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Abstract

This pap er dev elops a scale space strategy for the meshing and segmen tation of complete ra w

data p oin ts sets. The scale space is based on the in trinsic heat equation (mean curv ature motion,

MCM). A simple iterativ e sc heme implemen ting MCM directly on the ra w p oin ts is describ ed, and a

mathematical pro of of its consistency with MCM giv en. P oin ts ev olv ed b y this MCM implemen tation

can b e trivially bac ktrac k ed to their initial ra w p osition. A consequence is that the rev ersible MCM

sc heme p ermits to �rst orien t, and then mesh reliably a ra w textured surface. The accuracy gain is

demonstrated on arc haeological ob jects b y comparisons with other meshing metho ds. The obtained

discrete 3D scale space also complies with its traditional role: It p ermits to segmen t the original ra w

surface in to ridges and v alleys computed at coarse scales, and to dra w the meaningful in�exion lines

on the ra w meshed surface.

1 In tro duction

A gro wing n um b er of applications in v olv e creating n umerical mo dels for existing ob jects acquired b y

triangulation laser scanner. Those scanners are called triangulation laser scanner b ecause of the triangle

formed b y the detected p oin t, the laser emitter and the camera. Scanners can either pro duce a direct

triangulation of p oin ts sampled on the surface, or the ra w set of p oin ts with no connectivit y information.

In this pap er, only ra w input data will b e considered, namely a set of unorganized and non-orien ted

p oin ts giv en b y their x; y; z co ordinates. The fo cus is indeed to build a highly accurate meshing metho d

for these ra w data set, with t w o scop es: the visualization of the �nest surface details, and a robust

segmen tation in ridges, v alleys, and scanning holes. Fig. 1 sho ws a high precision laser acquisition

system devised for our exp erimen ts on small artistic and arc haeological mo dels. The acquisition error is

around 20� , allo wing in principle to reco v er all of the ob ject's texture and �nest details.

The main to ol that w e shall use is a ra w data set p oin t smo othing op erator consisten t with the

in trinsic heat equation. The in trinsic heat equation, or mean curv ature motion (MCM), is the most

standard w a y to smo oth out a surface. It will b e giv en an implemen tation that p ermits to bac ktrac k the

ev olv ed surface to the initial ra w data set p oin t. A t �rst sigh t, the prop osed MCM implemen tation is an

instance of the mo ving least square surface metho d, whic h p erforms a lo cal surface regression for eac h

p oin t, and pro jects the p oin t on the regression surface. Y et, this pro cess will b e made iterativ e. Indeed,

mathematical and exp erimen tal argumen ts will sho w that the iterated degree one (planar) regression

consisten tly implemen ts the MCM. The prop osed MCM implemen tation can therefore b e summarized in

a few w ords: it is the iterated pro jection on the regression plane of a spherical neigh b orho o d. Theorem

3 will state that b y these iterations, eac h ra w data set p oin t mo v es forw ard at the sp eed of the surface

mean curv ature in the direction of the surface normal. By the iterated pro jection algorithm eac h initial

ra w data p oin t can b e trac k ed forw ard in the surface smo othing pro cess. But is can also b e trivially

trac k ed bac kw ard. As a consequence, w e shall pro v e that all detected surface features and structures

can b e transp orted bac k on the ra w data set p oin t. T o the b est of our kno wledge, sev eral applications
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Figure 1: Our laser acquisition system at LURP A (ENS Cac han)

of this easy rev erse scale space had not y et b een noticed. The main application is to obtain directly a

top ologically faithful orien tation and mesh for the whole ra w data set p oin t. A second application is the

accurate detection of holes in the ra w data, useful for further scanning attempts. A third application is

an easy ridge-v alley segmen tation of the ra w data p oin t set. Comparativ e exp erimen ts will illustrate that

a direct meshing giv es p o or results, while the bac k transp orted mesh giv es an accurate surface rendering,

whose v ertices are simply all initial ra w p oin ts. Ob viously , suc h a complete mesh is not economical, but

p ermits an accurate rendering of �ne art or arc haeological pieces.

The use of the mean curv ature motion, forw ard and bac kw ard, is a direct 3D extension of the scale

space paradigm in image pro cessing. Image scale space is in tro duced in the founding Witkin pap er

[Wit83]. It consists of applying the heat equation

@u
@t = � u to the image, whic h en tails a rapid image

simpli�cation. The main image features (the edges) are detected a coarse scale (large t ) and then bac k

trac k ed to their �ne scale p osition. A main di�cult y of this scale space edge detection is the fact that

non straigh t edges and corners are displaced b y the heat equation. Th us the bac k trac king of edges and

corners is not easy , and has therefore pro v ok ed a h uge literature. The bac k propagation of a surface

segmen tation is comparativ ely easier b ecause, as w e shall see, the MCM is implemen table as a p oin t

ev olution from the ra w data. It can therefore b e follo w ed forw ard and bac kw ard.

The remainder of this in tro duction is a review of the state of the art on ra w data p oin t set pro cessing,

and of the v arious computation metho ds of surface curv atures and normals.

1.1 Building a mesh

Giv en an initial orien ted p oin t cloud most pro cessing metho ds (b e it for rendering, for geometry detection

or for an y other purp ose) b egin with building a mesh. The metho ds are mostly based on de�ning a

signed distance �eld [HDD

+
92 ], [KBH06 ], [Kaz05 ]. The signed distance function can b e estimated at

an y p oin t b y computing the distance b et w een the p oin t and the regression plane of its k -nearest neigh b ors

[HDD

+
92 ]. Since the neigh b ors are assumed previously orien ted, the distance's sign is straigh tforw ard.

All of these metho ds indeed need p oin t orien tation. Ho w ev er, a lev el set metho d whic h do es not need the

surface orien tation w as recen tly in tro duced in [A CSTD07]. Instead of lo oking for an implicit function

f satisfying r f = ~n, this metho d �nds the implicit function f whose gradien t direction is b est aligned

with the normal �eld.

Other successful metho ds appro ximate the distance function using its decomp osition on a lo cal basis:

radial basis functions [KBH06 ] or a F ourier basis [Kaz05 ]. Once the distance function is de�ned, extract-

ing the surface corresp onds to extracting the zero lev el set of the distance function. This can b e done b y

using the marc hing cub es algorithm [LC87 ] whic h giv es the triangulation of the shap e, or b y sampling

the zero lev el set with particle systems [WH94], [CA97]. These metho ds yield meshes that appro ximate

w ell the shap e, but they alw a ys include an appro ximation en tailing some surface smo othing and the loss

of �ne texture. A cquisition holes are also �lled in b y those metho ds, the signed distance function giving
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a natural close up of the surface. Nonetheless, for some applications, �lling the holes is questionable. F or

example, if the goal is to build a closed lo op scanning pro cess, the acquisition holes should b e detected

rather than �lled in, so as to guide the laser head to w ards them. High qualit y laser acquisition systems

ha v e a p oten tial to acquire v ery �ne geometric texture details, pro vided these details are not lost in the

reconstruction. On suc h data w e shall see that an ideal detail-preserving mesh can ha v e all ra w data

p oin t set as v ertices.

1.2 Ra w data p oin t set pro cessing

Y et, it is imp ossible to apply a classic meshing metho d directly to the ra w data p oin t set. The literature

has therefore considered more and more sophisticated smo othing and in terp olation metho ds. In [Lev03 ]

and [Lev98 ], the concept of "Mo ving Least Square Surfaces" (MLS surfaces) w as in tro duced. MLS

surfaces are de�ned as the set of stationary p oin ts of an op erator pro jecting eac h p oin t to the surface.

The MLS algorithm estimates at eac h p oin t a degree n p olynomial from a set of its w eigh ted neigh b ors.

The obtained least square surface can b e used to pro ject the p oin t on the MLS surface, or to sub-sample

the surface b y remo ving step b y step the p oin ts with least in�uence [ABCO

+
03 ]. The pro of of the

appro ximation p o w er of MLS w as published in [Lev98 ]. V ariations of the MLS algorithm for denoising

p oin t sampled surfaces and preserving edges w ere prop osed in [F COS05 ] (see also [GTE

+
06 ], [OGG09 ],

[LCOL07 ]).

Another pro duct of smo othing metho ds is the detection of geometric features. Detecting the geometry

is imp ortan t for v arious applications, one of them b eing a resampling adapted to surface geometry . In

[MD04], [MD03 ], the authors simplify a p oin t cloud b y using geo desic V oronoi diagrams and fast marc hing

metho ds. More theoretical w ork on p oin t clouds include [MS02 ] where theoretical results w ere presen ted

for b ounding the error on distances de�ned on p oin t sampled surfaces.

Scale space pro cessing w as recen tly extended to meshes and p oin t clouds. The main di�cult y is

the computation of the surface instrinsic Laplacian (or mean curv ature motion) to apply the in trinsic

di�usion equation

@x
@t = � x . F or meshes, the standard discretization of the Laplacian op erator is through

the cotangen t form ula [MDSB02]. F or p oin t clouds, in [PK G06 ], eac h p oin t is mo v ed in the direction of

its normal prop ortionally to its curv ature. The curv ature is either estimated b y a p olynomial regression

or b y pro jection on a �tted least square surface (in other terms, b y MLS). The rev erse op erator is built

b y storing the displacemen ts of eac h p oin t at eac h step. A similar scale space approac h will b e used here,

but with quite di�eren t scop es. In [PK G06 ], the prop osed applications are morphing and shap e editing.

The presen t pap er instead fo cuses on ra w meshing and ra w surface segmen tation. A more tec hnical

di�erence stands in the implemen tation of the scale space: the curv ature in our MCM implemen tation

is not explicitly computed, the robust motion b eing obtained b y a simple planar pro jection op erator.

In [UH08 ], another MCM discretization is prop osed. The surface Laplacian is computed b y building

an op erator A � at eac h p oin t p osition and for ev ery direction � in the tangen t plane. A � mo v es a p oin t

p prop ortionally to the curv ature H � of the section curv e in direction � . By in tegrating o v er � , it yields

a mean curv ature motion. The non-uniform subsampling problem is clev erly treated b y using a non

uniform k ernel. The resulting scale space is used to detect c haracteristic scales of the shap e, and regions

of in terest.

1.3 Computing curv atures

Computing curv atures reliably on a giv en surface is crucial to v arious applications, the main ones b eing

to p erform anisotropic �ltering, i.e. �ltering preserving sharp edges ([HP04], [MDSB02 ]), and to resample

the surface according to its curv ature ([PGK02]).

On meshes, the curv ature estimation problem has already b een in v estigated in [MDSB02] where the

famous cotangen t form ula is pro v en and extended. [T au95 ] deriv e an analytic expression for estimat-

ing the directional curv atures in the edge directions. In [Rus04 ], [TRZS04 ], the tensor curv ature w as

estimated on eac h face of a mesh surface. Other mesh curv ature computation tec hniques include the

use of the normal cycle theory [CSM03]. F or a summary and comparison of mesh curv ature estimation

metho ds, see [MSR07]. It is also p ossible to estimate curv atures b y building curv es con tained in the

surface and passing through the considered p oin t [T an05 ].

T o determine the curv ature of a giv en p oin t, direct metho ds �t a surface (a p olynomial or a quadric)

lo cally to eac h neigh b orho o d and then compute the fundamen tal forms in their explicit form. This allo ws
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to compute the W eingarten map whose eigen v alues and eigen v ectors are the principal curv atures and

principal directions ([SF04], [LFM96 ] among others). In [PGK02 ], the authors simplify meshes using

a geometrically coheren t metho d (i.e. p oin ts lying in �at areas are remo v ed but p oin ts lying in highly

curv ed areas are k ept). T o determine if p oin ts should b e remo v ed or not, the curv ature w as replaced

b y a new quan tit y , the surfac e variation . This quan tit y is de�ned as the ratio of the least eigen v alue

of the co v ariance matrix v ersus the sum of all eigen v alues. An in teresting feature is that it is directly

computed from the ra w data set p oin t. Ho w ev er, the surface v ariation is a rather complicated function

of the principal curv atures and loses their sign. Indeed, one can pro v e:

Theorem 1. In the lo c al c o or dinate system the surfac e variation � de�ne d in [PGK02 ] satis�es

� =
r 2

16

�
k2

1 + k2
2

2
�

1
3

k1k2

�
+ o(r 2) (1)

wher e r is the neighb orho o d r adius, and k1 , k2 ar e the princip al curvatur es.

In [BC94 ], another w a y of computing the curv ature from an orien ted ra w data set without surface

�tting w as presen ted. It relies on expressing the fundamen tal forms of a 3D surface as co v ariance

matrices. The authors claim that the co v ariance matrix of p oin t normals pro jected on the regression

plane yields the principal curv atures and their directions. No w, this metho d requires that the p oin t cloud

b e previously orien ted and therefore do es not completely compute the curv ature on the ra w p oin t set.

Other approac hes a v oiding surface regression include the computation of in tegral in v arian ts ([PWHY09],

[PWY

+
07 ]). They are based on the idea that di�eren tiation is not robust in a discrete and p oten tially

noisy data set, whereas in tegration is m uc h more resisten t to noise. The pro ofs link the computation of

the area of the in tersection of the surface with a ball to the principal curv atures. Another p ossibilit y is to

adapt the curv ature estimation of [T au95 ] to the case of p oin t clouds as in [LP05 ]. Instead of considering

the edge direction, since no edge information is giv en for the p oin t cloud, they consider all directions

from the cen ter p oin t to one of its neigh b ors.

More recen tly , measuring the co v ariance of V oronoi cells w as sho wn to allo w the computation of the

principal curv ature directions. The soundness of this estimation is pro v ed in [MOG09 ]. MLS surfaces

w ere also used to deriv e analytic expressions for the curv atures of p oin t set surfaces [YQ] .

1.4 F eature extraction

In accordance with the edge detection paradigm in image pro cessing, it is classic to p erform a 3D shap e

analysis b y extracting the crest lines (the real edges) on meshes or p oin t clouds. Ridge lines are the

lo ci of p oin ts where the maximal curv ature tak es a p ositiv e maxim um along its curv ature line. V alley

lines are the lo ci of p oin ts where the minimal principal curv ature attains a negativ e minim um along its

curv ature line. These p oin ts can b e link ed to form lines (see among others [OBS04 ], [A GB05 ], [LFM96],

[YBS05 ], [SF04]). Most metho ds use a quadric or p olynomial regression. In [GWM01], the lines are

detected b y neigh b orho o d co v ariance analysis. Indeed, from a p oin t neigh b orho o d, the cen troid and

cen tered co v ariance can b e computed. Comparing the ratios of the co v ariance matrix eigen v alues giv es

the geometry of the neigh b orho o d (see also [MOG09 ]). In [HMG00], edges of a mesh are �rst classi�ed

according to their imp ortance (this imp ortance is an increasing function of the adjacen t faces angle).

A m ultiscale approac h w as prop osed in [PK G03 ]. Nearb y feature p oin ts are �rst detected. In the

neigh b orho o d of these p oin ts surfaces are �tted, and dep ending on the n um b er of �tted surfaces, p oin ts

are pro jected to the nearest surface. In tersection p oin ts of these surfaces are �nally classi�ed as edge or

corner p oin ts. By increasing the pro cessing radius, one could trac k feature lines and k eep only the ones

at a giv en scale. Though dealing with scales, this metho d do es not in tro duce a scale space framew ork.

A similar idea for p oin ts classi�cation and p oin t pro jection w as used in [DIOHS08 ].

Although these pap ers in tro duce a ridge/v alley line detection, none of them prop oses a ridge and

v alley segmen tation. In [IFP95] the idea w as suggested, though: indeed p oin ts lying near ridges or near

v alleys w ere lab eled and this lab eling w as used to obtain a b etter rendering of the ridge and v alley lines.

But crest lines as de�ned b y these metho ds require the computation of degree three surface deriv ativ es.

Here w e will fo cus on other in teresting and w ell de�ned line features: namely the curv ature lev el lines

and lev el sets, analogous to the image grey lev el lines. Of particular in terest are the zero-crossings of

the curv ature, whic h are tec hnically similar to the zero-crossings of the Laplacian in image pro cessing.
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Figure 2: Comparison b et w een cylindrical and spherical neigh b orho o ds

These zero-crossings de�ne in�exion lines, easy to compute from the ra w data p oin t set. They reliably

segmen t the surface in to ridges and v alleys.

The pap er is divided as follo ws: Sect. 2 giv es mathematical results pro ving the consistency of the

prop osed scale space algorithm. Input data are brie�y presen ted in Sect. 4. Sections 5, 6 and 7

describ e the three main applications of the scale space: a p oin t cloud orien tation metho d, a faithful

mesh construction for the ra w data set and a ra w shap e segmen tation metho d.

2 Con tin uous Theory

This section in v estigates a new w a y of estimating the surface curv ature based on the lo cal co v ariance

analysis. In terestingly for our scop es, it only requires a degree one surface regression to compute a

curv ature related op erator. In this theoretical section the surface (denoted b y M ) supp orting the data

p oin t set is alw a ys assumed to b e smo oth (at least C2
). The samples on the surface M are denoted b y

M S .

Let P(xP ; yP ; zP ) b e a p oin t of the surface M . Lo cally w e can express the surface as the graph

z = f (x; y) of a function f . A t eac h non um bilical p oin t P , consider the principal curv atures k1 and

k2 link ed to the principal directions

~t1 and

~t2 , with k1 > k 2 where

~t1 and

~t2 are orthogonal v ectors.

(A t um bilical p oin ts, an y orthogonal pair (~t1;~t2) can b e tak en.) Set ~n = ~t1 � ~t2 so that (~t1;~t2; ~n) is an

orthonormal basis. The quadruplet (P;~t1;~t2; ~n) is called the lo cal in trinsic co ordinate system, and the

T a ylor expansion of f yields

z = f (x; y) = �
1
2

(k1x2 + k2y2) + o(x2 + y2) (2)

Notice that the sign of z is irrelev an t, since it only dep ends on the arbitrary surface orien tation.

2.1 Spherical neigh b orho o ds vs cylindrical neigh b orho o ds

Consider t w o kinds of neigh b orho o ds in M for P de�ned in the lo cal in trinsic co ordinate system

(P;~t1;~t2; ~n) :

� a neigh b orho o d B r = B r (P) \M is the set of all p oin ts Q of M with co ordinates (x; y; z) satisfying

(x � xP )2 + ( y � yP )2 + ( z � zP )2 < r 2

� a cylindrical neigh b orho o d Cr = Cr (P) \ M is the set of all p oin ts Q(x; y; z) on M suc h that

(x � xP )2 + ( y � yP )2 < r 2
.

F or commo dit y the cylindrical neigh b orho o d will used in the �rst estimates of eac h pro of. The di�erence

b et w een b oth neigh b orho o ds will b e pro v ed negligible b y the next lemma.

Lemma 1. Inte gr ating on M any function f (x; y) such that f (x; y) = O(r n ) on a cylindric al neighb or-

ho o d Cr (P) inste ad of a spheric al neighb orho o d B r (P) intr o duc es an o(r n +3 ) err or. Mor e pr e cisely:

Z

B(r )
f (x; y)dM =

Z

x 2 + y 2 <r 2
f (x; y)dxdy + O(r 3+ n ): (3)
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Pr o of. The surface area elemen t of a p oin t M (x; y; z(x; y)) on the surface M , expressed as a function of

x , y , dx and dy is dM (x; y) =
p

1 + z2
x dx

q
1 + z2

y dy. One has zx = � k1x+ O(r 2) and zy = � k2y+ O(r 2) .

Th us

dM (x; y) =
q

(1 + k2
1x2 + O(r 3))(1 + k2

2y2 + O(r 3))dxdy

whic h yields

dM (x; y) = (1 + O(r 2))dxdy: (4)

Using (4) , the in tegrals w e are in terested in b ecome

Z

B r

f (x; y)dM = (1 + O(r 2))
Z

B r

f (x; y)dxdy; (5)

and Z

C r

f (x; y)dM = (1 + O(r 2))
Z

B r

f (x; y)dxdy (6)

= (1 + O(r 2))
Z

x 2 + y 2 <r 2
f (x; y)dxdy:

This last form is more amenable to analytic computations, whic h explains wh y Lemma 1 in tro duces it.

Consider p olar co ordinates (�; � ) suc h that x = � cos� and y = � sin � with � r � � � r and 0 � � � � .

Then for M (x; y; z) b elonging to the surface M , w e ha v e z = � 1
2 � 2(k1 cos2 � + k2 sin2 � ) + O(r 3) . Fixing

� w e obtain a curv e with equation z = � 1
2 � 2k(� ) + O(r 3) , where k(� ) = k1 cos2 � + k2 sin2 � . With this

notation, the condition that (x; y; z) b elongs to the neigh b orho o d B r (P) can b e rewritten as � 2 + z2 < r 2
,

that is

� 2 +
1
4

k(� )2� 4 < r 2 + O(r 5)

Computing the b oundaries � � (� ) of this neigh b orho o d yield � (� )2 + 1
4 k(� )2� (� )4 � r 2 + O(r 5) = 0 and

therefore

� (� )2 =
� 1 +

p
1 + k(� )2(r 2 + O(r 5))

1
2 k(� )2

:

This yields � (� ) = r � 1
8 k(� )2r 3 + o(r 3): W e shall use this estimate for the error term E app earing in

Z

B(r )
f (x; y)dxdy =

Z

[0;2� ]

Z

[0;� ( � )]
f (x; y)�d�d�

=
Z

[0;2� ]

Z

[0;r ]
f (x; y)�d�d� � E

=
Z

C r \ M
f (x; y)dxdy � E;

with E =:
R

[0;2� ]

R
[� ( � ) ;r ] f (x; y)�d�d� . Th us

jE j �
�
4

sup
x 2 + y 2 � r 2

jf (x; y)jk(� )2r 3;

whic h yields jE j � � j k1 j 2

4 supx 2 + y 2 � r 2 jf (x; y)jr 3: In particular if f (x; y) = O(r n ) , then jE j � O3+ n :
Finally w e ha v e Z

B(r )
f (x; y)dxdy =

Z

C r \ M
f (x; y)dxdy + O(r 3+ n ): (7)

Com bining (5), (6) and (7) yields the announced result (3).
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2.2 Curv ature Estimation

The next theorem deals with the simplest lo cal smo othing op erator based on ra w p oin ts and consisten t

with curv ature, the barycen ter.

Theorem 2. In the lo c al intrinsic c o or dinate system, the b aryc enter of a neighb orho o d B r (P) wher e P
is the origin of the neighb orho o d has c o or dinates xO = o(r 2) , yO = o(r 2) and zO = � Hr 2

4 + o(r 2) , wher e

H = k1 + k2
2 is the me an curvatur e at P .

Pr o of. By Lemma 1 applied to the n umerator and denominator of the follo wing fraction, w e ha v e

zO = �

R
B r

zdM
R

B r
dM

= �

R
x 2 + y 2 <r 2 z(x; y)dxdy + O(r 5)

R
x 2 + y 2 <r 2 dxdy + O(r 3)

= �

R
x 2 + y 2 <r 2

�
1
2 (k1x2 + k2y2) + o(x2 + y2)

�
dxdy

R
x 2 + y 2 <r 2 dxdy

+ O(r 3)

= �
1

2�r 2

Z r

� =0

Z 2�

� =0
� 2(k1 cos2 � + k2 sin2 � )�d�d� + o(r 2)

= �
r 2

8�
(k1� + k2� ) + o(r 2)

= �
Hr 2

4
+ o(r 2:)

A similar but simpler computation yields the estimates of xO and yO .

Theorem 2 states that pro jecting a p oin t on to the neigh b orho o d barycen ter appro ximates the mean

curv ature motion. W e shall discuss later on wh y , in spite of Theorem 1, the barycen ter cannot b e used

for implemen ting the mean curv ature motion.

2.3 Surface motion induced b y pro jections on the regression plane

The main to ol of the scale space will b e a simple pro jection of eac h surface p oin t P on the lo cal regression

plane found b y lo cal co v ariance analysis. The pro jected p oin t is called P0
. Let us �rst compare the normal

to the lo cal regression plane with the p oin t normal ~n(P)

Lemma 2. The normal ~v to the PCA r e gr ession plane at P 2 M is e qual to the surfac e normal at p oint

P , up to a ne gligible factor: ~v = ~n(P) + O(r ) .

Pr o of. The lo cal PCA regression plane of p oin t P is de�ned as the plane passing through the barycen ter

of the neigh b orho o d Br (P) and with normal ~v minimizing:

I (~v) =
Z

B r (P )
jh~v; P P0ij 2dP0

s.t. kvk = 1

Let the co ordinates of ~v b e (vx ; vy ; vz ) . W e ha v e

I (~v) =
Z

B r

(vx x + vy y + vz
1
2

(k1x2 + k2y2) + o(r 2))2dxdy:

Considering the particular v alue ~v = (0 ; 0; 1) sho ws that the minimal v alue I min of I (~v) satis�es I min �
O(r 6): In consequence the minim um (vx ; vy ; vz ) satis�es vx � O(r ) and vy � O(r ) . Th us vz � 1 � O(r )
and therefore ~v = ~n(P) + O(r ) .

By Lemma 2, pro jecting P on to the regression plane induces a motion whic h is asymptotically in

the normal direction: P0P is almost parallel to ~n(P) . A consequence is that the simple op eration of

pro jecting eac h surface p oin t P on to its lo cal regression plane appro ximates a 3D scale space (mean

curv ature motion) as sho wn in the next theorem.
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Figure 3: Visualization of the ra w p oin t cloud sho wing the irregular sampling of our T anagra input data.

The cloud has b een uniformly and randomly subsampled to visualize the sampling v ariations. Otherwise,

the cloud w ould lo ok completely dense). This is a top view of the �gurine in �g. 11(a)

Theorem 3. L et Tr b e the op er ator de�ne d on the surfac e M tr ansforming e ach p oint P into its pr o-

je ction P0
on the lo c al r e gr ession plane. Then

Tr (P) � P = �
Hr 2

4
~n(P) + o(r 2): (8)

Thus, this op er ator is tangent to the me an curvatur e motion (for the or etic al r esults on the Me an Curvatur e

Motion for surfac es, se e, for example [A TW93 ]).

Pr o of. By Theorem 2 the barycen ter O of B r has lo cal co ordinates

~P O = ( o(r 2); o(r 2); � Hr 2

4 + o(r 2)) .

On the other hand

~P P0
is prop ortional to ~v. Th us b y Lemma 2

~P P0 = � (O(r ); O(r ); 1 � O(r )) : T o

compute � , w e use the fact that P0
is the pro jection on the regression plane of P , and that O b elongs

b y de�nition ot this plane. This implies that

~P P0 ? ~OP0
and therefore

� 2O(r 2) + � (1 � O(r ))( H
r 2

4
+ o(r 2) + � (1 � O(r ))) = 0 ;

whic h yields � = � Hr 2

4 + o(r 2) and therefore

~P P0 = ( O(r 3); O(r 3); �
Hr 2

4
+ o(r 2)) = �

Hr 2

4
~n(P) + o(r 2):

3 Discrete Theory

The main di�erence with the previous theory is the irregular sampling. Indeed, the ra w triangulation

scanner sampling densit y is highly link ed to the surface geometry and can v ary a lot (�g 3).

The previous theorems assume that the surface is a uniform Leb esgue mesure. Their applicabilit y

to a ra w data set p oin t requires some adjustmen t and some discussion. A constan t sampling densit y

is assumed b y the theorem and can b e appro ximated b y w eigh ting eac h p oin t b y a w eigh t in v ersely

prop ortional to its initial densit y , as prop osed in [UH08 ]. More precisely , let p b e a p oin t and N r (p) its

neigh b orho o d on the surface, de�ned as the set of all p oin ts q in M s suc h that kp� qk < r . Eac h p oin t q
should ideally ha v e a w eigh t 0 � w(q) � 1 computed so that for all p,

P
q2N r (p) w(q) = 1 . This amoun ts

to solv e a h uge linear system. F or this reason, w e shall b e con ten ted with ensuring

P
q2N r (p) w(q) ' 1 b y

taking w(p) = 1
] (B p ( r )) : Let O b e the w eigh ted barycen ter of this neigh b orho o d. In R3

, the co ordinates

are written with sup erscripts e.g. the co ordinates of a p oin t u are (u1; u2; u3) . Th us, for i = 1 ; 2; 3,

Oi = 1P
q2N r ( p ) w(q)

P
q2N r (p) w(q)qi

. The cen tered co v ariance matrix � = ( mij ) i;j =1 ;��� ;3 is de�ned as

8



mij =
P

q2N r (p) w(q)(qi � Oi ) � (qj � Oj ) for i; j = 1 ; 2; 3. Let � 0 � � 1 � � 2 b e the eigen v alues of � with

corresp onding eigen v ectors v0; v1; v2 . F or k = 0 ; 1; 2,

� k =
X

q2N r (p)

w(q)h(q � O); vk i 2: (9)

Eac h eigen v alue giv es the v ariance of the p oin t set in the direction of the corresp onding eigen v ector.

Since v1 and v2 are the v ectors that capture most v ariations, they de�ne the PCA regression plane.

The normal v0 to this plane is the direction v minimizing

P
q2N r (p) w(q)h(pi � O); vi 2

. W e sho w ed that

pro jecting the p oin t on to its lo cal regression plane is a go o d appro ximation of the mean curv ature motion

and that, asymptotically , it is the same as pro jecting the p oin t to the barycen ter of the neigh b orho o d.

Discussion: Both Theorems 2 and 3 p ermit a priori to implemen t the mean curv ature motion on the

ra w data p oin t set. The n umerical application of these theorems dep ends nonetheless on the assumption

that the Leb esgue measure on the surface is w ell appro ximated b y its sample densit y . This is not true

for the barycen ter metho d of Theorem 2. Iterating the barycen ter metho d with a small neigh b orho o d

and a sligh tly v arying sample densit y leads to a lo cal clustering of the samples. Indeed, a to o lo cal

neigh b orho o d in an irregular sampling alw a ys has some lo cal asymmetry . Th us, the barycen ter metho d

pro v ok es a normal motion, but also a non negligible tangen tial motion to the surface. More crudely said,

the algorithm sending eac h p oin t to the barycen ter of its neigh b orho o d is nothing but the w ell kno wn

Mean Shift �lter [Che95 ], whic h is used for data clustering. This is illustrated in �g. 4. Ev en though

the p oin t distribution on the sphere is probabilistically uniform, sample clustering o ccurs. Theorem 2

is e�ectiv e in the sense that globally the sampled sphere ev olv es in a sampled sphere. But the samples

are not mo ving only in the normal direction. W e therefore needed a �lter whic h preserv es sampling

irregularit y while k eeping the asymptotic mean curv ature motion prop ert y . When applying the pro jection

�lter, no p oin t cluster is created, since there is no tangen t shift, but only a motion along the normal

direction. Theorem 3 is in that case e�ectiv e with an fairly small neigh b orho o d. This fact is easily

explained. T ak e an y irregular sampling of the tangen t plane to the surface. Then the linear regression

will always �nd bac k the righ t plane if all samples are not aligned. This go o d b eha viour is exp erimen tally

illustrated in �g. 4.

(a) Original sam-

ples on a sphere

(b) 4 iterations of

Mean Shift

(c) F our iterations

of the pro jection

�lter

Figure 4: Comparison of the clustering e�ect for the mean shift �lter and the pro jection �lter on a

randomly sampled sphere. Clusters app ear when the mean shift is iterated, whereas the sampling densit y

is preserv ed with the pro jection �lter �lter. The undesired mean shift clustering e�ect is due to a

tangen tial motion to the surface caused b y the irregular sampling. This tangen tial motion is a v oided

with the normal motion, whic h estimates correctly the normal direction b y computing the regression

plane, ev en with irregular sampling

Computing curv atures As a consequence of Theorem 3, the curv ature of a p oin t can b e computed

without an y surface �tting step. It is enough to compute

4
r 2 hn; P � P0i . On Figs 5, and 6, the curv ature

is computed on v arious t yp es of shap es.
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Figure 5: Curv ature of the T anagra ra w p oin t set

Figure 6: Curv ature of the scan of diamond shap ed mire used in our lab (5cm diameter)
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Figure 7: Initial surface: a sharp edge with angle

�
3 . This is a 3D surface, and the �gures depict its

orthogonal pro jection in the direction of the edge

Bac k propagation The notion of scale space has b een in v en ted in image pro cessing for detecting

edges at a coarse scale, and then trac king them bac k to their �ne scale lo cation. The coarse scale is

computed b y con v olving the image with Gaussians, or equiv alen tly b y applying the heat equation. The

edge bac kw ard trac king has alw a ys b een problematic, b ecause the heat equation is not rev ersible: it

is not easy to decide where an edge detected at scale t came from at scale 0. In the case of surfaces,

ho w ev er, the rev erse normal motion de�nes a natural bac ktrac king. The mean curv ature motion writes

dP
dt

= H (P)~n(P) (10)

where H (P) is the mean curv ature at P (whose sign dep ends on the normal orien tation), and ~n(P) the

normal. Th us, a normal motion can b e de�ned for ev ery p oin t P0 on the initial surface as a solution

of (10) considered as an ordinary di�eren tial equation with initial p oin t P0 . Th us, the bac kw ard scale

space is trivial, pro vided the forw ard MCM implemen tation actually implemen ts the ev olution of eac h

ra w data set p oin t P0 . Let us consider a p oin t Pt and its ev olution Pt +1 at steps t and t +1 . No w, w e can

build the sequence dP (t) = Pt +1 � Pt and the rev erse scale space op erator P � 1
t (Pt +1 ) = Pt +1 � dP (t) ,

this op erator allo ws to go bac kw ard in the scale space ev olution from step t + 1 to 0. This is exactly the

construction prop osed in [PK G06 ]. If w e only need to go from step t to the initial data 0, without an y

in termediate step, the op erator is ev en simpler to build, since w e only need to store for eac h p oin t P(t)
its initial p osition P � 1

t (Pt ) = P0 . This rev erse scale space op erator will b e called b ack pr op agation, or

b ack tr ansp ortation .

3.1 Pro jection on a higher order regression surface

[CP03 ] pro v ed that a degree n p olynomial �tting estimates all kth order di�eren tial quan tit y to accuracy

O(hn � k+1 ) . A t �rst sigh t this suggests implemen ting the mean curv ature motion b y p erforming a degree

2 regression instead of the plane regression. This w ould yield a direct curv ature estimate b y computing

explicitly the fundamen tal form. Ho w ev er, this estimation cannot b e turned in to an iterativ e pro jection

op erator. In [PK G06 ] the Mo ving Least Squares Pro jection (pro jecting the p oin t on to the lo cally �tted

least squares surface) w as prop osed as a scale space op erator, but no pro of w as made of the consistency

of these iterated pro jections with the di�usion equation. Fitting a degree t w o p olynomial to the p oin t

set lea v es error terms of third order or more. This means that the motion induced b y suc h a pro jection

is prop ortional to partial di�eren tial op erator with order larger than 2, whereas the PDE w e are appro x-

imating relies on second order spatial deriv ativ es. This fact can b e exp erimen tally c hec k ed b y comparing

iterations of the 2nd order MLS pro jection with iterations of our �rst order pro jection op erator on a

sharp edge (7). Figs 8 and 9 sho w the edge ev olution. As pro v ed in Theorem 3, the �rst order pro jection

implemen ts a mean curv ature driv en motion where highly curv ed p oin ts ev olv e faster than lo w curv ed

p oin ts, and �at p oin ts do not mo v e. On the con trary the motion induced b y the MLS pro jection is no

smo other. It enhances the edge and creates a higher order singularit y .

4 Input Data

The algorithms describ ed in the next sections are devised for highly accurate p oin t clouds acquired b y a

laser scanner. Three ob jects acquired b y our scanner device will b e used in the follo wing exp erimen t. The
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(a) Iteration 1 (b) Iteration 2 (c) Iteration 3 (d) Iteration 4

Figure 8: Iterated MLS pro jection op erator ( 4 iterations). It creates a singularit y on the edge. Iterated

MLS can b e used as a scale space only with degree 1 surface, b ecause the iterated op erator is consisten t

with the mean curv ature motion

(a) Iteration 1 (b) Iteration 2 (c) Iteration 3 (d) Iteration 4

Figure 9: Scale space op erator: the order 1 iterated MLS (four iterations). The edge is smo othed out

nicely . Indeed, this op erator is consisten t with the mean curv ature motion
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�rst one is a T anagra �gurine. This ob ject is a mould of a fourth cen tury B.C. Greek �gurine obtained

at the Museum of Cycladic Arts, A thens (�g. 11(a)). It is 22cm high and the p oin t cloud con tains 6� 106

p oin ts. The second one is a geometric 5cm long diamond shap ed mire con taining 2:5 � 105
p oin ts, and

the third one is a repro duction of a Nefertiti head �gurine (see �g. 20) acquired at the Louvre Museum,

P aris con taining 3 � 106
p oin ts. Thanks to a v ery accurate calibration of the laser scanner device, the

output is a w ell registered p oin t cloud con taining a negligible w arp. Since the data p oin t set pro cessing

relies on detecting the p oin ts con tained in a ball cen tered at eac h giv en p oin t, an o ctree structure is built

to to accelerate the neigh b orho o d computations.

T ests will also b e made on ob jects of the Stanford F ragmen t Urbis Romae database. In that case a

registration is needed to ha v e a p oin t cloud represen ting the whole ob ject. Since w e do not address the

sw eep registration problem in this pap er, w e will use single sw eeps for our meshing exp erimen ts. It is

in teresting to note that ev en if the mesh obtained using t w o badly registered p oin t clouds is not go o d

enough for visualization, the detected feature lines are still coheren t pro vided that the registration wrap

is not to o imp ortan t (see �g. 23 for feature extraction on a surface con taining more than one sw eep).

The p oin ts acquired are non-orien ted. An imp ortan t feature of the scale space op erator w e just

de�ned is that it do es not need a previous surface orien tation to pro ceed. Ho w ev er, if w e w an t to infer

the curv ature sign from the scale space, w e shall need a coheren t orien tation. The orien tation will b e

obtained thanks to the scale space. This is the ob ject of the next section.

5 First application: scale space ra w data p oin t orien tation

Giv en an initial non orien ted ra w p oin t cloud the surface orien tation is a m uc h needed information.

Finding normal directions is v ery easy , since a lo cal PCA yields the direction corresp onding to the least

eigen v alue of the lo cal co v ariance matrix. This direction is a go o d appro ximation of the normal direction.

W e m ust then pic k one of t w o p ossible orien tations, and this c hoice m ust b e lo cally coheren t. The idea is

to start b y pic king a random orien tation for one p oin t and then propagate it to the neigh b oring p oin ts.

No w, sharp edges or a messy surface ma y fo ol suc h a propagation. If, ho w ev er, the surface is smo othed

enough, the propagation of the normal is safe. Th us the o v erall tec hnique to orien t the ra w data set will

b e to smo oth it b y the scale space, to orien t the smo othed surface, and to transp ort bac k this coheren t

orien tation to the initial data p oin ts.

The �rst to ol to realize this program is a simple propagation metho d for a p oin t p whose neigh b orho o d

N r (p) con tains some previously orien ted p oin ts. The orien tation is transmitted from a p oin t to the next

if their normal directions are similar. The algorithm is summed up b elo w:

Orien tateF romNeigh b ors( p, r , t )

Algorithm 1 : Orien tateF romNeigh b ors( p, r , t )

Data : p an unorien ted p oin t, a threshold 0 < t < 1, a radius r , the set N r (p) of p's neigh b ors

within radius r
Result : true if the p oin t w as orien ted, false otherwise

Compute p's normal direction n b y lo cal PCA;1

�n  normalized mean of already orien ted neigh b ors' normals;2

if ( �n � n)2 > t then3

if
�n � n > 0 then4

n(p) = n ;5

else6

n(p) = � n ;7

end8

Return true;9

else10

Return false;11

end12

Scale space P oin t Cloud Orien tation algorithm The input parameters are the radius r and a

threshold 0 � t � 1.
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Algorithm 2 : Scale space P oin t Cloud Orien tation

Data : A p oin t cloud P , a radius r , an up date parameter a > 1
Iterate the pro jection �lter Tr and k eep trac k of eac h ra w data p oin t sample (Mean Curv ature1

Motion);

Find a p oin t p0 in a �at area, pic k its orien tation and mark it as orien ted. A dd its neigh b ors to2

the pile S ;

while S is not empty or S do es not b e c ome c onstant do3

T ak e p the �rst p oin t in S ;4

if orientateF r omNeighb ors( p, r , t ) then5

Mark the p oin t as orien ted and remo v e p from S ;6

end7

A dd p's neigh b ors to S ;8

end9

A dd all remaining unorien ted p oin ts to S ;10

while S is not empty and ]S do es not b e c ome c onstant do11

r = �r ;12

for p in S do13

P erform orientateF r omNeighb ors( p, r , t ) ;14

end15

end16

Steps from 10 to the end are necessary b ecause adding neigh b ors of p oin ts to the pile migh t not b e

enough to co v er the whole cloud due to sampling irregularities. Once this pro cedure is o v er, there migh t

remain non orien ted p oin ts. These p oin ts are usually isolated p oin ts, and it is simplest to ignore them.

A ctually , in all our exp erimen ts the n um b er of remaining non orien ted p oin ts w as b elo w 0:1%. A t eac h

step the radius is m ultiplied b y an � > 1 factor. In step 12, the radius r is c hanged. Th us all normals

are not computed with the same radius. This is wh y w e m ust rev erse the scale space to come bac k to

the original p oin t cloud. A t scale 0, recompute the normal direction b y lo cal PCA for all p oin ts and

pic k the orien tation whic h has p ositiv e scalar pro duct with the previous normal. The whole pro cess is

summed up in algorithm 3. It is a �rst straigh tforw ard application of the scale space framew ork, where

the information is computed at a coarse scale and propagated bac k to the �nest scale.

Algorithm 3 : P oin t Cloud Reorien tation

Data : An orien ted p oin t cloud P , a radius r
Result : A p oin t cloud with normals computed at the same scale

for p 2 P do1

Compute the normal ~v of p's neigh b ors N r (p) b y lo cal PCA;2

if h~n(p);~v < 0 then3

~n(p) = � v ;4

else5

~n(p) = v ;6

end7

end8

Ha ving orien ted the surface allo ws us to de�ne p ositiv e and negativ e curv ature lev el sets and 0-

curv ature lev el lines, as will b e sho wn in section 7.

6 Scale space meshing

W e no w discuss ho w to build a mesh on a high precision p oin t cloud. Direct meshing is not p ossible

b ecause of the surface oscillation due to texture. The idea is to p erform meshing on the smo othed surface

and to transp ort this mesh bac k on the original p oin t cloud. W e need an e�cien t triangulation tec hnique

suc h as [BMR

+
99 ], [CSD04 ]. The only requiremen t on the algorithm is that the mesh should in terp olate

the p oin ts. The �nal v ertices m ust b e a subset of the original p oin ts almost iden tical to the ra w data
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set p oin t. This is not the case with lev el set metho ds ([KBH06 ], [HDD

+
92 ], [Kaz05 ],[LC87 ], [CA97] and

[LGS06 ]). The whole pip eline w as implemen ted using the Ball Piv oting Algorithm (BP A) [BMR

+
99 ].

The metho d pro ceeds as follo ws:

Algorithm 4 : Scale Space Meshing Algorithm

Data : A p oin t set with computed normals

Result : A mesh of the original 3D data p oin t set

Iterate (four times) the pro jection �lter Tr and k eep trac k of eac h ra w data p oin t sample: this is1

the forw ard mean curv ature motion;

Mesh the smo othed samples;2

T ransp ort the mesh bac k to the original p oin ts (th us rev erting the mean curv ature motion).3

T o set the radius automatically , w e can get a go o d appro ximation of what a go o d radius w ould b e

while w e compute the o ctree to sort the p oin ts. Indeed the ro ot of the o ctree is the b ounding b o x of

all p oin ts. Let us call L max the length of its largest side. Then, eac h cell represen ts a 3D cub e with

size L max =2d
where d is the depth of the cell. Coun ting the n um b er of p oin ts in that cell giv es an

appro ximation of the n um b er of neigh b ors of a p oin t con tained in this cell for a spherical neigh b orho o d

of radius rd = L max =2d+1
. P erforming this appro ximation in all non empt y cells at the same depth giv es

an appro ximation of the n um b er of neigh b ors for spherical neigh b orho o ds with radius rd . T o p erform the

pro jection �lter, the minim um n um b er of neigh b ors of a p oin t is 3 (including the p oin t itself ), b ecause

w e need to estimate a regression plane. But ha ving only 3 neigh b ors will lead to instable regression plane

estimations. T o ha v e a robust geometric pro cessing, our exp erimen ts led us to consider 30 neigh b ors a

go o d v alue. Of course, since the same radius is used for all p oin ts, it ma y o ccur that for some p oin ts,

the c hosen radius do es not ensure enough neigh b ors to p erform the plane regression, those p oin ts are

irrelev an t and should b e eliminated. Since w e deal with a dense p oin t cloud, remo ving them should

not a�ect the p oin t cloud. In all our exp erimen ts w e remo v ed less than 0:1% of p oin ts. With this

automatically set radius, only a few scale space iterations are necessary: in all our exp erimen ts four

pro jection iterations w ere used.

Algorithm 5 : Setting the radius automatically

Data : An o ctree with depth d con taining the p oin t cloud (ro ot is at depth d and lea v es are at

depth 0) L max size of the o ctree b ounding b o x. A minim um n um b er of neigh b ors Nmin

Result : A radius r
np = 0 ;1

l = 0; ;2

while np < N min do3

n = 0 ;4

np = 0 ;5

for al l non empty c el ls at depth l do6

n = n + 1 ;7

np = np + cell ! Npoints ;8

end9

np = np=n;10

l  l + 1 ;11

end12

r = L max =2d� l +1
;13

T ransp orting bac k the connectivit y information (step 3) can in theory lead to a self crossing mesh. Indeed,

if t w o p oin ts lie to o close to eac h other they ma y "switc h p osition" in the scale space iterations, leading

to a complicated surface top ology . This problem can b e solv ed b y detecting all pairs of in tersecting

triangles. Then an y remeshing algorithm can solv e the problem b y switc hing edges in quadrilaterals.

Ho w ev er, this additional step w as not implemen ted for t w o go o d reasons. First, the existence of a few

in tersecting triangles is no serious visual incon v enience. Second, w e did not �nd an y suc h crossing in all

of our exp erimen ts.

Fig. 10 illustrates the mesh rendering of a simple geometric pattern b y a bac k propagated mesh. Fig

10(a) sho ws the coarse scale mesh, i.e. the mesh obtained after four scale space iterations. The sharp

edges ha v e b een smo othed out. Nonetheless, a direct bac k-pro jection of this mesh at the original scale
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allo ws to reco v er the sharp edges (�g 10(b)). The result can b e compared to the meshes obtained b y

direct meshing (Fig. 10(c), simple Ball Piv oting Algorithm) and 10(d) (lev el set metho d [KBH06 ]). In

that simple case with no texture and little noise, there is no signi�can t di�erence b et w een 10(b), 10(c),

and 10(d)). Scale space meshing reco v ers edges as w ell as other state of the art metho ds.

Figs. 11 sho ws the application of scale space meshing with a mesh rendering at �ne and coarse scale.

W e can see on Fig. 11 that the surface texture is lost at a coarse scale, but completely and accurately

reco v ered b y simply propagating the mesh information to the initial p oin ts at �ne scale. Comparing the

bac k pro jected mesh to the result of a direct meshing of the initial samples (Fig. 12) sho ws that the

scale space triangulation is m uc h more precise. In fact, a direct meshing is not applicable. It creates,

among other artifacts, man y spurious triangles. Fig. 13 sho ws a comparison b et w een the reconstruction

obtained b y VRIP reconstruction metho d (see [CL96 ]) and scale space meshing. The scale space metho d

pro duces a m uc h more precise mesh, as can b e seen on the close up of �gs 14 and 15

(a) Coarse scale mesh (b) Bac k-pro jected

mesh

(c) Direct Meshing (d) P oisson Meshing

Figure 10: Multi-resolution mesh reconstruction from the Diamond p oin t set illustrating the reco v ery of

sharp edges. In that case the ob ject has no texture and almost no noise. Th us all metho ds giv e the same

result, whic h pro v es the consistency of mesh bac k propagation metho d

Fig. 11 displa ys the man y acquisition holes at the b ottom of the T anagra �gurine, in the tunic's folds

or near the righ t fo ot. By the scale space meshing these holes are not �lled in and can b e detected and

c haracterized b y their b order Jordan curv e (see Fig. 16). Since the Ball Piv oting Algorithm is used for

triangulation, no triangle larger than a giv en threshold has b een created. Indeed, to form a triangle,

three p oin ts m ust lie on a sphere of giv en radius r . Th us, lo w densit y areas are considered holes. Fig.

12 illustrate the loss of details with lev el sets metho ds. Lev el set metho ds create a smo othed zero lev el

surface of the signed distance to the ra w data set p oin t. They do not con tain the ra w data set p oin ts and

lose trac k of them. Fig. 18 sho ws that not only these metho ds, but ev en direct meshing metho ds can

miss small details. Fig. 17 illustrate wh y scale space meshing allo ws to reco v er those details: standard

meshing at a smo oth scale is simply easy b ecause details ha v e b een unfolded. It is then trivial to bac k

propagate the v ertices of the smo oth mesh to their initial p ositions. This yields a direct triangulation of

the original ra w data set.

The quan titativ e p erformance of eac h algorithm can b e ev aluated b y meshing simple shap es. T est

p oin t sets w ere built b y sampling p erfect geometric shap es (for example a sin usoidal surface). The ro ot

mean square distance of the triangle barycen ters of the mesh to the real surface w ere compared for

eac h meshing metho d. This distance is computed b y the Newton-Raphson metho d. The �rst surface

"W a v e 1" has equation z = 0 :2 cos(5x) , "W a v e 1" has equation z = 0 :2 cos(5x) � cos(5y) , the third

surface is a regularly sampled sphere and the last one is a sum of t w o close and narro w Gaussians

z = � exp(� (x � 0:1) 2

0:01 � exp(� (x +0 :1) 2

0:01 . The RMSE results are sho wn in T able 19. It is ob vious from these

results that the P oisson reconstruction or an y lev el set metho d cannot b e applied to reco v er a surface

with v ery thin details. On shap es con taining no sharp edges, direct BP A and scale space meshing p erform

comparably . On the thin structure created b y adding t w o v ery close Gaussians, the loss of precision of

BP A is clear. This phenomenon is similar to the one observ able in Fig. 12(c) where BP A do es not

reco v er thin details.
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(a) initial ob ject

( 22 cm high)

(b) Coarse scale

mesh

(c) Bac k-

pro jected mesh

(d) Photo of the

bac k side

(e) Detail selec-

tion

(f ) Detail expansion

(1)

(g) Detail expansion

(2)

Figure 11: Multi-resolution mesh reconstruction of the T anagra p oin t set illustrating the reco v ery of �ne

texture. All bac k propagated textures are presen t on the original

7 Scale Space geometric features extraction

Ha ving a metho d to compute curv ature directly on the data p oin t set, and a metho d to bac ktrac k ra w

p oin ts, has consequences on t w o closely related problems: the ridge-v alley classi�cation and the compu-

tation of in�exion lines. In�exion lines are de�ned as the curv ature zero-crossings: they are therefore

equiv alen t to the �zero-crossing of Laplacian�prop osed b y Hildreth and Marr [MH80 ]. These curv es are

closed and segmen t the shap e in to ridges (p ositiv e mean curv ature p oin ts) and v alleys (negativ e mean

curv ature p oin ts). In order to ac hiev e this scale-dep enden t segmen tation, sev eral scale space iterations

yield a scale-dep enden t curv ature. The sign of this m ultiscale curv ature yields a binary classi�cation

in ridge and v alley regions (see 20). Of course, the presence of �ne textures hinders the detection of

large scale ridges and v alleys. They are instead easily computed after sev eral scale space iterations, and

transp orted bac k on the initial ra w data set p oin t. W e ha v e de�ned in�exion lines as zero-crossings of the

curv ature. They therefore separate ridges (p ositiv e curv ature) from v alleys (negativ e curv ature). A t eac h

scale, curv ature lev el lines can b e dra wn on the scale space mesh of the ra w original samples as de�ned in

Section 6. F or � 2 R, to extract a � -lev el line, w e detect edges whose extremities P1 P2 ha v e curv atures

H (P1) , suc h that (H (P1) � � ) � (H (P2) � � ) < 0. In�exion lines v ertices are linearly in terp olated along
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(a) Picture of the Logo (b) Bac k-propagated

mesh

(c) Direct mesh (d) Reconstruction

obtained b y P oisson

Reconstruction

Figure 12: Comparison b et w een the direct mesh and the bac k pro jected mesh. The width of this logo

is appro ximately 1cm. Direct meshing creates man y wrong triangles. Compare the details in 12(b) and

12(c). See �gs 17-18 for an explanation of this di�erence.

these edges and link ed using mesh the connectivit y information. The algorithm is summed in algorithm

6, an edge e will b e called � -crossing if its extremities v erify (H (P1) � � ) � (H (P2) � � ) < 0.

Algorithm 6 : Extracting the curv ature lev el lines

Data : A meshed p oin t cloud with curv ature information for eac h p oin t

Result : L a set of in�exion lines

while Ther e r emain unmarke d � -cr ossing e dges do1

l an empt y list of p oin ts;2

Find an � -crossing edge e0 ;3

Mark e0 ;4

Cho ose T one of the adjacen t triangles to e0 ;5

e  e0 ;6

A dd e to the righ t of l ;7

while e is not a b or der e dge and e is not e0 do8

eprev = e Find e the other � -crossing edge of T ;9

Mark e;10

A dd e to the righ t of l ;11

Pic k T adjacen t to e but not to eprev ;12

end13

L  L [ l ;14

end15

The algorithm is based on the fact that eac h triangle with one � -crossing edge has t w o � -crossing

edges. Since the in�exion lines surround the surface crest lines, crest lines can b e considered as a sort

of sk eleton of w ell c hosen lev el lines, as can b e seen on Fig. 22. F urthermore, in�exion lines are w ell

de�ned closed Jordan curv es. The only op en in�exion lines are those that end on a hole. A t the b ottom

of the T anagra �gurine some op en in�exion line end up on the acquisition holes (see Fig. 16).

8 Conclusion

The increasing accuracy of 3D triangulation scanners requires an e�ort to reconsider the whole rendering

c hain, and to obtain high qualit y visualization, actually b etter than those obtained b y photograph y . The

presen t pap er has prop osed a strategy to mesh the ra w original surface, therefore ensuring a faithful

rendering and an accurate hole detection. F uture w ork will b e on the testing of a closed scanning lo op

with our exp erimen tal scanner. The scanner will b e steered to w ards the detected holes to get a data
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(a) Picture of the Ob ject (b) Bac k-pro jected mesh (c) Reconstructed Mesh a v ailable

on the FUR w ebsite

Figure 13: Comparison on a piece of the F ragmen t Urbis Romae (FUR) database. T exture and details

are b etter reco v ered on the bac k-propagated mesh (middle). Compare with the VRIP reconstruction

metho d a v ailable on the FUR w ebsite (righ t)

(a) Bac k-pro jected mesh (b) V rip Reconstructed Mesh

Figure 14: Closeup of a piece of the (FUR) database reconstructed b y scale space meshing (left) and

VRIP metho d (righ t)

p oin t set as complete as geometrically p ossible. F uture w ork will also reconsider the registration and

fusion algorithms for sev eral scanning sw eeps in textured areas. The �nal goal w ould b e to p erform

accurate supp erresolution from sev eral sw eeps.

A c kno wledgemen ts The authors w ould lik e to ac kno wledge the Stanford Digital F orma Urbis Romae

Pro ject (h ttp://formaurbis.stanford.edu) for the fragmen ts and photographs of �gures 13, 14 and 15 and

esp ecially professor Marc Lev o y for allo wing us to use the fragmen ts data. Those photographs and ra w

datas are prop ert y of b oth the So vrain tendenza in Rome and Stanford Univ ersit y .
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Figure 20: Classi�cation of the Nefertiti p oin t set. F our steps of the scale space are applied to the p oin t

set. The �nal coarse scale classi�cation is transp orted bac k to the original p oin t p ositions. The �nal

classi�cation captures the global geometric prop erties of the shap e at the desired scale

Figure 21: T anagra in�exion lines (fron t part), dividing the folds in ridges and v alleys.
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(a) Original Ob ject

(b) Sho wing in�exion lines with length ab o v e 2mm (c) Sho wing in�exion lines with length ab o v e 3cm

(d) Sho wing in�exion lines with length ab o v e 6cm (e) Sho wing in�exion lines with length ab o v e 22cm

Figure 23: Extraction of in�exion lines of the FUR fragmen t 10g. Some of the detected lines are due to

surface irregularit y and not to surface carving. They are in general short and are �ltered out b y a length

threshold
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