (¢,.s,0) in Ej,
with tame estimates

The aim of this section is the proof of the existence of a right inverse to the differential map d® (v, u)
when (1o, u) is close enough to (¢,¢£(0),0) in Ej4, which satisfies (3.8) and (3.9).

Let (10,u) € Eg, and ¥ be the solution of the Cauchy problem

i = =" + (i — 4u?)(H)z2, z € (0,1),t € (0,T),
w(t70) = 1/J(t7 1) = 07
¥(0) = .

The linearized system around (v, u) is

(=) { iU = —0" + (4 — 4u?) ()22 + (0 — 8uw)(t) 2%,z € (0,1),t € (0,T),
Y W(t,0) = U(t,1) = 0.

Let us introduce the distances, for s = 2,4, 6, 8,

ds = |[(¢0, ) — (wref(0)70)||Es

We want to prove that, there exists a constant C' such that, when d4 is small enough, then, for
every Wy € H(70)((0’ 1),C) there exists a trajectory (V,v) of (¥;) with ¥(0) = 0, ¥(T) = Yy,

v e H((0,T),C),
HU||H5((0,T),R) S COYys|gs, and HUHHg((o,T),R) S O[[Ysllar + sl f]l 1]

In order to solve this problem, one transforms the controllability condition ¥(T') = ¥, into a
moment problem on the control v. For technical reasons explained in Remark 7, we don’t decompose
the solution ¥ of (X;) on the fixed basis (¢ )ren+ as in Section 2 but on a moving basis.

For v € R, we introduce the operator A, defined by

D(A,) := H(QO)((O, 1),C), Ayp:=—¢" + 220,

Let (Ag~)ken+ be the non decreasing sequence of its eigenvalues (written as many times as their
multiplicity) and (¢ ) ken+ associated eigenvectors, which form an orthonormal basis of L%((0,1), C).
The maps v +— Ag, and v — ¢, are analytic, which gives a sense to the notations

d
! ‘Pk,’y
/\km and & } .
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Let p := 1 — 4u?. We consider the decomposition

() => yr(t)&(t)
k=1

where
fl(t) = w(t)v gk(t) = Phu(t) T < (Pk7u(t)7¢(t) > w(t)a when k > 2,

<U(), 01 (1) >
yl(t) =< \I/(t)7¢(t) >, yk(t) =< \Ij(t)v()pk,u(t) > _M’;ﬁ < w(t)acpk,u(t) >, when k > 2.

The partial differential equation satisfied by W provides an ordinary differential equation for each
components y(t), that can be solved. Then the equality W(T') = W is equivalent to the equality
M(wo,u)(v) = d where d = (dk)kGN*a M(w()’u) (U) = (M(¢O7u) ('U)k)keN* and

T
Mgy (0)1 = —i /0 (6 — 8uv) < 2246, > dt,

» ' . .
Mesoa (0= fy [l(v = 8uv) < 2, ppp > —G <, Py > Hil (< v, zlfyﬁ]u >

. et
—a <, i;fh >)] et Jo Men 3t for every k > 2,

where
< VU(t), 1,0 >

< ¢(t)» P1,u(t) >

at) ==

and

d; =< \IJf,w(T) >,
< \I’f,gm >
< ¢(T))S01 >

In order to prove the surjectivity of My, ,) when d4 is small, we use the surjectivity of My, . ;0).0)
thanks to the following proposition.

dy, = << Ve, op > — <(T), vk >> eifOT Meu()8 - for every k > 2.

Proposition 6 Let M and M be continuous linear maps from F&((O,T),]R) to h*(N,C), from
HZ((0,T),R) to h*(N,C) and from H3((0,T),R) to h7(N,C). We assume that there exists a pos-
itive constant Cy, such that M has a right inverse

M~ h7(N,C) — H3((0,T),R)
which satisfies, for every d € h"(N,C),

IM~Y(d)|| 5 < Colldl|r,

for every (E,F) € {(F&, h®), (HZ, h®), (Fg, h")}. We also assume that there exist Cy,C1,Co > 0, such
that, for every v € H3((0,T),R),

1M = M)@)lnsv.cy < Colloll 3 o.1).m)-
[(M = M)(@)l[ns ) < Collvll mz0,m),r) + Crllvll i o.1)r)
) <€

[(M = M)(@) a7y < Collvllmz(o,m),r) + Crllvllmzo.1)r) + Cellvll m (0,7),m)-
We assume CoCo < 1. Then M has a right inverse

M7V RT(N,C) — HE((0,T),R),
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which satisfies, for every d € h"(N,C),

IM™H D 1 0,7),8) < Xllln3 )
IMH D 2 (00,r),0) < XNdllnsve) + Ylldlns o)
HMfl(d)HHg((O,T),R) < X|ldl|prav,cy + Yl ps oy + Zlldllpsav,c)s

where

X = Co Y :— C%Cl o CgC% C%CQ
T1— CoCo’ T (1 — C()C())w T (1 — C()Co)3 (1 — C()Co)Q.

Proof : Let d € h"(N*,C). We define by induction the sequence (wy,)nen in FS’((O,T),R) by

wo = Mi(d), N
wn1 = MM = M) (wn)].

The function w := Y o° ; wy, gives a suitable candidate for M~!(d). O

Remark 7 If we had decomposed U on the fized basis (pr), W(t) = > pey Yr(t) ok, we would have got

T . .
yp(T) = (/0 —iu(t) < 22U (t), o > +(0 — 8uw)(t) < z2(t), ¢y >]e”\’“tdt> e~ T

and the sequence

</0T w(t) < 22U(t), o > e“kt>

does not belong to h®(N*, C) when v is only in Hié((OjT),]R). By decomposing ¥ on a moving basis,
W(t) = > 021 2k(t)Prut), we make this term disappear, indeed

keN*

T d . .
21(T) = (/ [—i(d — Suw)(t) < x®4(t), Prou(t) > TA(E) < W(t), (2?] >]€ng /\k,u(s)dsdt> o=t J5 Meuis)ds.
0 n(t)

and the new term belongs to h3(N*,C) when v is only H((0,T),C). Since we want to use differences of
linear maps the type My, ) — Myres (0),0) (each one corresponds to the control of a linearized system),
as in Proposition 6, we need to use linear maps with 1mages in the same space. This is why we use the
basis (&k(t)) instead of (¢r () © the condition Vy € Ts(¢(T)) corresponds to < W(t),&1(t) >€ iR.

In section 4.4.2, we prove the following proposition

Proposition 7 There erists a constant C > 0 such that, when 4 is small enough, for every v €
H3((0,T),R), we have

||(M(wo,u) - M(wref(o),o))(v)”h3(N*,<C) < Cdylv| g,
(M o) = Mg, (0),0) (O)|Insv= ) < Cloal|v]| gz + d6l|v]| 1],
[(Myou) = M, ;0),0) ()| n7 v ,c) < Cléallvllgs + d6l|vl| 2 + dsv] ]

For the proof of this Proposition, we need few technical results stated in the next section.

S
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4.4.1 Preliminaries

In this section, we use the bounds proved in Appendix A. The constants v* and C* are such that all
the propositions of Appendix A are true. Let T > 0. For u € C°((0,T), (—v*,7*)), w € L*((0,T),R)
and f € C°([0,T], L*((0,1),R)), we consider the sequences

T
Sui= ([ 0l0) < £ a0 > s bar)
0

keN*

’ dipx, I
S1 = / ( ) < f( ) ’Y:| > erO )‘k,#(S)det
0 @ L

Lemma 1 There ezists v* > 0, C* > 0 such that, for every v1 € (—~v*,v*), for every f €
L*((0,1),R),

oo d(Pk’

Sl < s ] s p <ol

k T Ay
and for every f € H?> N HE((0,1),R),

SOk,
Zrkﬁ ] s P <l
ga!

Proof : Thanks to (A.1), we have, for f € L?((0,1),R),

S k<7, %} SN < gy P

k=1 k=1 j=1

keN*

where ay, ; 1= kwy ; when k # j and ay, = 0. We check the existence of C' > 0 such that,

Vie N Y2 Jak;| < C and  VEke N 3% lag ;| < C.

Thus, the Cauchy-Schwarz inequality justifies that,
V(zj)jen € P(N%,C), 302, | 3052 anjas? < C? 3232 |y,

which gives the conclusion for v = 0. For 71 # 0, we conclude thanks to the result for v; = 0 and
(A.8). For f € H>N HE((0,1),C), we use integrations by parts and the equation (A.7). O

Proposition 8 Let T > 0. There exists C > 0 such that, for every p € H((0,T),R) with
el 0,y m) < 1,

e when w € L*((0,T),R) and f € C°([0,T], H*> N H((0,1),R)), then Sy € h3(N*,C) and
[10lln3 v 0y < Cllwll gzl f leoo,ry, 1),
more precisely,

So = ( JTw(t) < AF(t), or > ewdt)k
+ terms wzth an h3norm bounded by Cllull g w21 f leo (o, 11,73

*

22



e when w € HE((0,T),R) and f € C1([0,T], H3> N H}((0,1),R) then Sy € h®(N*,C) and

10llns v+, < Clllwll g 1 lcoo,ry, a3y + lwllz2ll fllergo,ry, 7))

more precisely

So = (_% fOT(U')(t) < f(t),or > Fw(t) < f’spk >)6i)‘ktdt>k
+ terms with an hSnorm bounded by Clluell g 1wl L Fll o qo.r.m9) + Il 2 Ll oy,

N*

e when pu € H?((0,T),R), w € H3((0,T),R) and f € C3([0,T], H> N H}((0,1),R) then Sy €
h"(N*,C) and

1Solln7(vec) < Clllwll g2l f leoo,ry,me) + lwll e[l f llerqo,ry,me) + Ikl m2llf llco o1y, 12)]
+llwll g2l flle2(o,r),m3) )

more precisely,

So= (o JTG(0) < F1). x> +20(0) < Fopn > +ult) < Fopn >)eMdr)
+ terms with an h”norm bounded by
Clllll e [llwl g2l fllco oy, ey + lwllm 1f ler o,y + lwllz2 [ f 2o, 1)
Hlull gz lwll a1 flleoo,ry,m2) }-

keN*

Proposition 9 Let T > 0. There exists C > 0 such that, for every u € HY((0,T),R) with
el 0,y m) < 1,

e when w € L2((0,T),R) and f € C°([0,T], H?> N H}((0,1),R)), then Sy € h3(N*,C) and
[1S1l[n3ve,c) < Cllwl| 2l flleo o, 72)
e when w € HE((0,T),R) and f € C1([0,T], H> N H}((0,1),R) then Sy € h3(N*,C) and
151 1ns (v .0y < Clllwll [l fllcoo,m,m2y + 1wl 2l fll e qo,m,m2))5

e when p € H*((0,T),R), w € HZ((0,T),R) and f € C3([0,T),H*> N H}((0,1),R) then S; €
R"(N*,C) and

1517 (v 0y < Clllwll gzl fllcoqo.ry, 2y + Wl mll fllor oy, m2) + lwllczll fll oz o,z 22)-

In the end of this section, we justify the h3-bound on S; and all the bounds on Sy. The other
bounds can be proved in the same way.

Remark 8 Propositions 8 and 9 hold in any positive time T. Thus, if the linearized system around
(Yref,u = 0) is controllable in time T" with the bounds (3.8) and (3.9) (corresponding to v =0), then,
the nonlinear system is locally controllable in the same time T, whatever the value of T is.

Proof of the h3-bounds of Proposition 9 : Thanks to Cauchy-Schwarz inequality and Lemma
1, we have

T 'S dpy,
1511175 < / \w(t)\th/ Z K? < f(t), “dn = > [Pdt < CHwHizHfH?;oqo,T],m-
0 0 31 T d )
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Proof of the h3-bounds of Proposition 8 : First, we prove that, when f € C°([0,T], H')
and p = 0 then Sy € h'(N*,C). Indeed, we have

T T T
So :/0 w(t) < g(t), o > eMtdt + = V2 ((—1)’”1/ w(t)f(t, 1)e“ktdt+/ w(t)f(t, O)eMktdt> ,

k'ﬂ' 0 0

where g(t,z) := f(t,x) — f(t, 1)z — f(t,0)(1 — z). Since g € C°([0,T], H}((0,1),C)), then, for every
t, (< g(t), or >)ren+ belongs to h'(N*,C). When T € (2/7)N, we can conclude thanks to the Bessel
Parseval inequality in L2((0,7),C). When T ¢ (2/7)N, we use the following consequence of the
Ingham inequality.

Lemma 2 Let T > 0. There exists C > 0 such that, for every g € L*((0,T),C),

0 1/2 T |
Z |ex|? < Cligllz2(o,r)- where cy, ::/0 g(t)etdt.

k=1

Proof of Lemma 2 : We know that there exists a constant C' > 0 such that, for every N € N, and
for every (ax)i1<r<n C C,

N N
1Y are™ ey <O Y laxf?
k=1 k=1

(see [19, Theorem 4]). Let us introduce the following closed subspace of L2((0,T),C), V := Span{e~" st k € N}.
The family (e~!)gcn+ is minimal in L2((0, 7)), C) because it satisfies an Ingham inequality (see [22,

Lemma 1.2.7]). Thus, there exists a biorthonormal family (zx)gen+ C V (see |22, Theorem 1.2.5]) :

< e_i/\kt,zj >=§;1. Let g € L?((0,7),C) and g; be the orthogonal projection in L?((0,7),C) of g

onV, g1 =Y oy Cr2k. We have

ekl = sup{| > _pe exarl; a = (ar)ren € (N, C), [|all2 < 1}
= sup{| >4 cxrl; N € N*, (ar)1<nan € C, 3oy Jaxl? < 1}
=sup{| fy q1(®)h@)dtl; N € N h =Y are™ ™, (ax)1ceen © C, 0y Jarl? < 1}
< Cllgillre < Cllgll 20

Now, let f € C°([0,T], H® N H((0,1),C)). Let us consider the decomposition

. et
Sok = fOT w(t) (Akl(t) Ak) < Auy F(8)s (e > ¢! Jo M) ds

3 Jo w(t) < A t)f( )s Pty — P — 1)y, (1) 5 i o Mo ds gy

.t
+$ foT ()t ) )f( ), QDIE; > et o )‘k,u(s>d5dt
.ot .
+$ﬁ’®< F(0), 0 > (¢ Meacrds — cidet)dy
- fo w(t) < A < ), o > et
called
So = So,a + Sop + So,c +S0,a + So,e-

The first part of this proof justifies that

s < Cllwll e fllcoqo,1),m3)-

Thanks to (A.4) and the Cauchy-Schwarz inequality in L2((0,7),R), we get

< Cllpllgllwll 2 1A fllcogo,ry,e2) < Cllplla lwll 2l flleoory, )
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Thanks to (A.10), we get,
1S0.llns < Cllullzp w2 A fllooqory.z2y < Clllla w21 fllo oy, a2 -
In the same way and thanks to Lemma 1, we get
1S0.cllps < Cllwpll 2l Apfllcoo,r,zzy < Cllwlmllwl 2l fllcogor), m2)-

Thanks to (A.12), we can write

t ot L[ Cliplla
Neu(s)ds = At + 3 p(s)ds + cx(t) where |eg(t)| < 2 (4.6)
0 0

Thus, we have the decomposition

Soak = 3= Jo w( u(t)f( ) o > (Mo Mentnds — it Jo n(o)ds) ) gy
1t )
+/\ fO t (e i3 Jo n(s)ds _ 1) < Au(t)f(t),(pk > ekt

The bound (4.6) justifies that the h®-norm of the first term of this decomposition is bounded by
C’|]/LHH1Hw||Lsz||Co (fo,7),ir2)- Using the first par of this proof, we get the following bound for the
h3-norm of the second term of this decomposition

l t
Cllw(t)(1 — €' Jo 19| 1o | Ay fll ooy, iy < Cllal i lwllz2 ) £ llco o, )0
Proof of the h°-bound of Proposition 8 : Thanks to and integration by parts, we get

= fy i

_fo z)\k <f@ku>ezf°/\k“dt

wfs e > et Jo Mot

i wishs < foong > e Mt

dog,y 7 [y A
_f() )‘ku<f’ dry #>€f0 Frdt.

Let us call this decomposition
So = So,ar + Sop + S0, + So,ar-

Using the following bound
)\/
’)\3,u| ~

C
K6

which is a consequence of (A.1) and (A.11), we get
10,0 [lns < Cllpwl 2l Apfllcoqo,ry,z2) < Cllplla lwll el fllco oy, m2)-
Using Lemma 1, we get
S0, s < C”Mw”B”JCHCO ([0,T),H2) & < Cllpll g llwll gl £l co ([0,T),H2)-

We have

T T

1 1 1 .

SOb/:i/ W ——— <Auf,gok“>elfokkudt+ / w<f,<pk“>ezfot“»#dt.
’ 0 Moy M) Mg Ak Jo ’
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Thanks to (A.4), the h5-norm of the first term in this sum is bounded by C||u|| g |w|| g2 | fllcoo,,m22)-
The decomposition of Sy in h® gives

-1 (T )
Sor = <m / W< fron > eMktdt> + terms with an honorm < Cllallga w1 lleo oz a0
k JoO keN*

Doing the same thing on Sy 7, we get

*

So.r = (% fOTw < f',gok,u > il /\’Wdt)
+terms with an h’norm < C/||pl| w2 fller o, m3)-0

Proof of the h’-bound of Proposition 8 : First, one notice that So,ar and Sp ¢ belong to
h". Indeed,

)\;C T . oty T )\;C " A;c 1 . i [
So,ar = 2/ prw < f, Prp > et o My -I—/ - — o | v hw < Auf, op > e o thedt.
A Jo 0 )‘k,u Ak ) Ak

Using the Cauchy Schwarz inequality in L?((0,7)),C), the orthonormality of the family (¢, ,) and
the inequality
Cllull g

New X
N RIS T

— | <
2 2 | ~
Ak,u )\k:

which is a consequence of (A.3) and (A.11), we get the following bound for h”-norm of the second
term in Sp o/
Cllullg ||l 2| Apfllcogo,ry, a2y < Cllpla llwll w1 fllco o, m2)-
Thanks to (A.1) and the h®-bound on Sy, we get the following bound for the h”-norm of the first
term in Sp o/
Cllfwl| 21| fllcoqo,m,m3) < Cllpll allwll gl £llcogo,ry, m3)-

We also have

T T
_ ‘ 1 1 d ;
Soq = 71 w < f, dbky > e o Mewgry : jiw < f, Pk > et Jo Mgt
, H
ik Jo dy ] 0 dy L

(2. VR 9 V)

Thanks to (A.4) and Lemma 1, we get the following bound for the h7-bound of the second term in
So,d’

Clipll e lwll 2l fllcoo,ry,m2) < Cllulla lwll g [ lleoo,r),m2)-
For the first term, applying the bound we know on the h°-norm of S;, we get the following bound

Clllpwll 21l fller ooy, m2) + iwl m L f leo o, m2)]
< Clllpll lwll gl fller qory, a2y + el a2 llwll mLf llcoo,ry,m2))-

Now, we have to study Spp and Sy~ in h". Using (A.12), we get

1 1 I
S | here |d <
N s 3N + di (1) where |dy(p)]

Cllpall 2
kS -

Thus,
.t
o = % fOTw < fyPru > et Jo Mew dt
.ot
+ﬁ foT pb < f, P > et Jo Mew gt
k
T _ L
+ fo dk(#)wﬁ < Auf, orp > et do Mot

26



Let us call this decomposition
Sop = Sop 1+ Sop 2+ Sop 3

Thanks to (4.7), we get
150,63

Using the bound on the h3-norm of Sy, we get

In7 < Cllpllgl[wll m L f lleo o, m2)-

S0y 2llp7 < Cllpll 2l fllcogo,ry,m2) < Cllpll mallwl | f lcoo,r,1e)-
Thanks to the decomposition of Sy in h°, we get
SO,b’ = %21 fOT(ﬂ} < f, Yr > +w < f,gOk >>6i)\ktdt
k
+ terms with an hnorm < Cllul s [l 2ll Flloogozyms) + el zr 1 e oirymo))-
Working in the same way on Sy ./, we get
80761 = %21 fOT(Tj} < f,gOk > 4w < f, Pk >)€i)\ktdt
k
+ terms with an A" norm < C||M||H1[H’w”HlHfHCl([o,T],HB) + ||U)HL2HfHC2([0,T},H3)]D

4.4.2  Study of My, ) — Mrer(0),0)

In order to prove Proposition 7, we cut [M(y, u) — Myres(0),0)](v) in several pieces on which we prove
the bounds of Proposition 7 one by one. We introduce the sequences dM;(v) := (dM;(v)k)ken~, for
j = 1727374757

dM;(v); —fo (< 22, p > — < T2 YPpef, Prep >)dt,
dMi(v)g = fo (< 22, ppy > et Jo Meusyds < o 2ref, o > €M) dt, for every k > 2
dMs(v); = fo wv(< 22, > — < T2 Pref, Yrep >)dt,
AMs(v)y := fo wv(< %Y, g > et Jo Mew()ds _ g 2href, pr > €M)t for every k > 2

dM3(U)1 = 0,
AM3(0)g = [ (6 < b, Qrp > €40 om0 — 4 < g, g > €M) dE, V> 2

where
< W, 1 > \I’OZ_\I’8+U5E ¢refv
ap := ——"—— and Uy(t,0) = \Ilo(t 1) =0,
< djrefy@ol >
Wo(0) =
dMy(v); =0,

AMy () = [ 1< 0, d‘g—’;h > et Jo M@ gy ik > 2

dM5(U)1 = 0,
. et
dMs(v)y. = [y frex <2, %] > o Mentodsdp, vk > 2

First, let us remark that, when 4 < 1 then (see Appendix B)

[¥llcoom, ) <G,
1< llcoo,m1,82) 19l ooz, < Cs
14l coo,ry, 12 18]l co o,y 14y 19l oo,y ey < C(1 + ).

Study of dM; : We have
|dMy(v)1] < Cllvll g | — refllcoqosm, L2y < 0allv] -
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Thanks to Proposition 8, we have, for k > 2,

AMy(v) = & [ 0 < Al2(4 — rep)], or > ePelat
+ terms with an h® norm bounded by
Cllpll g 1ol g Il co o, msy < Coallv] g

Applying again Proposition 8, we get
[dMylps < Clllvll 19 = toresllcoo,r,ma) + dallvll g < Coallv]| g

Thanks to Proposition 8, we have, for k > 2,

dMl(U)k = % foT(v < x2(¢ - 1/}ref)a o > +0 < $2(¢ — 1/‘1746]0), Pk >)€i>‘ktdt
+ terms with an h% norm bounded by
Cllull ol a2 19 coqory,ms) + vl mr Il e o, m3yl < Cléallvll g2 + d6llv] m1]-

Applying again Proposition 8, we get

[dMillis < ClE N = Yreslleogomam + [6llz2l18 = dregllcoqay s + Sallvla + Ssllellar]
< Clallvll e + sl en

We study dM; in A7 in the same way.

Study of dMs : For the study of dMs, we apply Proposition 8. We have

[dMalps < Clluv|p2(L+ [|¥ — Yregllcoo,m, m3))
< Cllollgda,
[dMalps < Cllluvl| g (14 19 = Yregllcoqo,r),msy) + luvllp2 (1 + 1[4 — Yrerllooo,m,m5))]
< Clllvllg26a + ||| 16
[dMallpr < Cllluv|[ g2 (1 + 190 — Yretllcogo,r),m3)) + lwvllg (1 + (14 — Yrefll oo, m5))
Huvl| L2 (14 1Y — Yresllcoor,mmy) + il g2 luv]l g (1 + 190 — Pregllooo,m),m22)]
< Clllvllgséa + |[vll g266 + [[v]] 18],

Study of dM3 : We detail the study of dMj3 in h?, the study in h® and A7 can be done in the
same way. Using the same arguments as for Sy in h3, and the bound

lallze < Cllvlla,
we get

dMs(v) = [ (& — do) < 2%, pp > Mt + [ o < 22(% — Prey), o > eMldt
+ terms with an A%*norm bounded by Cdy4||v]| 1.

One can prove that
léc = doll 2 < Coallv]|

which, with Proposition 8, gives the conclusion.

Study of dM, : Thanks to Proposition 9, we have

[dMy(0)|lns < Cllull a1 cogo,r), 52)s

[dMy(0)|lps < Clllpllaz 1 leoqo,y,m22) + |z ¥ e o, m22))

|[dMy(0)[[p7 < Clllpll ms ¥l oo, 2y + |l 2 1Y o o,,22) + [l 1Yl o2 0,77, 12
el gzl ¥ [l co o, 77, 52 )-
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Using Appendix B, we get, when d4 < 1,

¥l cogo,m),m2)y < Cllvll g,
1|1 jo,m,m2) < Cllvll 2,
19| c2(j0,m,m2) < Clllvllas + d6llvll s

which gives the conclusion.

Study of dMs : Thanks to Proposition 9, we have

|[dM5(v)|ps < Cllppe| 219l coqo,1,72)
|[dM5(v)||ps < Clllacdl| g ]l coqo,ry,m2) + el L2 19l ooy, 525
|[dMs5(v)||p7 < Clll el g2 19l coqo,m,m2) + 1l mllvller o, a2y + el 21l 2o, 52)]-

Thanks to Appendix B, we have
el < ol and - lallg < Cll]l a2,

Thus

e[z < Coallvll g, Npadlg < Cogllvllpr,  llAcdmz < Clos|vllar + dsllvll 2],

which gives the conclusion.

5 Local controllability around 4

5.1 Local controllability up to codimension one around v
Let us introduce the following closed subspace of L?((0,1),C),
V= Span{epy; k > 2}

and the orthogonal projection P : L?((0,1),C) — V. We admit the following result, that will be
proved in section 6.

Theorem 9 Let T :=2/7 and € > 0. There exists C > 0, § > 0 and a continuous map

r: N x N — HJ0,7T),R)
(Yo WYy) = u

where

N = { € SN HZ((0,1),C); | — ol s < 5,

N = {4 € VO HE(0,1),C); ¢l 2 <1 and [ §]| s+ < 6},

such that, for every (1o, J}) EN XN
00, 1)l gz < ClIPYoll e + 107 | o]
and the trajectory of (X) with ¥(0) = 1y and control u = T'(¢p, 7:/};) satisfies PY(T) = 7:/1\}

Remark 9 This theorem probably holds with any T > 0. Indeed, the linearized system around
(Y1,u = 0) is controllable in any positive time (see Theorem /) and we don’t loose time in the
application of the Nash-Moser theorem (see Remark 8). The only point which misses to get this the-
orem with any T > 0 is the controllability of linearized system around (¢Y1,u = 0) WITH the bounds
(3.8) and (3.9) (corresponding to v =0) in any time T > 0. Theses bounds are easier to prove with

T=2/r.
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5.2 Second order term

The goal of this section is the proof of the following result.

Proposition 10 Let T := 2/w. There exist vy € H* N H3((0,T),R) and vy € H3((0,T),R) such
that the solutions of the following systems

iUy = =W 4+ 0y ()22 (1), iy = =€ + 02 ()22 Vs + [o — 3] (H) 21 (t)
\Ijzt(t70) = \Ij:t(ta 1) = 07 gi(t’ 0) = gi(tv 1) =0,
V. (0) =0, £+(0) =0,

(
satisfy V4 (T) = 0 and (T = Liy1(T).
Let us introduce the following subspace of L?((0,2/7),C)
X := Span{e/M At ke N*Y,

We denote by X'+ the orthogonal subspace to X in L?((0,2/7),C).

Proposition 11 Let T := 2/mw. There exists v € o'n H3((0,T),R) such that v € X+ and

T T
/ o(t) < 22W(t), o1 > eMidt — 4 < 2%p1, 1 > / v(t)2dt € (0, +00) (resp. € (—00,0)) (5.1)
0 0

where W is the solution of
iU = U 4 (t) i (t),
U(t,0) =¥(t,1) =0,
U(0) =0.

Remark 10 When © € X the left hand side of (5.1) belongs to R. Indeed, we have

0o t
U(t) = y(t)or where yp(t) = —i < >0, 01 > / O(r)e! AT drem M
k=1 0
thus
T . s
/ b(t) < 2V (1), p1 > eMldt = —iz < 2201, 01 >2 fr(v)
0 k=1
where

T t
Fu(v) = / b(t)e Mt / o(r)efM T gt
0

0
Thanks to an integration by parts, the assumption v € X+ gives, for every k € N*, fi(v) € iR.

Proof : We consider the candidate
o(t) := cos(nim?t) — cos(ngom?t)

where ny,n9 € N*, ny # ny and ny,no ¢ {k* — 1;k € N*}. Then ¢ € X1, and v(t) := fgi)(T)dT
belongs to H4 N H3((0,T),R). Explicit computations give fi(v) = 0 and, for k > 2,

o) 1 ( 1 " 1 + 1 n 1 )

T \—m k2 =1 m k=1 g+ k2—1  ngtk2—1
Thus,
T ‘ T
/ b(t) < 220(t), 1 > Mt — 4 < 2201, @1 > / v(t)?dt = A(ny) + A(ns)
0 0
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where

Aln) = 4 <1 1> 64 k2

T n2md\3 272) PH (k+13(k—-13Mn+k2—1)(—n+k2—1)

With (n1,n2) = (1,2), we get A(ny), A(ng) < 0 and with (nq,n92) = (4,5), we get A(n1), A(n2) > 0.
g

Proof of Proposition 10 : Let v € H N HJ((0,T),R) be such that

T T
/ b(t) < 22V(t), 1 > eMdt — 4 < 2201, 01 > / v(t)?dt = —1 (resp. +1), (5.2)
0 0

such a v exists thanks to Proposition 11. The assumption v € Xt gives ¥(T) = 0. For v €
H}((0,T),R), we have &(T) = > 721 zx(T)pr where

T
zk(T) := —i/ (U(t) < 22U(t), o > +( — 402)(t) < 2201, o1, > e_”‘lt) et dre= T
0

Thus, the equality {(T") = i1 (T) (resp. £(T) = —iy1(T)) is equivalent to (5.2) and for every k > 2

T . T . 1 T }
p(t)e!Me At gy — 4/ V2 ()M =AU g / o(t) < 22U (t), ¢ > edt. (5.3
| o O s 10 <P 53

There exists v € Fg((o, T),R) with these prescribed Fourier coefficients if and only if the right hand
side of (5.3) belongs to h*(N*,C). This condition is satisfied when v € H4N HZ((0,T),R). O

5.3 Proof of Theorem 6
In all this section T := 2/m, € € (0,1). Let p € R, o,¢y € H*™((0,1),C). Let us consider, for

t €10,T],
u(t) == /Iplv + |plv

where v:i=v , v:i=v if p>0,v:i=v_,v:=v_if p<0and vy, v+ are defined in Proposition 10.
Let ¢ be the solution of (X) on [0, 7] with control u and such that ¥(0) = 1. Since u € H3((0,T),R),
we have ¥(T) € H>*<((0,1),C).

Proposition 12 There exists a constant C such that, for every p € (—1,1), we have

19(T) = (1 +ip)erllsve < Clllvo = @1l ms+e + 1] (5.4)

Proof : We have ¥(T) — (1 +ip)p1 = (¥ — Z)(T) where Z := ¢ + ¥ + £ and

W = ="+ \/]plox?ey, i = =& + /Iploa? ¥y + |p| (7 — 40?) 2y,
(t,0) = ¥(t,1) = 0, £(1,0) = €(t,1) = 0,
v(0) = 0. £(0) = 0.

The function A := 1 — Z solves

{ iA = A" 4 [i— 42 A — \/ploa2e — |pla (W + €) + 4120 pP 2w + |p[202]hy + (¥ + €),
A(0) = 1o — 1.
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We get (5.4) thanks to Propositions 20 and 21 in Appendix B and an interpolation inequality. [J

Now, we use the local controllability up to codimension one around ¢;. Let 4 > 0 be as in
Theorem 9. We assume

10 — 1lls+e < 250 g — @1llps+e <6,

<np:=mn{——m—— ( — )
ol <m %Wﬁmﬂ<%> J

Then, we have
|1U(T) — 1|l gs+e < 0 and ||Pys| gs+e < 0

so there exists u € H3((T,2T),R) such that P(¢(27)) = P1p; and

lullgzr2ryry < CUPW(T) — o1)llms+e + [Pyl as+e]
< Colllo = @il gave + 10132 + 105 — 1]l r+e]
Moreover, we have
2T

<YP2T),p1 >=1+ip— 2/ [0 — 4u?](t) < 2%P(t), o1 > eMtdt
T

thus
S(<P(2T), o1 >) — pl < Cillull g (121 R)-
We define the map

F:o (=nmn) — R
P o S<HET), o1 >
Let 7 := min{n, m} and let us assume also that

.
- € —_ € < >
Y0 — p1llgs+e + |1¥f — o1 s+ 1CoCh

then F(7) > 7/2 > 0 and F(—7) < —7/2 < 0 thus, F' is surjective on a neighborhood of zero. This
ends the Proof of Theorem 6.0]
6 Local controllability up to codimension one around
6.1 Context for the Nash-Moser theorem
In this section, we prove theorem 9 by applying Theorems 7 and 8 with the maps
(o, u) = (o, PY(T)) and  P(do,vy) == (Pro, ¥y),

for any vy € L2, dJNf € V and the spaces

E, = [SNH ((0,1),C)] x Hy?((0,T),R),
Fy =[S N Hg ((0,1),C)] x [BNV N H ((0,1),C)].
where B := {¢ € L*((0,1),C);||¢l|r2 < 1}.
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6.2 Controllability up to codimension one of the linearized system around (¢, u =
0) with tame estimates
Proposition 13 Let T :=2/m. There exists C > 0 such that, for every ¥q € H(70)((07 1),C)NTs(p1),

‘,I/Vf € H(70) NV NTs(p1), there exists a trajectory (¥,v) of (X0,0) with ¥(0) = ¥y, PY(T) = \ITf,

(NS Fg((O,T),R), moreover

1ol zao,m)r) < ClPYo, Ye)lmsxms  and vl gsor ) < CI(PYo, ¥yl grxmr

Proof : Thanks to Section 2, it is sufficient to prove the existence of a constant C' > 0 such
that, for every d = (dy)r>2 € h', there exists v € H3((0,T),R) with the following prescribed Fourier

coefficients

S o(t)dt =0,

Ji o)A At = dy, k> 2
and which satisfies

1ol z20,m)r) < Clldlliz and  [[0]| g2(0.7),r) < Clidl|ps-
A suitable candidate is
v(t) == (Z dpe ARt 4 c.c.) (1 — cos(n?t)).00
k=2

Remark 11 This proposition probably holds with any T > 0.

6.3 Controllability up to codimension one of the linearized system around (¢, u),
close to (¢1,0) in E,, with tame estimates

The aim of this section is the proof of the existence of a right inverse to the differential map d® (v, u)

when (1), u) is close enough to (¢1(0),0) in Ey, which satisfies (3.8) and (3.9).

Let (1o, u) € Eg, and ¥ be the solution of the Cauchy problem

i = =" + (i — ) ()2, x € (0,1),t € (0,T),
@Zj(t?()) = ¢(ta 1) =0,
¥(0) = o.

The linearized system around (v, u) is

> iU = —0" (4 — 4u?) ()2 + (0 — Suw)(t)z®p, z € (0,1),t € (0,T),
( ”{ W(t,0) = U(t1) = 0.

Again, we use the distances, for s = 2,4,6, 8,
ds == (%0, u) — (01, 0)|| &,

We want to prove the following proposition.

Proposition 14 Let T := 2/w. There exists a constant C' such that, when 64 is small enough, for
every Yo € H{O)((O, 1),C)NTs(p1), for every Uy € H(70)((07 1),C)NV, there exists a trajectory (V,v)

of (%) with W(0) = Wy, PU(T) = Uy, v € H3((0,T),C) and

[[[ (P, \,IJ,Z‘)||H3><H3 + 04| (Wo, g“)HHSxHS],
U[(PYo, W)l g7xmr + 08| (Lo, Vi) s x s

HU||H3((0,T), )

W< © (6.1)
1ol 30,1y R) < C '
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Note that it is sufficient to prove the following proposition.

Proposition 15 Let T :=2/w. There exists a constant C' such that, for every \I/f € H(O)((O, 1),C)n

V', there exists a trajectory (V,v) of (X;) with ¥(0) =0, PY(T) = \I/f, v E HS’((O,T),(C) and
1ol 2 (0,7),R) (6.2)

1ol 22 (0,7),R)

Proof of Proposition 14 thanks to Proposition 15 : We consider the decomposition ¥ =
Uy + Uy where p:= 1 — 4u? and

iUy = =0 4 p(t) 0y, ‘1/2 = W + p(t)2? Uy + (v — Suv)(t) 221,
W(t,0) = W(t,1) =0, Wy (t,0) = %(t 1) =0,
(0) = o, W2(0) =

There exist v € H3((0,T),R) such that PUy(T) = \,I’\;c — PY(T) and

CII‘I’f — PU(T) s,

||U||H3((0,T)R N
ClllWy = PUL(T) | gr + 081 % s — POL(T)| g2 155].

//\ //\

||U||Hg((o,T)R
In order to get the bounds (6.1), let us prove that

[PV (T)] s < CllIPYoll s + dal[Vol| ),
[POLT) 7 < CllIPYoll 7 + s Woll 3],

We consider the decomposition
\Ifl(t) = 220:1 xk(t)cpkw where xk(t) =< \Ill(t)ﬂpk“u(t) > .

We have

T
d |
2 (T) =< Vo, gy > +/ a(t) < Ui (1), R S i I Aenceras gy,
0 L)

Thus, using Proposition 9, we get, when J4 is small enough,

00 1/2
[PUL(T)|| s < C (Dopes K3 (T)? )1/ < OlPYoll s + 04l Yol mrs],
[PUL(T)|| g7 < C (3opes |k 2k (T)?) 1?2 < CllIP%oll g7 + d4||Wol| s + 6| Woll g5 + 8|/ Wol| prs]-

We conclude thanks to the convexity of the norms. [

Proof of Proposition 15 : Tanks to the decomposition
U(t) =302 ye(t)pr,y  where  yp(t) =< U(t), Op u) > -

the equality PU(T) = \I,;} is equivalent to M (v) = d where M(v) = (M(v)g)k>2, d = (dr)r>2 and,
for every k > 2

T
M(v)y, := / (—i(i) = 8uv) < 2*Y(t), Prpu(r) > HAE) < L(2), diﬁﬂ >> et Jo Mgy,
0 u(t)

dp =< \/If\},@k > .

We conclude applying Proposition 6 exactly in the same way as in section 4.4. [J

The assumptions of Theorem 8 can be checked in the same way.
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7 Remarks, conjectures

7.1 Regularity

In Theorems 5 and 9, the assumption v,y € H?OJ)“((O, 1),C) is only technical, we conjecture that
these local controllability results hold in

o H(?’O)((O, 1),C) with control functions in L?,

) H(50)((0, 1), C) with control functions in H},

o H'

(0)((0, 1),C) with control functions in H3, ... etc.

7.2 Minimal time for controllability

For the compactness argument explained in section 1.4.1, one need local controllability results around

Vref =1 — 0 — O391 ++/02tp2+ /0313 in time T such that ¢,e£(0) = e f(T), for instance T = 2/7

or 4/m. However, the minimal time for controllability is another interesting problem.

We conjecture that the local controllability around yer, with (62,63) € Int(D), (ie Theorem 5)
holds in any positive time 7'. Indeed, the linearized system around (¢,cf,u = 0) is probably control-
lable in any time 7" > 0 (see Remark 3). Thus, it is also probably controllable with the bounds (3.8)
and (3.9) (corresponding to v = 0) in any time 7" > 0. Moreover, the application of the Nash-Moser
theorem does not make loose time (see Remark 8).

We conjecture that the local controllability up to codimension one around % (ie Theorem 9)
holds in any time 7' > 0. Indeed, the linearized system around (i1,u = 0) is controllable up to
codimension one in any 7" > 0 (see Theorem 4). Thus, Proposition 13 probably holds with any time
T > 0. Moreover, the application of the Nash-Moser theorem does not make loose time (see Remark
8).

We think the following assertions are equivalent

e there exists a positive minimal time for the local controllability around 1,

e there exists of a positive minimal time for the Proposition 11 to hold.

Some computations justify that the condition of Proposition 11 can be written

oo T ¢

> ai (A — M)PS ( / v(t)e! MRt / U(T)eMWdet) € (0, +00)(resp. € (—00,0)). (7.1)
k=2 0 0

It is probably possible to move the second order term instantaneously in one of the two directions

+i1)1 (T'), which means realize € (0,400) or € (—00,0) in (7.1) with arbitrarily small 7. Perhaps the

motion in the other direction needs a positive minimal time. A proof by contradiction could also be

tried, as in [11].

The existence of a minimal time for moving from ¢ to 2 is also an open problem. The com-
pactness argument used to prove Theorem 1 does not give any clue.

The existence of a minimal time for particular motions on the nonlinear system could be studied
directly, for instance by adapting the proof of [10]. In the situation studied in [5], there exists a
positive minimal time for the local controllability around (1, s = 0,d = 0) which has been proved in
[10]. This situation is quite different because the linearized system around (¢1,s = 0,d = 0) misses
an infinite number of directions.
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7.3 Generalizations

The strategies of this papers can be generalized to Schrédinger equations of the form

i) = =" + u(t)a(z), z € (0,1).

If the function a has some parity property on the space interval (0, 1), then the return method can be
used, as in [4], [5]. This method was introduced by J.-M. Coron in [6] to solve a stabilization problem,
it has also been used for controllability problems by J.-M. Coron in [9], [7], [8], by J.-M. Coron et A.
Fursikov in [12], by A. Fursikov et O. Yu. Imanuvilov in [14], by O. Glass in [16], [17], [15], by Th.
Horsin in [20] and by E. Sontag in [24].

A Study of ;. and \;,

In this appendix, we state some useful results on the eigenvalues Ay , and the orthonormal eigenfunc-
tions ¢y, ~ of the operator

D(A,) == H*N H}((0,1),R), Ayp:=¢" +y22p.
When v = 0, we write A\, @i, instead of A\j o, ¢r.0, and we have
or(r) := V2sin(nnz), A\, := (n7)2
The functions v +— ¢ and v — A, 4 are analytic (see [21, Motzkin-Taussky theorem p.85]),

Py = P+ 100 + 7700 + P00 s My = Mo A D + Y +

Proposition 16 For every k € N*, we have

2<P;(c)+$ Ok = ARy,

Aoy = o0y — o,
fosokw 59( )dq = 0.

M) |\,

1 1 —1)k+igk
/\;(g) =< 2Pk, P >= % - ﬁa ‘Pl(g) = Z;im;ﬁk Tk,jPjs Thj = 7r4((k+)])7(J)3av] #k (Al
There exists a constant C > 0 such that, for every k € N*

oz < -

Proof : Using (A.1), we get

1/2

Sk 0o j2

el == | > : :
L 6(k — 4)6

A\ (B )0k =)

IN
= Q

Corollary 2 There exists v* > 0, C* > 0 such that, for every v, € (—v*,v*), for every k € N*,, we
have

¢k — PrllEs(0,)R) < C*|y1|k*~L, for every integers € [0, 4], (A.2)
Ak — Al < Clml. (A.3)
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Proposition 17 For every k € N*, we have

2¢£)+w solﬁ)—/\ 2

Fo= o0 )=o,
fo 2% Qe + oMM (g)dg =0,

2 AW 4 @,

2 (1)

00 T s )\( T
AW =< 220 o >, o) = D1 Yk Pis Ykk = “UeM2,, gy = ST Aiji LRl k.
(A.5)
There exists a constant C > 0 such that, for every k € N*
oz < .
2 C
A < <3 (A.6)
Proof : Using (A.5), we get
1/2 , 1/2
@y C > 1 > ] C
loillze < Gl 172 + 7 | tOk S| <o
SR TR T j%;k (k= )2(k + )2 ; 12,]:# (k+ )5 (k — j)® K2

(1)

The explicit expression of ¢, gives

k252 C
AP =c , —|< 5.0
=2 G <

The quantities ¢y 5, A, are analytic functions of the parameter v in a neighborhood of zero,
thus, we can consider their derivatives with respect to v. We denote

& P,y }
d7j 71

the j*" derivative of the map v — ¢k, evaluated at the point v =~ and
"
Akop s My

the second and third derivatives of the function v +— A 4 evaluated at the point v = 1.

Corollary 3 For every 71 € R, we have

der ] dey,
A il + 1/‘2g0k = Mg =0 + )] Pk~ - A7
At d’}/ "’ YY1 V1 d’}/ "’ kyy1 Y1 ( )
There ezists v* and C* > 0 such that, for every v1 € (—v*,~7*), for every k € N*, we have
dp, der, . :
I 7 7} ) 7 £ 0,1),r < C¥ ke 2 for every integer s € [0,4], (A.8)
T Iy 7 lo
| d@k’q Il ms(0,1)R) < C*E*T, (A.9)
dy 1.,
1 C*m
ek — ok — 71801(9 )HL2((0,1),R) < ILQIa (A.10)
Clnl
Mo = Al € ——= (A.11)
7, . Chl
[Akn — Ak — 5’ < 2 (A.12)
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Proof : Thanks to (A.6) and (A.1), we have

1 1 Clml?
Moy — Me—1 (= — <
[Akin LANE (3 2(k7r)2)| 2

which gives (A.12). O

Proposition 18 There exists C* > 0 such that, for every k € N*,
3 c*
le e < 25

Thus, there exists v* > 0 such that, for every k € N*, we have

d? Pk (O
9 g —
H d,y2 " HL2 k;2

(A.13)

B Regularity and bounds on the solutions of the nonlinear system

This section is dedicated to the statement of existence and regularity results together with bounds
on the solution of the Cauchy problem

W (t, x) = =" (t, x) + [i — 2] (t)x2P(t, z) + f(t, z),
P(t,0) =(t, 1) =0, (B.1)
$(0,2) = to(x).
We use the spaces F,, a = 2,4,6 defined in Section , and the group of isometries of L2((0,1),C)
defined by

T(t)p:= Z <@, pp > e Ml
k=1
Proposition 19 LetT > 0, ¢ € H( )(( 1),C), p € LY((0,T),R) and f € Ll((O,T),H(%)((O, 1),R)).
There ezists a unique ¢ € C°([0, T, H(QO)(( 1), C)) which satisfies the following equality in H(QO)((O, 1),0C)
for every t € [0,T],

P(t) =T (t)to +/0 T(t - s)[~ip(s)z*y(s) — if(s)]ds. (B.2)

Moreover, there exists a constant C' > 0 such that

Ll
Illeooryaz,) < Wollag, + 1711z o).z, e 2.

Proof : The existence come from a fixed point argument when |[|u| 71 ((0.7) ) is small enough.
Otherwise, we use a partition [0,7] = UI;, 1 < j < N such that ||p|| 1, g is small enough so that
the previous result holds. The bound relies on Gronwall’s Lemma. [J

Applying recursively this result, we get the following propositions

Proposition 20 LetT > 0, ¢ € H(O)(( 1),C), u € W2L((0,T),R) and f € Wt 1((0,T),H(20)((0, 1),R)).
The solution v of (B.2), with p := u—4u?, belongs to Cl([O,T],H(ZO))ﬁCO([O T], HE‘O)) it is a solution
of (B.1) in the sense of Definition 1. Moreover, for every r > 0, there exists a constant C(r) > 0 such
that, for every (vo,u) € Eq with ||(vo,u)||g, <7 and for every f € Wl’l((O,T),H(QO)), the quantities

1Yl coo,1, HY) ond WHCO([O,T},H%) are bounded by

CO)lIvollms, + 1 fllwrro,r)m2,)]-
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Proposition 21 Let T > 0, g € H(GO)((O, 1),C), u € W3L((0,T),R) be such that (it — 4u?)(0) = 0
and
f € WH(0,T), H ((0,1),R)) n C°([0,T], H'((0,1),R))). (B.3)

The solution 1 of (B.2), with u := @ — 4u? belongs to C%([0,T], H(QO)) NnCY([0,T], H)NnCo([0,T], HO)

If w(T') =0 and f(T) € HE‘O)((O, 1),C) then ¥(T) € H(60)((0, 1),C). Moreover, for every r > 0, there

exists a constant C(r) > 0 such that, for every (vo,u) € Eg with ||(Yo,u)||g, < 1 and for every f
with (B.3), the quantities ||V coor),m6), [1¥]lcoqom,me) and [[]lcogo,r,m2y are bounded by

)Mol + Nl ol + 1l o2,y + 1 loogomymsy + lulls 1Lz o).z, )
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