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Abstract: In this paper, we are interested in color image processing,ral in particular color image
decomposition. The problem of image decomposition consistin splitting an original image f into
two componentsu and v. u should contain the geometric information of the original image, whilev
should be made of the oscillating patterns off , such as textures. We propose here a scheme based
on a projected gradient algorithm to compute the solution of various decomposition models for color
images or vector-valued images. We provide a direct conveemce proof of the scheme, and we give
some analysis on color texture modeling.
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1 Introduction

Since the seminal work by Rudin et al [50], total variation based image restoration and decomposition
has drawn a lot of attention (see [25, 6, 48, 4] and referencdbkerein for instance). f being the original
image, we are interested in minimizing energies of the type:

z

jDuj+ kf ukk (1)

R R
jDuj stands for the total variation; in the case whenu is regular, then jDuj = jr ujdx. kikt
stands for a norm which captures the noise and/or the textures of the original imagef (in the sense
that it is not too large for such features) and k is a positive exponent.

The most basic choice fork:kr is the L2 norm, and k = 2. From a Bayesian point of view, this is
also the norm which appears naturally when assuming that theimage f has been corrupted by some
Gaussian white noise (see e.g. [25]). However, since the boby Y. Meyer [44], other spaces have
been considered for modeling oscillating patterns such asektures or noise. The problem of image
decomposition has been a very active eld of research duringhe last past ve years. [44], was the
inspiration source of many works, e.g. [54, 49, 7, 5, 53, 8, 123, 33, 58, 59, 60, 38, 9, 37, 41]. Image
decomposition consists in splitting an original imagef into two components,u andv =f u. uis
supposed to contain the geometrical component of the origial image (it can be seen as some kind of



sketch of the original image), whilev is made of the oscillatory component (the texture componentin
the case when the original imagd is noise free).

In this paper, we are concerned with color image processingiVhile some authors deal with color
images using a Riemannian framework, like G. Sapiro and D. LRingach [51] or N. Sochen, R. Kimmel
and R. Malladi [52], others combine a functional analysis vwpoint with the Chromaticity-Brightness
representation [10]. The model we use is more basic: it is theame as the one used in [19] (and
related with [18]). Its advantage is to have a rich functiond analysis interpretation. Note that in [55],
the authors also propose a cartoon + texture color decomposibn and denoising model inspired from
Y. Meyer, using the vectorial versions of total variation and approximations of the spaceG() for
textures (to be de ned later); unlike the work presented here, they use Euler-Lagrange equations and
gradient descent scheme for the minimization, which shoulde slower than by projection methods.

Here, we give some insight into the de nition of a texture spece for color images. In [13], a
TV-Hilbert model was proposed for image restoration and/ or decomposition:
Z

jDuj+ kf uk? (2)

wherek:ky stands for the norm of some Hilbert spaceéH. This is a particular case of problem (1). Due
to the Hilbert structure of H, there exist many di erent methods to minimize (2), such as aprojection
algorithm [13]. We extend (2) to the case of color images.

From a numerical point of view, (1) is not straightforward to minimize. Depending on the
choice fork:ky, the minimization of (1) can be quite challenging.d\leverthéess, even in the simplest
case whenk:kr is the L2 norm, handling the total variation term  jDuj needs to be done with care.
The most classical approach consists in writing the associad Euler-Lagrange equation to problem
(1). In [50], a xed step gradient descent scheme is used to eopute the solution. This method
has on the one hand the advantage of being very easy to implemg and on the other hand the
disadvantage of being quite slow. To improve the convergere speed, quasi-Newton methods have
been proposed [22, 56, 34, 1, 26, 46, 47]. Iterative methodsave proved successful [17, 32, 15]. A
projected-subgradient method can be found in [28].

Duality based schemes have also drawn a lot of attention to dwe (1): rst by Chan and Golub
in [24], later by A. Chambolle in [20] with a projection algorithm, and then generalized in [29]. This
projection algorithm has recently been extended to the casef color images in [19]. Second order cone
programming ideas and interior point methods have proved iteresting approaches [39, 36]. Recently,
it has been shown that graph cuts based algorithms could alsbe used [21, 31]. Finally, let us notice
that it is shown in [57, 12] that Nesterov's scheme [45] prowes fast algorithms for minimizing (1).

Another variant of Chambolle projection algorithm [20] is to use a projected gradient algorithm
[21, 12]. Here we have decided to use this approach which hath advantages of being easy to
implement and of being quite e cient.

The plan of the paper is the following. In Section 2, we de ne ad provide some analysis about
the spaces we consider in the paper. In Section 3, we extend ¢hTV-Hilbert model originally intro-
duced in [13] to the case of color images. In Section 4, we p&# a projected gradient algorithm to
compute a minimizer of problem (2). This projected gradientalgorithm has rst been proposed by A.
Chambolle in [21] for total variation regularization. A pro of of convergence was given in [12] relying
on optimization results by Bermudez and Moreno [16]. We dewe here a simple and direct proof of
convergence. In Section 5, we apply this scheme to solve vatis classical denoising and decomposition
problems. We illustrate our approach with many numerical examples.
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2 De nitions and properties of the considered color spaces

In this section, we introduce some notations, and we providesome analysis of the functional analysis
spaces we consider to model color textures.

2.1

Introduction

Let be a Lipschitz convex bounded open set in R2. We model color images afkM -valued functions
de ned on . The inner product in L?( ;RM) is denoted as:

Z
husvipz gmy = ujVi:
i=1
For a vector 2 RM, we de ne the norms:
- . W . -
jhh = j il )
IM:l

hd

jj2 = t 2, (4)
i=1

Jia = max | (5)

We will sometimes refer to the space of zero-mean functionsiL?( ;RM) by Vo:
z
Vo= ff 2L% ;RM); f =0g

We say that a function f 2 L1( ;RM) has bounded variation if the following quantity is nite:

(z)(,I )

sup fidivi; 2P
i=1

suphf ;div i 2 .gu)

2P

ifitv

where P is a subset of 2 C}( ;R? M). This quantity is called the total variation. For more
information on its properties, we refer the reader to [3]. The set of functions with bounded variation
is a vector space classically denoted bV ( ;RM).

In this paper, we will consider the following set of test-furctions, which is the classical choice

([31. [6])

B=f 2CY ;RZM)=8x2 ;j X)j. 1o



Then, for f smooth enough, the total variation of f is: :

ifirv = jr fij2dx:

i=1

As X. Bresson and T. Chan notice in [19], the choice of the seB is crucial. If one chooses:

B=f 2C3 ;R*M)=8x2 ;j j1 1g
then one has : Z
. - w' - . w' - -
ifitv = jr fijdx = jfilTv:
i=1 i=1

These two choices are mathematically equivalent and de nehe sameBV space, but in practice
the latter induces no coupling between the channels, which iges visual artifacts in image processing.

2.2 The color G() space

The G(R?) space was introduced by Y. Meyer in [44] to model textures ingrayscale images. It was
dened as div L! (R?) , but one could show that this space was equal toN 1 (R?) (the dual of

W LL(R?)). For the generalization to color images, we will adopt theframework of ([11], [5]; the color
spaceG() is also used in [55], as a generalization of [54] to color inage decomposition and color
image denoising).

De nition 2.1.  The spaceG() is de ned by :

(where 5§ N refers to the normal trace of 5 over @). One can endow it with the norm :

kvkg =infftk ky ; 8i=1;:::;M; vi=div ;57 N=0on @g
dp—
with k™k; =sup ess !\iljﬁjz.

The following result was proved in [11] for grayscale imagesit characterizes G().

Proposition 2.1. 7
G()= v2L?% ;RM)= v=0

Proof:  Let us introduce the grayscaleG?() space:
Gl()= fv2L%() =972LY( ;R?);v=div "and~ N=00n @ g:

By the result proved in [11], Proposition 4.1.1, we have that
z
G!()= v2L%)= v=0



We now proceed comp&nent by component.

R
Letv 2 L?( ;RM). If v =0,thenforeachi 2 1;:::;M, v; =0. The 1D result tells us
that v 2 G1(),ghus there exists 52 L ( ;R?) with 5 N =0on @such that v; = div 7. Then

1
the vector ~= & : X 2L ( :(RH)M)and v 2 G().

M

with 5 N =0on @and that v; = div 7. By integration component by component, v =0.

In L. Lieu's PhD thesis [42], one can nd the following property (generalized here to the vectorial
case):

Lemma 2.1. For f 2 L2( :RM), let us consider the semi-norm :

i ;ui . iz fiy;
kf k = sup TR sup =
u2BV ( ;RM);jujry 60 JujTv u2BV ( ;RM);jujry 60 Jjujtv

R
If kfk <+1,then f =0.

Proof: Leti 2f1;:::;Mg, and h 2 L2( ‘RM), hy =0for j 6 i and h; = 1. Since the total
variation does not change by the addition of a constant, we hee:

8u2BV( :RM)  suchthatjujry 60;8c2 R;
H;U+Chi|_2( ;RM) H,ulLZ( ;RM)+ H,h||_2( ;RM)
: . = — c———
ju+ chjry jujty jujty

As cgoestol , we notice that necessarilyhf ;hiLZ() = fi =0.

k fk

Comparing this property to Proposition 2.1, we can deduce ttat any function f such that
kf Kk < 1 belongs toG(). The converse is also true:

Lemma 2.2. Letf 2 G() . Thenkfk < 1.

MiLo gM )

R h
Proof: Letf 2 G(). Since f =0, the quantity Ty
of constants tou. Thus

does not change with the addition

H;UiLZ( ‘RM ) H;UiLZ( :RM)

sup — = su —
u2BV;jujry 60 Jujtv u2BV; u=0 JujTv
kf kLZ( ;RM)kukLZ( ;RM)
S —
u2BV; u=0 Jujtv

Ckf ko) < 1



where we used the Poincae inequality :ku u k2 gvy  Cjujrv.

The following theorem completes the above two lemmas:

Theorem 2.2. The following equality holds :

H ;ui :
G()= ff 2L%() = sup T CRY) ¢oyag
u2BV ( ;RM);jujgy 60 jujtv

and for all function f 2 L2( ‘RM), kf k = kf kg.
Moreover, the in mum in the de nition of k kg is reached.

Proof:

() Let f be a funcﬁon in the set on the right hand-side. Thanks to Lemma 2.1, we know that
8i2fl,:::;Mg; f;=0. By Proposition 2.1, f 2 G().

Now let u 2 BV ( ;RM) such that jujry 6 0. By convolution with an approximation of
identity, one can nd a sequenceu, 2 C* ( ;RM)\ wW¥l(; RM)suchthat ku unk,! 0and
junjTv '] UjTv.
Then, for all g such thatf =div gandg N =0 on @:
W Z
Hfiunip2 gmy = div g up

i=1
Z W

( g I Upn)
Z |:l

jgiir unj

kK gki junjTv

Sincef 2 L?(), we can pass to the limit in both sides of the inequality, a nd by construction of
Un, we get:

kf k Kk fkg:

(i) For the converse inequality, the proof is standard (seee.g. [40], [2]).

hsui .
Let f 2 L2( ;RM) such that Supy 2y ( :RM):jujry 60 7U;Jj2T(VYRM> < +1.Letusdene:
'( D( ;RM) 1 L1( ;R2M)
T: - 7 @l.et..... @M . @M
X' @x'" T @1 @x
To each vector €@ .....@".-@% 5 T(p( ;RM)), we can associate « T M 1" idx
@@ @ @x ' ' i=1

(without ambiguity since f; has zero-mean, and if two functions have the same gradient ev
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they only di er by a constant on the convex domain ). We have !\11 f'"'dx kfkj jgvy =
kf k k(ZL;:::; @ik, thus we have de ned a bounded linear form onT(D( ;R™)). Using
Hahn-Banach's theorem, we can extend it toL'( ;R?™) with the same norm kf k . Since
L1 ( :R™) is identi able with the dual of L( ;R?M), there exists g 2 L1 ( ;R?M) with
kgkp1 ( .rwy = kf k , such that:
L EH ZXN R @ Xz

8 2D( ;RY); fi'i= @—Qi;j = g r'i (6)

i=1 i=1 j=1 @K i=1

This is true in particular for ' 2D ( ;RM), thus f =div g in the distribution sense, and since
the functions are inL?( ;RM) there is equality in L%( ;RM). Since divg 2 L?( ;RM), we can
then consider the normal trace ofg.

If* 2D( ;RM), we have by (6):

w Z w Z
fi'i= g or'i
i=1 i=1
But on the other hand, by integration by parts :
w Z M Z w Z
div g i= g r'i+t ig N
i=1 i=1 iz1 @

The equality f = div g in L?( ;RM) shows that the edge contribution vanishes for' 2
D( ;RM). Thus g N =0 over @.

Incidentally, we notice that the in mum in the G-norm is reac hed.

Remark 2.3. From the proof of Lemma 2.2, we can deduce that the topology iduced by the G-norm
on G() is coarser than the one induced by the L? norm. More generally, there exists a constant
C > 0 (depending only on ), such that:

8f 2 G() ;kfk  CKfk o .pu): (7)

In fact the G norm is strictly coarser than the L? norm:
Let us consider, form 2 N , the sequence8k =1 :::M; f r(nk)(x;y) = cos mx + cosmy de ned

on( ; M. Thevector eld ® =(2Lsin(mx); %sin&r&)) satis es the boundary condition, and its
divergence is equal tof ,. As a consequencéf k % and limy: +1 kfmk =0.
Yet,
Z Z
kfmkfz( Ry = M (cosmx + cos my)?dxdy
= 4M %

The sequencd [, converges to O for the topology induced by theG-norm, but not for the one
induced by the L2 norm .



The following result was proposed by Y. Meyer in [44]. It is stll true for color images.

Proposition 2.2. Letf,;n 1 be a sequence of functions af 9 ;RM)\ G() with the following
properties :

1. There existsq > 2 and C > 0 such thatkf nk o gmy C.

2. The sequencd , converges to0 in the distributional sense.

Then kf kg converges to0 whenn goes to in nity.

It means that oscillating patterns with zero mean have a smal G norm.

3 Color TV-Hilbert model : presentation and mathematical an alysis

3.1 Presentation

The TV-Hilbert framework was introduced for grayscale images by J.-F. Aujol and G. Gilboa in [13]
as a way to approximate the BV-G model. They prove that one canextend Chambolle's algorithm to
this model.

In this section we show that this is still true for color images. We are interested in solving the
following problem:

o 1
inf jujrv + 2—kf uk? (8)
where H = \; (the space of zero-mean functions of.2( ;RM)) is a Hilbert space endowed with the
following norm :
kvkf = hv;KVipz( gqu)
with K :H! L?( ;RM)
is a bounded linear operator (for the topology induced by theL?( ;RM) norm on H)

is symmetric positive de nite

and K !is bounded onlm (K).
Examples:

The Rudin-Osher Fatemi model

It was proposed in [50] by L. Rudin, S. Osher, and E. Fatemi forgrayscale images. It was then
extended to color images using di erent methods, for instarce by G. Sapiro and D.L. Ringach
[51], or Blomgren and T. Chan [18] . In [19], X. Bresson and T. @an use another kind of color
total variation, which is the one we use in this paper.

The idea is to minimize the functional:

o 1
jujty + 2—kf UK 2 gy’ (9)



It is clear that the problem commutes with the addition of constants. If the (unique) solution
associated tof is u, then the solution associated tof + C is (u + C). As a consequence we can
always assume thatf has zero mean.

Then this model becomes a particular case of the TV-Hilbert nodel with K = Id.

The OSV model

In [49], S. Osher, A. Sok and L. Vese propose to model textues by theH ® space. In order to
generalize this model, we must be cautious about the meaningf our notations but it is natural
to introduce the following functional :

Z
nfjujry + o it M 0P (10)
0 1 1 0 1
V1 ra
where 1v=?cp ; X, :%b ; X.jr jZ=jr 42+ jr o+ i+ jr wjand
v rwm
z Z W o Zowo o
jr 1(f U)j2 — jr 1(f i ul)jZ — (f i uI) 1(f i ul)
i=1 i=1

= 0 u; Y Uiz gmy:

The inversion of the Laplacian is de nhed component by compomnt. For one component, it is
de ned by the following proposition:

R R
Proposition 3.1. Let Xg=fP 2HY( ;:R): P =0g. If v2L%() ,with v=0, then the
problem:

P=yv %ﬁ@ =0

admits a unique solution in Xyg.

Proof:  This is a consequence of the Lax-Milgram theorem in the Hilbg space X .

For K = 1, the Osher-Sok-Vese problem is a particular case of the TWHilbert framework.

3.2 Mathematical study

Proposition 3.2 (Existence and Uniqueness) Let f 2 L?( ;RM). The minimization problem :

inf jujTV+2ih‘ u;K(f u)ipz guy u2BV(GRY) (F u)2 Vg

has a unique solutionu 2 BV ( ;RM).



Proof:

Existence :

Let E(u) denote the functional de ned on L2( ;RM) (with E(u)=+ 1 if u 2BV( ;RM)or
F  u)2 V).

R
Let us notice that E 6 + 1 sincef = Jij f belongstoBV( ;RM)Yand (f f )2 V.

The functional E is convex. SinceK is bounded, we deduce thatE is lower semi-continuous for
the L?() weak topology. E is coercive : by the Poincae inequality :

9C >0, ku u ky Cjujry
_ . R . R .
with u = 7 U=y f for E(u) < +1 . Thus E has a minimizer.
Uniqueness :

We notice that the second term of the functional is strictly convex: it is the square norm in a
Hilbert space.

Since the rst term is convex, the functional is strictly convex : the minimizer is unique.

We introduce the notation v = f u, when u is the unique minimizer of the TV-Hilbert
problem.

Theorem 3.1 (Characterization of minimizers). Let f 2 L?( ;RM).

M If kKfk then the solution of the TV-Hilbert problem is given by(u;v) = (0;f).

(i) f kKfk > then the solution (u;v) is characterized by:

kKvk = and hu;Kvi 2 gmy = jujry:

Proof:

@) (0;f) is a minimizer i

8h 2 BV( ;RM);8 2 R;j thV+2ikf hk? Ziksz;
which is equivalent to j jihjrv + Zi 2kh k3 1y ‘hin o:

We can divide by j j! 0, and depending on the sign of we get :
hf hig  jhjry:

If (0;f) is a minimizer, we can take the supremum forh 2 BV ( ;RM). By de nition of the
*-norm, we have : kK f k

Conversely, iff 2 L?( ;RM) is such that kKf k , the second inequality is true , thus (Qf )
is a minimizer.

10



(i) As before, let us characterize the extremum: (1;v) is a minimizer i
: . 1 . 1
8h2BV( ;RM):8 2 R;ju+ thV+2—kv hk? j UJTV+2—ka2;

orju+ hjry + zi 2kh k3 1 tvihig  j ujry:

By the triangle inequality, we have:

- e 1 1 . -
jujrv * J lihjtv + o= 2khk3 = tv;hig ujry
- 1 .
jhjsv —hv; hiy
Taking the supremum : kK vk

Moreover, choosingh = u, 2] 1,1
- 1 : .
(1+ Jjujpy = v;uip + jujtv
For > 0: jujtv Eh/;uiH

. 1 .
For < O: jujtv —hv;uiy

We deduce that kK vk jujty hv;uiy = jujrv, and by the rst upper-bound inequality, we
have kK vk =

Conversely, let us assume these equalities hold. Then :

ju+ hjry + Zikv hk? Er(u + h);KVigz guy+ Zikvka + Zikhkﬁ| 2 1 hh; viy

- 1
j ujty + z—kvkﬁ:

. hu:Kviz( :RM) . . .
The mapping v 7! supy;,, so # is convex, lower semi-continuous for theH strong

topology as a supremum of convex lower semi-continuous futions. As a consequence, for> 0 the
set

G =fv2L% ;RM);kvk g

is a closed convex set, as well @& G . The orthogonal projection of this set is well-de ned and we
can notice that Theorem 3.1 reformulates :

v P}'le(f)
u = foov:

Indeed, if (u;Vv) is a minimizer of the TV-Hilbert problem, with f = u + v, we havev 2 K 1G and
forany v2 K 1G ,

o viv vig = hu;Kvip 20 gquy hu;Kvipze guy k Kk jujry  jujry - 0

11



thus by the equivalent de nition of the projection on a closed convex set (see Ekeland-Temam [35]),
we obtain the desired result.

Consequently, v is the orthogonal projection of f on the setKk G where
G =f divp;jpj 19
(see Theorem 2.2), and the problem is equivalent to its dualdrmulation:

inf kK ldivp fk: (1)
i 1

4 Projected gradient Algorithm

Fast algorithms can be obtained by solving the dual formulaion (11). For grayscale images, the
famous projection algorithm by A. Chambolle [20] was the ingiration for all the following algorithms.
We present here a projection algorithm, and we provide a comigte proof of convergence of this
scheme. We note that an independent work has just been repoed in [43], where the authors M.
Zhu, S.J. Wright, and T.F Chan have also applied the projectad gradient method for solving the dual
formulation of total variation minimization for image deno ising They have a general framework also,
although applied only to scalar image denoising and not relted to image decompaositions.

4.1 Discrete setting

From now on, we will work in the discrete case, using the follawing convention. A grayscale image is
a matrix of size N N. We write X = RN N the space of grayscale images. Their gradients belong
to the spaceY = X  X. The L2 inner product is hu;vix = i N Ui Vi -

The gradient operator is de ned by (r u)i; =((r u)i’§j i (r u)i’jj ) with:

Uj+1 ;] Ui;j if <N

X = Ui;j if j <N
(r u)i; 0 ifi=N

y = Uijn
and (r u); 0 if j = N:
The divergence operator is de ned as the opposite of the adjot operator of r :
8p2 Y;h div p;uix = hp;r uiy
8 X H H 8 \ . .
< Py By ifF1<i<N < P Py iFLI<j<N
(div pij = . Py ifi=1 + pi);j ifj=1
’ pix 1 ifi=N - p,yj 1 ifj = N:

A color image is an element ofX M . The gradient and the divergence are de ned component by
component, and theL? inner product is given by :

b4
8u;v 2 XMitusvigw = hu®;v®ijy
k=1

12



pd
82 YMitprgiym = % q®iy
k=1

so that the color divergence is still the opposite of the adjint of the color gradient.

4.2 Bresson-Chan algorithm

Problem (11) for grayscale images was tackled in [20] in theaseK = Id, then in [13] for a generalK .
For color images, X. Bresson and T. Chan [19] showed that Chabwolle's projection algorithm could
still be used whenK = Id. It is actually easy to check that it can be used with a generalK for color
images as well.

Following the steps of [13], one can notice that, provided W, the xed point iteration:
L

el _ PN+ (r (K Wivp" f=)
T o1+ jr (K Wdivp" f=)j

p (12)

gives a sequenceg ")non such that K divp"™t 1 v, ,andf K Mdivp"™' ! u when
n!' +1.

Notice that the upper bound on is the same as for grayscale images.

4.3 Projected gradient

It was recently noticed ([21], [12]), that Problem (11) for grayscale images could be solved using a
projected gradient descent. This is the algorithm we decidd to extend to the case of color images.

Let B be the discrete version of our set of test-functions :
B=fv2YM:81 ijj N;jvjjz 1g
The orthogonal projection on B is easily computed:

X1 . X2
maxf 1;jxj>g’ maxf 1; jXj-g

Pg(x) =
The projected gradient descent scheme is de ned by :
p*l = pg p™t + r (K divp™ f= (13)

which amounts to:

M+ o (K divp™ L)y
pir;?.‘_l _ p|,1- ( p )Ifj | (14)
max Ljpf] + r (K *divp™ Z)ijj2

where = —.

The convergence result for the projected gradient descentni the case of elliptic functions is
standard (see [27], Theorem 8.6-2). Yet in our case the fun@nal is not elliptic, and the proof needs
a little more work.

13



Proposition 4.1. If 0 < < -2+, then algorithm (14) converges. More precisely, there exis

4kK
P 2 B such that :
lim (K Ldivp™ =K ldivp

and

kK ldivp fki =inf kK ldivp fk3
p2B

Proof:  Writing
kk ldiveg f=ki=kk ldivp f=ki+HKK ldiv(e p);K ldivp f=i_+O0(ke pk?);
we begin by noticing that p is a minimizer i :

p2B and8¢2B;8 > Ol p;p (p+ r(K Ydivp f=)i. O

Or equivalently:

p=Pg p+ (r(K ‘divp f=)
where Pg is the orthogonal projection on B with respect to the L? inner product.
We know that such a minimizer exists. Let us denote it by p.

Now let us consider a sequence de ned by (13), and writéh = r K ! div. We have :
K1opk? = kPe(p*+ r (K tdivp* f=)) Pe(p+ r(K tdivp f=)K

kp p“+ rK Ydiv(p p¥)k®sincePg is 1-Lipschitz [27]
k(I A)p pYK°

ke

Provided ki Ak 1, we can deduce :

ke“*' pk k p* pk (15)

and the sequenceKp® pk) is convergent.

A is a symmetric positive semi-de nite operator. By writing E = ker A and F = ImA , we have:
?

YM=E F

and we can decompose angt 2 YM as the sum of two orthogonal componentsse 2 E and
e 2 F. Notice that by injectivity of K 1, E is actually equal to the kernel of the divergence
operator.

Let 1=0< o ::: a be the ordered eigenvalues of A.
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kI Ak max(j1 1j;j1 al)
max(1;jl al)

1forO 3

a

We can restrict | A to F and then de ne :

g )= k(I A)ek = max(j1 211 al)

< 1 for0<<£
a

Now we assume that 0< < % Therefore, inequality (15) is true and the sequence g*)

is bounded, and so is the sequenceK( ! div pX). We are going to prove that the sequence
(K 1div p*) has a unique cluster point. Let (K 1 div p’ (K)) be a convergent subsequence. By
extraction, one can assume thatp’ (K) is convergent too, and denote byp its limit.

Passing to the limit in (13), the sequence p (K)*1) is convergent towards:
p=Pg P+ r (K divp f=)

Using (15), we also notice that :
ke pk=Kkp pk

As a consequence:

kp pk®
kg p+ r (K divp f=) Pgp+ r(K divp f=) K
k(I A)XF pK

k(B Pek®+g( k(P p)ek?
< kp pkiif(p P)r 60O

kg pk®

Of course, this last inequality cannot hold, which means tha k(B p)rk = 0. Hence
(P p)2E=kerAandK ldivp=K ldivp
so the sequenceK I div p¥) is convergent.
The last remark consists in evaluating 5. We have:
a=kr K 1divk krkk K 'kkdiv k
Sincek div k? = krk 2 = 8 (see [20], the result is still true for color images), we dduce that

a 8kK 1k
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Since we are only interested inv = K !div p, Proposition (4.1) justi es the validity of algo-
rithm (13). Yet it is possible to prove that p itself converges.

Lemma 4.1. Let P orthogonal projection on a nonempty closed convex s& . Let Q= Id P. Then
we have:

kQ(vi) Q(v2)k?*+ kP(v1) P(v2)k* Kk vi  vok? (16)

Proof:

kQ(vi) Q(v2)k?+ kP(v1) P(v2)k?
= kvi Vo+ P(vi) P(v2)k?+ kP(v1) P(v2)k?
= kvi  Vok?2+2kP(v1) P(v2)k? 20P(vi) P(V2);vi Voi
= kvi  Vok?+2HP(vi) P(v2);P(v1) P(v2) Vvi+ vai
= kvi  Vk?+2 rP(Vl) P(v{;zzc)); P(v1) Vli +2 IP(Vz) P(V{]%; P(v2) Vzi

(using the characterization of the projection on a nonemptyclosed convex set [27]).

Remark: We have:

p=Ps(p (Ap+rf=)=p (Ap+rf=)) Qs(p (Ap+rf=))
And thus:

(Aptrf=)=Qe(P (Ap+rf=)) 17)

Corollary 4.1. The sequence® de ned by (13) converges top unique solution of problem (11).

Proof:  Using the above lemma, we have:

kQe(p (Ap+rf=)) Qs(p* (Apk+rf=))kK?
+kPg(p  (Ap+rf=)) Pg(p*k (ApX+rf=)K
kp (Ap+rf=) pK+ (ApX+rf=)K?
kp pk2+ 2kA(p P)OK2 2t PMSA(R  PY)I

Hence:

kQs(p (Ap+rf=)) Qe(p® (Apk+rf=)k2+kp prlk
kp P2+ 2KA(p POKE 21 PSA(R BY)
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But we have already shown thatkp  p¥k converges, and thatk div(p p*)! O (therefore
A(p p¥)! 0). Hence, passing to the limit in the above equation, we get:

QE* (Ap“+rf=)! Qe(p (Ap+rf=))
We thus deduce from (17) that
Qe(p* (Ap*+rf=))! (Apt+rf=)
Remembering that Pg + Qg = Id, we get:
Pt = Pe(P¢ (AP*+rf=))=(1d Q)P (Apf+rf=))

Hence:

klopk= (APX+rf=)) Qe(P* (ApK+rf=))

Passing to the limit, we get:

p

pk+1 |3,k 1 0

We can now pass to the limit in (13) and get that p* ! p.

5 Applications to color image denoising and decomposition

In this last section, we apply the projected gradient algorthm to solve various color image problems.

5.1 TV-Hilbert model

5.1.1 The color ROF model

As an application of (14), we use the following scheme for th&ROF model (9):
py + r (@ivpm D)y

pir;rj1+l — ; (18)
max 1va|n; + 1 (divp™ )iz

5.1.2 The color OSV model

As for the OSV model (10), we use:

mor(div p™+ Ly
pE?+1 — p|,J. ( . p )I,fj . (19)
max Ljpi r (div. p™+ Sijja
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5.2 The color A2BC algorithm

Following Y. Meyer [44], one can use theé5() space to model textures, and try to solve this problem:

infjuisy + ki ukg (20)

In[7], J.-F. Aujol and G. Aubert, L. Blanc-Feraud and A. Cha mbolle approximate this problem
by minimizing the following functional:

juisy + 2kfu vkZ,, if(u;v)2BV( ;R) G

F. (u;v)= ) L20) 21
- ) +1 otherwise (1)

or equivalently :

o 1
Fi (uiv) = jujey + —kfu vkiz2y + 6 (Vn)
Oifv2G

+1 otherwise

The generalization to color images was done by J.-F. Aujol ad S. H. Kang in [10] using a
chromaticity-brightness model. The authors used a gradiehdescent in order to compute the projec-
tions, which is rather slow, and requires to regularize the btal variation.

In [19], X. Bresson and T. Chan used the following scheme (butelying on Chambolle's algo-
rithm) for color images in order to compute the projections. As in the grayscale case, the minimization
is done using an alternate scheme (but in the present paper wese the projected gradient descent
scheme described before to compute the projections):

with ¢ (v) =

Initialization:
Up=Vp=0
Iterations:
Vit = Pg (f Un) (22)
Upyp = f Vn+1  Pg (f Vn+1) (23)

Stop if the following condition is true:
max(jun+1  Unj;jVn+1  Vn))

In [11], it is shown that under reasonable assumptions, the @utions of Problem (21) converge
when ! 0 to a solution of Problem (20) for a certain

5.3 The color TV-L1 model

The TV-L1 model is very popular for grayscale images. It bends from having both good theoretical
properties (it is a morphological Iter) and fast algorithm s (see [30]). In order to extend it to color
images, we consider the following problem:

18



infjuirv + K ula (24)

with the notation:

U
Z {J W o
kuk = juj?
1=1
(like for the total variation we have decided to have a couplhg between channels).

Our approach is di erent from the one used by J. Darbon in [30] since it was using a channel by
channel decomposition with the additional constraint that no new color is created. As for the A2BC
algorithm, we are led to consider the approximation:

T 1 5
Ln;\f/JUJBV+2—kf u vks+ kvk;

Once again, having a projection algorithm for color images Bows us to generalize easily this
problem. In order to generalize the TV-L1 algorithm proposel by J.-F. Aujol, G. Gilboa, T. Chan
and S. Osher ([14]), we aim at solving the alternate minimizgéion problem:

0) L
inf jujgy + z—kf u vk3
(ii)
inf Zikf u vki+ kvk;
The rst problem is a Rudin-Osher-Fatemi problem. Scheme (#4) with K = Id is well adapted

for solving it. For the second one, the following property slows that a "vectorial soft thresholding"
gives the solution:

Proposition 5.1. The solution of problem (ii), is given by:

f(x) u(x)
jif(x)  uX)j2
The proof of this last result is a straightforward extension of Proposition 4 in [14].
Henceforth, we propose the following generalization of tha@'V-L1 algorithm:

vixX)= VT (f(xX) u(x))= max (jf (x) u(X)jz ; 0)almost everywhere

Initialization:
Up=Vp=0
Iterations:
Vpsr = VT (f up) (25)
Up+y = f Vn+1  Po (f Vn+1) (26)

Stop if the following condition is satis ed:

max(jun+1 Unj;jVn+1 an)
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Figure 1: Left: Energy vs iterations of the Osher-Sok-Ve® model with Chambolle's projection algo-
rithm (in green and blue - stepsize 1/64 and 0.031) and with the Projected gradient algorithm (in red
- stepsize 0.031). Right: L2 square distance (on a logarithmic scale) between the limit &lue (2000
iterations) vs the number of iterations, for OSV using 1/64 gepsize.

5.4 Numerical experiments

Figure 1 shows the decrease of the energy and the convergenckthe projected gradient algorithm
for the OSV model (10). We compare scheme (14) with the projdion algorithm of [8] (which is
a straightforward modi cation of Chambolle's projection algorithm [20]). Both algorithms behave
similarly and it is hard to tell whether one converges fasterthan the other. Figures 2 and 3 display
denoising results using ROF (9) and OSV (10) models. The imags look very similar but since the
OSV model penalizes much more the highest frequencies thamé ROF model [14], the denoised image
still shows the lowest frequencies of the noise.

Figure 4 shows the noisy part using these experiments. As oneould expect it is much more
oscillating in the OSV model.

Figures 5 and 6 display a cartoon-texture decomposition exgriment using di erent kinds of
texture. The algorithm used were A2BC and TVL1. Both results look good.

On Figure 7, a denoising experiment was performed using salind-pepper noise. The denoised
picture looks quite good and surprisingly better than the original image! This is because the picture
we used had some compression artifacts that the algorithm maoved.
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