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Abstract. In this paper, we propose a spatially accurate de nition of s cale for images. The
proposed de nition of local scale relies on the hierarchica | structure of the topographic map, the
set of all level lines of an image. Namely, a connected compon ent of a level line is associated to
each point of the image and the scale at this point is then comp uted from the corresponding shape.
Level lines are selected under the assumption that the blur i s uniform over the image, a realistic
assumption for satellite images. First, we discuss the link s between the proposed approach and
recent scale de nitions making use of the total variation o w or the Rudin-Osher-Fatemi model. This
comparison shed some light on the relationships between mor phological and variational approaches
to scale de nitions. Then we perform several experiments on synthetic and satellite images, and
numerically compare our local scale de nition with results  using the linear scale space, variational or
morphological approaches. These experiments suggest that the proposed method enables a robust
and spatially accurate computation of local scales, withou t the need of complex parameter tuning.

1. Introduction.  The notion of scale is of primary importance in digital image
analysis. On the one hand, it is a crucial information to tune the spatial extent of
analysis tools. In remote sensing imaging, the best obsertian scale is closely related
to the concept of Analysis Scalein geography [37]. The NATO standard STANAG
3769 [38] gives some examples of the best scales for interfing certain objects in
remote-sensing images. In computer vision, most object regnition or detection
methods includes a scale computation while or before extraimg signi cant features.
As a side product, this also permits to achieve scale invariace, which is necessary
considering the arbitrariness of object distances to the caera.

On the other hand, scale itself is also useful for the classtation of single images.
In particular, remote sensing images are often made of sevarregions showing some
texture-like homogeneity. These regions usually exhibit derent size distributions of
their constituents. Moreover, it is tempting to characteri ze each pixel of such images
by the size of the object(s) (in a sense to be de ned) it belong to. The purpose of
this paper is to show that this idea is feasible and yields sp@ally accurate features
for describing remote sensing images.

The most classical approach to estimate the scale of structes in an image has
been introduced by [24, 25]. Local scales are computed by aiying extrema of dif-
ferential operators in the linear scale-space. This methodhas been widely applied in
computer vision to select the optimal analysis scale of stratures, see e.g. [27, 33].
Similar to this approach, the methods presented in [19, 44, 8, 50] propose to estimate
the salient scale of an image by considering extrema of varis information theoretic
operators in the linear scale space. For remote-sensing irgas, [29] has also proposed
to rely on a linear scale-space to estimate a resolution inw@ant characteristic scale.
The invariance is achieved by studying the e ect of the imageacquisition process on
the linear scale-space decomposition. Indeed, the linearcale-space is very conve-
nient since it enables to easily model scale (see e.g. [33]) mesolution [29] changes.
However, using the linear scale space prevents such methodof achieving spatial
accuracy. It is well known that the positions of structures that are detected by such
methods is relatively erratic and very sensitive to contrasg changes, especially for large
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structures. Therefore, one can expect some di culty in building up spatially accurate
indexing of images from these methods. Moreover, these methls disregard structures
without signi cant gradients, for which no scale is computed.

In order to obtain spatially accurate scale measures, it is gite natural to look
toward non-linear approaches. In [20, 21] it is proposed to masure the signi cant
scales of structures by computing the entropy of the joint ditribution of pixels in
a xed neighborhood. It has been shown, see [21], that such aapproach yields
better repeatability and is less sensitive to image perturlation than methods making
use of Gaussian ltering. Other methods enabling the compuation of spatially accu-
rate scales are mainly based on non-linear scale spaces,heit in a morphological or
variational framework. Recently, several scale measuresased on non-linear partial
di erential equations have been proposed. In [49, 48], a loal de nition of scale based
on total variation regularization is introduced. In [8], it is proposed to estimate the
local scales of structures from their evolution speed undethe total variation ow.
In both works, the idea is that the evolution time of structur es is related to their
scale. Independently, the mathematical morphology schoohas long ago proposed to
characterize materials by looking at the size distribution of grains, through the use
of the so-called granulometry [17, 41]. Following this ideait is proposed in [30] to
use thepattern spectrum of images (roughly, the derivative of granulometry) to index
gray-scale images. In the framework of remote sensing imaug, [5, 12] have proposed,
in view of the classi cation of satellite images, to computesize distributions (called
derivative morphological pro le) at each pixel. A closely related approach to the ex-
traction of urban area was previously proposed in [26]. In tlese works, the proposed
local features contain some information about scale. Thisriformation is well localized
thanks to the use of connected morphological Itering of fedures.

In this paper, our purpose is twofold. First, we introduce a method to compute
a local scale measure following the general approach of gralometries. Contrarily to
previous morphological approaches, the proposed method isuto-dual and does not
necessitate any structuring element. Second, we establistheoretical links between
the variational and morphological approaches to scale comytation.

The rst contribution is a method to compute a local scale measure (de ning a
characteristic scale at each pixel of a digital image) by usig the topographic map [10]
of the image. The main idea is that, for each pixel, we associa the scale of the
most signi cant structure containing it. The de nition of t his structure relies on the
topographic map, which is made of the connected component dhe boundaries of level
sets of the image. More precisely, we make use of the digitahiage transform presented
in [36], an e cient tool to compute the topographic map, repr esenting an image by
a hierarchical structure (an inclusion tree) of shapes. Frm this tree we search, for
a given pixel, the most contrasted shape containing it and weassociate the scale of
this shape to the pixel. In order to deal with optical blur that is inherent to satellite
images, a new de nition of shape is proposed. The underlyingdea of this de nition is
to group level lines corresponding to the same structure inthe image. This grouping is
made possible under the assumption that the optical blur is onstant over the image,
an assumption that makes sense for remote sensing images bwbuld be wrong for
natural, everyday life images. Experimental results suggst that the scale measure
is a pertinent feature for remote sensing image classi catin. In particular, the use
of topographic map yields a very satisfactory spatial accuacy of the scale measure,
especially when compared with linear methods (see Section).60ur approach is also
compared with methods using either the total variation ow or the morphological
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pattern spectrum.

The second contribution of the paper is to shed light on the réationship be-
tween morphological and variational approaches to the comptation of local scale.
In particular, it is shown that, under some hypotheses, apppaches relying on the
total variation ow or on the Rudin-Osher-Fatemi model amou nt to de ne scale as
a weighted average of the size of shapes containing each pixeln this framework,
the term \size" refers to the ratio of the area to the perimeter. This result is also
investigated numerically on synthetic and real images.

The paper is organized as follows. In Section 2, we present ¢htopographic map
of an image, the fundamental tool on which our work is based. hen, in Section 3,
we explain how an accurate scale de nition can be de ned by umg the topographic
map. In Section 4, alternative variational de nitions of scale are given, and the link
between these approaches and ours is investigated. In Seati 5, we illustrate the
method with numerical examples, both on synthetic and real mages. In Section 6,
we provide experimental comparison between the proposed ¢al scale measure, linear
approaches, variational methods and the use of the patterngectrum. In Section 7,
we propose some extensions to the proposed de nition of saal

2. Topographic map. In this section, we introduce the main tool to be used
in this paper, the topographic map of an image as introduced ad studied in [10, 11,
35, 36]. It is made of the connected components of the topolagal boundaries of level
sets, thereafter calledlevel lines It gives a complete representation of the image, in-
variant to local contrast changes. The topographic map has dree structure, inherited
from inclusion properties of level sets, which enables thismage representation to be
computed e ciently.

For an imageu : R? | R, its upper and lower level sets are respectively
de ned as

=fx2 ;ux) g and =fx2 ;ux) g;

for 2 R. Observe that u can be reconstructed using the upper level sets by the
following formula

uix)=supf 2R:x2 g

Lower level sets also permit to reconstructu. Moreover, these sets are globally in-
variant with respect to contrast changes. Each of these fanty, upper sets on the one
hand and lower sets on the other hand, has a tree structure wh respect to inclusion.
Several authors ([40, 10, 11, 18]) have proposed the connect components of level sets
as an e cient way to represent images. This representation @joys the same contrast
invariant and hierarchical structure as level sets represetations while being local, thus
in particular robust to occlusions or local contrast change. Again, connected com-
ponents of upper sets have a tree structure, as well as conrted components of lower
sets. In order to merge both trees, Monasse et al., [35, 36jtroduced the concept of
tree of shapes. It relies on the concept ofshape A shape is de ned as the union of a
connected component of an upper or lower set together with & holes. The holes of a
set A are de ned as the connected components of the complementarget of A which
do not intersect the boundary of . It can be shown that these shapes have a tree
structure. Under some regularity conditions, this tree of diapes is the same as the tree
made of the connected components of topological boundariesf upper (or lower) sets
of the image, the topographic map. In what follows, we use théerm topographic map
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Figure 2.1 . Example of FLST : (a) Synthetic image ; (b) Inclusion tree obt ained with FLST.

for this tree. An important property of this representation is its auto-duality, that is,
its invariance with respect to the operation u ! u. This implies in practice that
light and dark objects are treated in the same way. As we will ge in the following,
it is important for the purpose of this paper to deal with a single tree instead of two
separated ones, since this will enable us to associate a unig contrasted shape to
each pixel.

In order to apply the preceding de nition to a discrete image |, it is convenient to
consider a continuous image (de ned at each point of its doman) associated tol . Two
straightforward choices are piecewise constant interpokion (each pixel corresponds
to a constant value) and bilinear interpolation. Of course, the bilinear interpolation
is preferable in order to obtain regular lines, free of pixdkation e ects. However, this
also implies longer computation time. Moreover, we observé that for the purpose
of this work, namely local scale computation from the topogaphic map, bilinear
interpolation was unnecessarily complex. In the remainingof the paper, level lines
are computed on piecewise constant interpolations of disete images. Thanks to its
tree structure, the topographic map of an image can be e ciertly computed using
the algorithm presented in [36]. Figure 2.1 shows the resulbbtained with the FLST
algorithm on a synthetic image. Notice that another implementation has also been
proposed in [43].

We end this section by giving some notations for the attribute of shapes that are
used in the sequel. For a pixek of an imageu, we denote byff;(x)gi»a(x) the set of
shapes that containx, A(x) being the set of indices such thatf;(x) fi.«1 (x). For
the sake of clarity, we will omit the x dependency when it is not necessary. For each
shape, we de neS(f;) its area, P(f;) its perimeter, and | (f;) the gray level value
associated tof ;. The contrast of the shapef; is then de ned as the absolute value of
the di erence between the gray level values associated reggtively to f; and f; ;:

C(fi)=ji(fi) 1(fi 1)j (2.1

3. Scales of animage. The basic idea of this paper is to associate to each pixel a
shape (i.e. a nod in the FLST) from which its scale can be compied. Such shapes are
obtained by Itering the Topographic Map. Basically, shapes are recursively grouped
in order to account for structures present in the image and tke most contrasted groups
are kept, as detailed in Section 3.1. Shape grouping is de rkby taking advantage
of the particular structure of satellite images, for which the blur is constant over the
image and depend only on the (usually known) PSF of the acquiton device. This
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fact is investigated in Section 3.2. Section 3.3 then de neghe local scale associated
to each pixel.

3.1. Most contrasted shape.  The aim of this section is to propose a method
to extract the most contrasted shapes from the topographic nap. A notion of mean-
ingful shape was introduced in [13] and consists roughly in igking the shapes whose
perimeters and contrasts are very unlikely in a noise imagethe decision being made
using ana contrario method. In our case, the objective is di erent. First, we intend to
associate a shape to each pixel. Second, the selection criten should not rely on the
size of shapes because such a process would bias the follagvite nition of character-
istic scale. In this section, shapes are selected using slylsome contrast information.
In Section 7.1, we brie y investigate the use of both contras and regularity in the
shape selection process.

Using the de nition of contrast given by (2.1), the simplest de nition of the most
contrasted shape at a pixel would be to de ne

fl\(x): fargmaxigA(X)C(fi): (3.1)

However, this de nition is not applicable. Indeed, the de nition of contrast by
Formula (2.1) corresponds to the contrast of a given binary sructure under the as-
sumption that only one line is associated to the boundary of his structure. Now, in a
natural image, the contours of objects are always blurred bythe acquisition process.
As a consequence, a discrete image being quanti ed, a contous in fact associated
to a set of level lines. In practice, the contrast of each lineis often equal to one.
Therefore, the choice of the most contrasted shape using Eation (3.1) can be am-
biguous at best or even completely meaningless in the presea of strong noise, as will
be illustrated in the experimental section.

A solution to this problem would be to compute the contrast of a line in a neigh-
borhood and to select the most meaningful line along monotoa branch of the tree (see
[13]). In the present work, we choose to group lines correspaling to a single structure
by using a simple model of blur. To do so, we recursively sum uphe contrasts of
shapesf; and f;+; such that

S(fi«r) S(fi) < P (fi) 3.2)

where is a constant.

This criterion relies on the hypothesis that the level lines corresponding to a
blurred contour are regularly separated by a distance . Let us remark that in the
one dimensional case, this hypothesis boils down to assurgrthat the blur is due to a
kernel equal to a characteristic function. This fact will be detailed in Appendix A. If
the kernel has a more complicated shape (e.g. Gaussian), thehe distance between
two lines depends on the contrast of the contour, the amount 6 blurring, and the
guanti cation of the image. We will see in Appendix A that by a ssuming a minimum
contrast of the contours and by knowing the width of the blurring kernel, it is possible
to deduce an upper bound for the value of . Let us remark that the hypothesis of a
constant blurring kernel for the whole image is realistic inthe case of satellite images,
but is less consistent in the case of natural images for whicthe blur associated to an
object depends on its position (see [22]). We thus recursile de ne the cumulated
contrast as:

C(fi 1)+ C(fi) if S(fi) S(fi 1) <P (fi 1)
C(fi) otherwise
5
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In other words the cumulated contrast of a shapef; is de ned as

X
C(fi) = C(fx); (3.3)
k=a(i)
where, for all i,
a(i)=minfjj8k=j+21;:::;i;S(fx) S(fx 1) P (fx 1)0:

If a(i) is not de ned (that is if (3.2) is not satis ed), then C(f;) = C(f;). The
cumulated contrast of f; is therefore obtained by adding the contrasts of close enoug
level lines. These lines usually correspond to the same camtr in the image, as
investigated in the next section. The most contrasted shapeassociated tox is then
de ned as:

fl::(x) = farg max iz n C(fi(x)) (3'4)

In the case when the maximum is reached at more than one indexhen the smaller
one is chosen. We conclude this section by noticing that a méid to group level lines
relying on criteria similar to Formula (3.2) (but using no perimeter information) was
proposed in [34] as an e cient alternative to shock lters, i n the framework of image
restoration.

3.2. Level lines, edges and blur. In this section, we investigate the validity
of the use of Formula (3.2) for grouping lines correspondingo a single edge. More
precisely, we are interested in nding values of for which this formula holds true for
consecutive level lines along an edge.

Let f; and f;+1 be two consecutive shapes corresponding to the same objeean
object being de ned as a constant times the indicator function of some set smoothed
by the acquisition kernel. Writing g for the quantization step and neglecting sampling,
we have, for some gray level, fi = @ | = fx2 =u(x)=Ilgandfi:1 = @ j+q.
Now, as noticed in [15], if x(s) is a parameterization of @ |, then @ |+4 can be
approximated, for small q by:

ru
X‘(S)_ X(S)+ qu uj2

(3.5)

If we now assume thatjr uj C forsomeC > 0, thenf;,; f; D(qC '), where

stands for the Minkowski' addition and D (r) is a disk of radiusr centered at the

origin. On the other hand, assuming thatf; is a convex set, the area of; D(qC 1)
is (Steiner formula [47])

st D)= s+ &+ dpa)

This suggests that Formula (3.2) enables one to group leveies corresponding to the

same edge as soon as> qC !. The values ofC ensuring that jr uj C depend on

both the contrast of the object and the blur kernel. On the other hand the value of
should not be too large in order not to group level lines corrsponding to di erent

llet Aand B betwo sets; A B =fx+y;x2 Ay 2 Bg.
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Figure 3.1 . (a) Synthetic image; (b) Image of scale using the area; (c) Im age of scale using
equation (3.7).

edges. For a blur kernel of width and an object of contrastG, the minimum value

of C that can be chosen is approximately equals toG !, so that can roughly be
chosen to beq G 1. In Appendix A, this result is investigated further for two b lur

kernels (indicator function and Gaussian kernel) in the onedimensional case. For
typical values of g;G and , we can use a value of =1 (in pixels) to group lines

corresponding to the same object.

3.3. Scale de nition. Recall that the most contrasted shape at each pixel is
de ned by Formula (3.4). In order to de ne the scale at each pixel, we choose to
consider as nal shape associated tox the shape f'\(x) minus the most contrasted
shapes embedded inside itself. Observe that these shapesopide a partition of the
image domain. The main reason for this choice is as follows. dt us recall indeed that
a shape is a connected component of a level set whose holes éideen lled in. On
Figure 2.1, the shapeF contains the pixels of the shapeH . Intuitively, this shape
corresponds to the objects in the image minus the objects thaocclude them. Now
in satellite images occlusion is not preponderant, and comaisted shapes containing
other contrasted shapes often correspond to road or river neorks. To accurately
represent such structures, we eventually decide to de ne te most contrasted shape
associated to a pixelx as:

[
f(x) = f(x)n (y); (3.6)
(y)( F(x)

i.e. the shapef’\(x) minus the most contrasted shapes strictly embedded in it. @her
choices would be possible in the framework of other applicabns.

The last step consists in associating a scal& (x) to the pixel x. We choose to
de ne the scale as

E(x) = S(f(x))=P(f(x)) 3.7)

so that the geometry off{(x) is taken into account. In particular, long and thin shapes
(e.g. the roads) correspond to relatively small scales, evethough their area can be
quite large. Figure 3.1 shows a synthetic example of scale pwutation illustrating
this fact. Let us remark that if scale is de ned as the area, then the scale of the
thin structure around the rectangles is much larger than the ones of the rectangles.
In the next section, this de nition of scale is compared to rdated notions that have
been proposed in a variational framework for image analysisThen in Section 5, we
validate de nition (3.7) with various numerical experiments.
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4. Link with variational de nitions of scales. Two de nitions of local scale
related to the total variation of images have been recently poposed in the litera-
ture and are presented in Section 4.1. In Section 4.2 a geométal interpretation of
these de nitions is given and the link between them is clari ed. These are actually
closely connected with the scale de nition of this paper, asnvestigated in Section 4.3.
Roughly speaking, methods relying on the total variation dene the scale at each pixel
as a weighted average over many shapes of the rat@rea/perimeter, whereas the ap-
proach proposed in this paper de ne scale using the same raiibut relies on only one
shape per pixel.

4.1. Variational de nitions of scale.

4.1.1. De nition based on total variation regularization. Strong and Chan
have proposed in [49] to de ne the scales in an image by usindhe Rudin-Osher-Fatemi
model [39] (ROF). Recall that the ROF model (or total variati on regularization) con-
sists, given an imagef , in nding the solution u of:

z

inf  jDuj+ %kf uk?, (4.1)

It is shown in [49] that if the scale of a setE is de ned as % (ie its area divided
by its perimeter, as done in Equation (3.7)) and iff is a binary image of a disk, then
the intensity change betweenu and f inside this disk is inversely proportional to its

scale, ie

T .
scale

= 4.2)
Therefore, the idea in [49] to de ne scales in an image is to wsthe gray level
di erence at each pixel betweenu and f . The scale at each pixelx is de ned as

scalek) = Tju(x) f(x)j ®: (4.3)

Observe that, in general, this de nition of scale depends orthe parameter T.

It was later noticed in [48] that in fact this notion of scaleis related to the polar
semi-norm associated to the total variation, the so-calledG norm introduced by Meyer
in [32]. Indeed, a possible de nition of the G norm of an imagef with zero mean is
[48]:

R
kf kg = sup e f (4.4)
© e P(E) '

where P (E) stands for the perimeter of E, as de ned for instance in [2]. TheG norm
of an image can therefore be seen as an area divided by a peritae These relations
have been used in [48] to propose a variant of the ROF model whe the user gives
as input of the algorithm the minimal scale in the original imagef which is to be
preserved (smaller scales are considered as noise and there wiped out).

4.1.2. De nition based on the total variation di usion. The properties of
total variation di usion have also been used in [7, 8] to introduce a de nition of scale
in images. Let us recall that the solution u of the total variation di usion satis es

( u(;0)=f
QU — H;
&t = div
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In [46], the authors have proved the equivalence for 1-dimesional signal of total
variation regularization (ROF model) and total variation d i usion. They have derived
the same type of results as in [49] (where the considered futions were 2-dimensional
radially symmetric signals). In particular, when using the total variation di usion on
an image, a constant region evolves with speed=2n where m is the number of pixels
in the considered region.

Therefore in [8] the authors have proposed to de ne the scalen of a region (in
dimension 1) as:

11T j@uidt
_ 101G
— =z 4.6
m 2 T (4.6)
where T is the evolution time of the total variation di usion.

In the same paper, the following de nition of scale m is then proposed for 2-
dimensional images

Ry
0 j@UJdt:

- 4.7)

1 —
m
See [8] for practical details about this de nition. Combining this scale feature with
other orientations and magnitudes features, good segmention results of textured
images are reported in [8].

4.2. Equivalence and geometrical interpretation. As already said, results
from [49] provide a geometrical interpretation of the scalede nition given by For-
mula (4.3). On the other hand, equivalence results betweendtal variation regular-
ization (Formula (4.1)) and total variation ow (Formula (4 .5)) are provided in [46].

We now summarize some recent mathematical results in ordera further investi-
gate the de nitions of scale given by Formula (4.3) and (4.7) as well as to clarify the
link with the de nition of scale given in the present paper, Formula (3.7). These results
have been proved by V. Caselles and his collaborators in a ses of papers [3, 4, 9, 1].
In particular, it is shown that, if an image f is the characteristic function of a convex
setC, i.e. f = 1¢, then total variation regularization is equivalent to tota | variation

ow. In both cases, the evolution speed of a convex bodyC is % where E is the
Cheeger set ofC (see [1]), that is, E is a solution of ming ¢ % The set C is said

to be a Cheeger set in itself if it is itself a solution to this minimization problem. In
dimension 2, a necessary and su cient condition forC to be a Cheeger set in itself
is that C is convex and the curvature ofC is smaller than % A disk is thus a
Cheeger set in itself.

Assume thatf = 1¢, with C Cheeger set in itself. Then it is shown in [4] that
the solution of the total variation ow, Equation (4.5), or e quivalently of the total
variation regularization, Equation (4.1), is given by

u(x; T) = max 1 T% ;0 1c (4.8)

The evolution speed ofC is thus % (and in the case whenC is a disk, this is what
was proved by Chan and Strong in [49]).

As a consequence, in the case when the considered imafgds the characteristic

function of a Cheeger set, then both de nitions of scale (4.2and (4.7) are equivalent.
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Notice that in this particular case these two de nitions of scale are also equivalent to
the one proposed in this paper (3.7). With all three de nitions (4.2), (4.7), and (3.7),
the scale of C is equal to %. From now on this will be our de nition of the scale
of a Cheeger set. Of course, in the case of more complicated ages, the equivalence
does not hold any more. However, in the case diowers of Cheeger sets (that is, a
sequence of embedded Cheeger sets), provided that some gedrit conditions are
satis ed [3], then Formula (4.8) can be generalized (both fo total variation ow and
regularization) and thus de nitions (4.2) and (4.7) are still equivalent. In particular,

this is the case for atower of circles [3] (with no further assumptions).

4.3. Relationship with our de nition of scale. We have already seen that
in the case when the image is made of a single objedt,= 1c, with C Cheeger set in
itself, then the two variational scale de nitions (4.2) and (4.7) are equivalent to the
scale de nition introduced in this paper, Formula (3.7). In these cases, thescale of C

is equal to g¢ks.

We now consider an image with two objects. For the sake of clarity, we assume
that f is made of two circlesG, and G with radiusesr; < r , and with the same center
(see Figure 4.1 (a)). That is, the image has constant gray leel valuesG;, G, and Gs,
respectively onG, GnG, and the background. We also assume thaG; G, Gs.
We denote the contrast of objects by 1 = G; Gz and , = G, Gz. We nally
assume that » rz”rl 1.

Notice that from what we explained in the previous subsectim, de nitions (4.2)
and (4.7) are equivalent in this case (ower of circles). We therefore only consider
(4.7) to compute the scale. In order to simplify the computations, we assume that the
image size is su ciently large, so that we can ignore the evaltion of the background.
As soon as we start evolving (4.5),G goes down with speed #r,, and G with speed
1=r; +1=r,. At t; = r1 1, the small circle G disappears intoG, and G, keeps going
down at speed %r, until t; = ry 2, when it also disappears. Thus, the average
evolution speedv(x;t) of a pixel x in G is the following:

8 141 ¢ ¢
2 r _rZ' 1

v = ) 2= da bl oot g *.9)
: %(14. 2): %%+tt_2%’ t t2

Notice that in this case, the average speed(x;t) given by Formula (4.9) is exactly
the scale at pointx both with de nitions (4.2) and (4.7). In Figure 4.1 (b), we di splay
the scale computed at the center pixel on the image using de itions (4.2) and (4.7)
with nite di erence schemes, as well as the scale obtained Wwh Formula (4.9). The
equivalence is numerically con rmed in this case : the threegraphs are almost equal.

Now, observe that the scale given by (4.9) , which is the invese of the average
speedv, is a weighted average of the scales of the two shapes (disks this case)
containing the center pixel, r; and r,. Therefore, in this simple case, both variational
de nitions of scale given by Formula (4.2) or (4.7) yield a sale that is a weighted
average of the shapes containing a pixel. Observe that di eent hypotheses on the
gray level values of the image would also lead to some weigldeaverages similar to
Formula (4.9).

In contrast, with the de nition of scale introduced in this p aper (Formula (3.7)),
the scale at each pixel is the scale obnly one shape the most contrasted shape
containing this pixel. In this simple case, the scale of the entral pixel is ry or ry,
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depending whether ; > 5 or not. In the example of Figure 4.1 (a), the scale of a
pixel of G isrj.

Two consequences can be drawn from this example. First, andnéicipating on the
experimental section, this explain why the de nition of scale introduced in this paper
is spatially more accurate than variational de nitions fro m [8] or [49]. Moreover, this
also explains an observation from [8], where it was noticedhat the de nition given
by (4.7) works better when using an integration time T smaller than T, the time
needed to obtain a constant image under total variation ow. The authors of [8]
explain that they observe a bias towards large scale when usg T: this bias is due
to the averaging of scale over all shapes that contain the pigls. By using a smaller
T, one avoids to average over very large shapes. As one can ragion the graph of
Figure 4.1 (b), the scale value obtained with de nitions (4.2) or (4.7) is far from being
constant: the choice of the parameterT in (4.2) or (4.7) has a strong impact on the
resulting scale.

4.4. Dierence between de nitions (4.2) and (4.7). We have just seen
examples when de nitions (4.2) and (4.7) are equivalent. Havever, this equivalence is
not true in general. The equivalence is valid as long as the @lution of the gray level
of the pixels is monotone. For instance, in Figure 4.1, the gay value of the central
pixel is always decreasing during the evolution process of duations (4.1) and (4.5).
But when the evolution is no longer monotone, de nitions (4.2) and (4.7) are no longer
equivalent, and (4.2) fails to give a correct scale.

Consider for instance the case of Figure 4.2 (a) (contrarilyto Figure 4.1 (a), the
gray level value of the small circle is smaller than the one ofhe large circle). During
the evolution process, the gray values of the pixels in the sl circle rst increase,
until the small circle merges with the large one. Afterwards the gray values of these
pixels decrease, until they reach the average gray level vak of the original image.
We can therefore choose a time (t 545 for the case of Figure 4.2 (a)) for which
the gray level value of the small circle is almost the same ags original value (before
evolution): with de nition (4.2), this implies a large scal e. On Figure 4.2 (b), we show
the scale map corresponding to Figure 4.2 (a), computed usg Formula (4.2). It can
be noticed that the larger scale is the one of the small circl€it is even larger than the
one of the background). Thanks to the absolute value used in @ nition (4.7), (4.7)
does not su er from this problem when the evolution is not monotonous. Notice that
with our de nition of scale, Formula (3.7), this type of prob lem does not occur either.

The case of Figure 4.1 (a) is not that unusual in an image: inded, as soon as an
image is corrupted by some noise, then such cases occur. Ingtire 4.3, we show the
scale map computed with (4.2) on a noisy synthetic image. We @n observe that even
if the noise level is rather low, the scale map is not correct:this is due to the fact
that many pixels have a non monotone behavior.

This is the reason why in Section 6, we compare our method witlthe one relying
on Formula (4.7) (and not Formula (4.2)).

5. Experiments. In this section, we perform experiments on both synthetic aml
real images. We rst apply the method described in Section 31, aiming at extracting
the most contrasted shape at each pixel, to an image made of amgle blurred and
noisy shape. We then compute scale maps on various satellitenages with high or
very high resolutions. Our implementations make use of the EST available in the
free image processing libraryMegawave2. Computation time is image dependent,

Zhttp://www.cmla.ens-cachan.fr/Cmla/Megawave/
11



T : T T
—6— Simulation results (by Eq.(14) and (15))
—e— Simulation results (by Eq.(9) and (10)) H

Results calculated from Eq. (17)

Evolution speed of central pixel v(x;t)

Il Il Il Il Il Il Il Il
500 1000 1500 2000 2500 3000 3500 4000
Evolution time t

(b)

Figure 4.1 . (a) Synthetic image (size 512 512) with two concentric circles (radius r; =5,
rp =30, 1 =80, 2=70); (b) Graph of the average evolution speed v(x;t) of the center pixel as
function of total evolution time t. The two other curves are the ones of the scale computed with ( 4.2)
[49] and (4.7) [8].) The three curves are almost equal: de ni tions (4.2) and (4.7) are equivalent in
this case.

but a typical value is of the order of 1 to 5 seconds for a 1000 1000 image on a
Pentium 4 at 3.2 GHz.

5.1. Synthetic images. In this section, we perform an experiment on a simple
synthetic image to demonstrate the utility of the cumulated contrast of shapes, as
de ned by Formula (3.3), to extract the most contrasted shape at each pixel. We con-
sider a rectangle blurred by a Gaussian kernel with standardieviation 3 and corrupted
with a Gaussian noise with standard deviation 30 SNR  17), see Figure 5.1 (a).
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Figure 4.2 . (a) Synthetic image with two concentric circles (contrary to Fi  gure 4.1 (a), the
gray level value of the small circle is smaller than the one of the large one); (b) Corresponding scale
map computed with de nition (4.2) [49] (with t = 545). We can observe that since the evolution
of the gray values of the pixels in the small circle is not mono tonous the scale values computed on
these pixels are not correct.

We rst apply Equation (3.1) to extract the most contrasted s hapes as displayed
in Figure 5.1 (d). For visualization, the gray level values m this gure correspond to
the areas of the shapes. Figure 5.1 (b) shows the contrastsgale ned by Formula (2.1)
of the shapes containing the center point of the rectangle. Tie horizontal axis cor-
responds to the areas of the shapes and the vertical axis casponds to the contrast
values. We then perform the same experiment using Formula (3) to de ne the (cu-
mulated) contrast of shapes. Corresponding results are diayed in Figures 5.1 (c)
and (e). It can be observed that many most contrasted shapesamputed using For-
mula (3.1) correspond to noisy structures, since the contrat of the rectangle is then
spread over many shapes. In comparison, using the de nitiorof cumulated contrast
following Formula (3.3) enables to correctly retrieve the Hurred rectangle.

5.2. Satellite images. In this section, we compute scale maps on real satellite
images using the approach presented in Section 3. We rst caider SPOT5 HMA
images, that have a resolution of 5 meters. Most contrastedtsapes are extracted using
Formula (3.4). We choose to use a value of = 1. As explained in Section 3.2, this is
reasonable for typical values of blur and contrast. Appendk A makes this observation
more precise in the case of a one-dimensional Gaussian keknehich constitutes an
approximation of the PSF (Point Spread Function) of satellite captors such as those
of SPOT5 HMA, see [28].

In Figure 5.2 is displayed a SPOT5 HMA image of Los Angeles (mialy urban
area) together with its computed scale map. It can be observe that the computed
scales are spatially very accurate (e.g. at the edges of bdihgs and warehouses).
Moreover, these scales are in good qualitative agreement thi the size of structures
of the image (large for warehouses and smaller for individuahouses on the left).
One also observes that computed scales are largely constamiside objects. Notice
also that the road network is attributed relatively small scales, in agreement with
Formula (3.7). The same observations can be made on the SPOTHMA image of a
urban area near Toulouse displayed in Figure 5.3 (b). Thesex@eriments also suggest
that the computed local scales are pertinent features for sgmenting images. This fact
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Figure 4.3 . (a) Image of a circle without noise; (b) scale map corresponding to to (a) computed
with (4.2). For better visualization, the logarithmic valu  es of scales are presented; (c) Image of a
circle with Gaussian noise of standard deviation 20; (d) scale map corresponding to (c) computed
with (4.2). For visualization issue, the logarithmic value s of scales are presented. This illustrates
the sensitivity to noise of de nition (4.2) [49].

will be further investigated in Section 7.2.

Let us also notice that the resolution of the images being knan and the computed
scale corresponding to the size of a geometrical element, ithscale is directly related
to the true size of the structures in the image. Such an accur® result cannot be
obtained when using a de nition of scale relying on a linear sale-space approach,
even though some approximations in this direction are possie, see [29].

Figure 5.4 shows the scale map obtained from a SPOT5 THR imagf3] of Mar-
seille with resolution 2:5m. In this clever imaging system, two images captured by
two di erent CCD line arrays are interpolated to generate th e high resolution image.
The PSF of SPOT5 THR images is much more complicated than thos of HMA im-
ages and cannot be modelled in a simple way, for instance ugjna Gaussian kernel.
Therefore, the computations of Appendix A cannot be applieddirectly. However, the
slope of these PSF is sharp enough so that a value of= 1 still allows to group shapes
using the scheme presented in Section 3.1, as explained in@ien 3.2.
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Figure 5.1 . (a) Synthetic image of a rectangle degraded by blur and additiv e noise; (b) and (c)
Values of the contrasts ((b): plain contrast, (c): cumulate d contrast) of the shapes containing the
central pixel as a function the area of the shape; ( d) and (e) Corresponding area map ((d): using
plain contrast, (e): using cumulated contrast) (for visual ization, the gray level values correspond to
the logarithm of the area).
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Figure 5.2 . (a) Image of Los Angeles, SPOT5 ( 5m) ¢ CNES; (b) Corresponding scale map.
Notice the spatial accuracy of the method.

15



50t
1001
150t
200f
2501 11 s

300¢ 1115

350 1 F 14
400F 1113
450 1t 12
500 . . . . . . . . . g1t
50 100 150 200 250 300 350 400 450 500
(@) (b)

Figure 5.3 . (a) Image of Toulouse, SPOT5 ( 5m) c CNES; ( b) Corresponding scale map.

501 1018
100} 17
150

16
200}
2501 IN
300t I A
350}

13
400t

12
450t
L S B S

50 100 150 200 250 300 350 400 450 500
@) (b)

Figure 5.4 . (a) Image of Marseille, SPOT5 ( 2:5m, 512 512) c CNES; (b) Corresponding
scale map.

Finally we present the scale map for a QuickBird Panchromatt image with a
resolution of &:6m, taken at Ouagadougou. In [28], is has been shown that the $F of
Quickbird satellites can also be approximated by a Gaussiarkernel. Again we use a
value of = 1. Considering the high resolution of QuickBird images, stapes smaller
than 16 pixels are not taken into consideration. This is equvalent to the application
of a grain lter of size 16 before the computation of the scalemap, see [31]. The scale
map is shown in Figure 5.5. Again it can be observed that for met structures, such
as the big buildings on the top left, computed scales are spally accurate. However,
for the city block in the middle of the image, the scale of the siape corresponding
to the whole block has been associated to all pixels of this spe. This shows one

16



{11
S0t
110
100F
150
200+
250+
300
350t 11 s

400 1601

450 1t 12

500

56 160 l."")O 260 2&":0 360 3&":0 460 450 56(;
(@) (b)

Figure 5.5 . (a) Image of Ouagadougou, Quick-Bird ( 0:6m, 512 512) ¢ CNES; (b) Corre-
sponding scale map.

of the limitation of the method : to each pixel is associated he scale of exactly one
structure. A natural extension of the method would be to compute a scale pro le at
each pixel, in a way similar to [12].

6. Comparisons with other methods.

6.1. Methods based on the linear scale space. Lindeberg [25] has proposed
to use normalized derivatives in the linear scale space in der to select characteristic
scales in an image. The main idea of this approach is to detedbcal extrema over
scales of these normalized derivatives, the most popular afvhich is the normalized
Laplacian. In order to get a scale map, that is to de ne a scaleat each pixel, we
compute at each point the scale (if it exists) at which the nomalized Laplacian
reaches its extremum. In Figure 6.1, scales are computed fahe previously used
image of Los Angeles (SPOT5). Recall that this image has a redution of 5m. It can
be observed that the scale map computed by the method of Lindgerg is quite noisy.
The linear scale space approach su ers from the following dawbacks:

the normalized Laplacian does not always have a maximum at ezh pixel.
Thus, scale is not de ned at some pixels, in particular alongcontours ;

even within the same physical object, computed scales are dfe variable.
computed scales are not spatially accurate as a consequencéthe use of a
linear scale space.

A variant has been proposed in [29] to de ne a global scale foan image. Itis based
on extrema of the total variation. As shown in this paper, localizing this approach
using a sliding window does not yield results that are spatidly very accurate, as can
be expected when using the linear scale-space as an analysisl.

6.2. Methods based on non-linear scale-space.

6.2.1. Comparison with variational methods. In Section 4, we have com-
pared our scale de nition with the scale de nitions proposed by [8] and [49], which are
based respectively on the total variation ow and the Rudin-Osher model. We have
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Figure 6.1 . (a) Image of Los Angeles, SPOT5 ( 5m) ¢ CNES; (b) Scale map obtained by plotting
the scale (if any) at which the normalized Laplacian reaches its maximum in the linear scale-space,
following the general framework of [25]. Notice that the use of the linear scale-space yields a poor
spatial accuracy.

also explained why these two approaches ([8] and [49]) are eljalent under some reg-
ularity assumptions. Therefore, in this paragraph, we onlyuse scale maps computed
by the method of [8] for experimental comparisons.

We use two di erent numerical approaches. The rst one is a chssical nite
di erence scheme, while the second implementation is basean the FLST, as proposed
in [14]. Using this second implementation, the evolution sged of a given pixel is the
area of the shapef ; containing this pixel, divided by its perimeter. That is, th e gray
value u(x) of the pixel at location x evolves with speedP (fo(x))S(fo(x)) 1. We can
therefore de ne the scale of a pixel using the evolution spek at this pixel in a way
similar to Equation (4.7). Notice that a consequence of Equéon (4.8) is that the
total variation minimization based on FLST (proposed in [14]) is therefore equivalent
to the classical total variation minimization (4.5) in the c ase when the image is the
indicator function of a set that is a Cheeger set in itself, asexplained in Section 4.2.

On Figure 6.2 are displayed the scale maps of the previouslyhewn images of
Toulouse, Los Angeles, Marseille and Ouagadougou. On Figas 6.2 (a)-(d), we show
the results obtained with classical nite di erences, using Equations (4.5) and (4.7).
On Figures 6.2 (e)-(h), the results with the FLST implementation of Equations (4.5)
and (4.7) are shown. In both cases, the total evolution time $ T = 60.

The rst observation is that all these methods yield a much better spatial ac-
curacy than approaches based on the linear scale-space (sEgure 6.1). Second,
one can observe that the scale maps displayed on Figures 6.2)¢(d) and (e)-(h) are
more noisy than the ones obtained using the method presenteih this paper, see Fig-
ure 5.2-5.5. Third, regions of the original images with homgeneous scales are more
clearly identi ed in Figure 5.2-5.5 than with both methods u sing the total variation
ow to de ne scales. Fourth, approximating the total variat ion using the FLST, Fig-
ure 6.2 (e)-(I), yields results that seem more usable for clssi cation tasks than the
results obtained when approximating the ow with nite die rences. But it appears
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quite clearly on these four examples that the approach preseed in this paper yield
sharper results. This is probably due to the de nition of scae given by Formula (3.7):
only one contrasted shape is selected for each pixel, in cautst with the averaging
e ects as described by Formula (4.9) and previously illustated on Figure 4.1 (b).

6.2.2. Comparison with methods relying on connected lIters . As men-
tioned in the introduction, the mathematical morphology school has proposed several
ways to extract scale informations from digital images, within the general framework
of granulometry [17, 41]. These methods are clearly relatedo our approach, since
the topographic map is computed from level sets of the imagerad in this sense is
a morphological representation tool. More precisely, the bpographic map is made
of connected components of level sets, and is therefore chkig related to connected
Iters [40]. In [26], it is proposed to use such connected lers to compute the size
distribution of structures in the image, in view of the clasd cation of urban area.
Similarly [42, 12] have proposed to use theli erential morphological prole (DMP) to
classify satellite images. Starting from an imagd , a series of images$, (respectively
I") are rst obtained by applying opening (respectively closing) by reconstruction
with structuring elements of sizer. The DMPs are then de ned at each pixel as the
derivative of gray level values as a function ofr. The DMP obtained using |, corre-
sponds to bright structures, whereas the DMP obtained with " corresponds to dark
structures. It is shown in [12] that such features are very e cient for remote sensing
image classi cation.

In order to compare such approaches with the notion of scalentroduced in this
paper, we can de ne a scale at each pixel, obtained as the vaduof r for which the
maximum value over the two DMPs is reached. We call this locakcale the DMP-scale.
We use disks of radiug as structuring elements. On Figure 6.3 (a)-(d), are displagd
DMP-scales for the same images as in the previous section, wh the values ofr used
to compute the DMP vary from 1 to 10 pixels. On Figure 6.3 (e)-(h) are displayed
the results whenr varies from 1 to 30 pixels. Several observations can be madem
these experiments. First, DMP-scales are spatially very acurate, similarly to the
local scales introduced in this paper. This is a consequena& the use of connected
Iters. These results are also less noisy than the results shwn in the previous section,
using the total variation ow, see Figure 6.2 (a)-(h).

However, the approach based on connected lters su ers seval drawbacks. First,
connected lters are usually not auto dual, i.e. we have to ug two operators (open-
ing/closing by reconstruction in the case of Figure 6.3) in ader to characterize bright
and dark objects respectively. Therefore, the use of connéad Iters makes it nec-
essary to merge information originating from two distinct inclusion trees, preventing
ones from having simple local scale de nitions. In contrast using the topographic
map to de ne scale enables us to deal with bright and dark objets in the same way
and at the same time. Second, the computation of DMP necessites the choice of
a structuring element. In contrast, the topographic map pemits to handle shapes
directly and to Iter or select them depending on geometric atributes. Last, the
results strongly depend on the values of that are considered for the computation of
the DMP, that is, on the choice of lter sizes, as shown in Figue 6.3. In particular,
if one de nes the scale as the value for which the DMP reacheds maximum, results
will clearly be very dependent on the quantization of the DMP. When using the to-
pographic map to compute local scales, this issue is solvedanks to the notion of
cumulated contrast introduced in Section 3.1.
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Figure 6.2 . (a-d) Scale map obtained by using the total variation di usion, se e (4.7). (e-g)
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Figure 6.3 . (a)-(d) Scale maps obtained by the method derived from [12] with conn ected lters
of sizes varying from 1 to 10 pixels. (e)-(g) Scale maps obtained by the method derived from [12]
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7. Extensions. In this section, two extensions of the method introduced in &c-
tion 3.3 to compute local scales are introduced. We rst pregnt an alternative choice
for selecting the most signi cant shape at each pixel relyirg on both contrast and
regularity instead of contrast only. We then propose an imag@ segmentation method
relying only on scale information.

7.1. Alternative criteria for extracting most signi cant s hapes. Up to
now, the criterion used to select the most signi cant shape ontaining a pixel is the
contrast (see Equations (3.4) and (3.6)). Nevertheless, qeending on the application,
this choice may be changed. For instance, it may be interestig to add a regularity
criterion when selecting the most signi cant shape. We can & ne the most signi cant
shapef'(x) at a pixel x as:

f/\(x): fargmaxiZN T(fi)» (7.1)

where T(f;) = C(f;) % and is a weighting parameter controlling the
regularity of the shape (the larger , the more regular the shape)). Notice that this

regularity criterion is scale invariant. The corresponding most signi cant connected
component is then de ned as:

[
fx)= f(X)n f\(y): (7.2)
y) f(x)

This criterion favors regular and compact shapes (instead belongated shapes or
shapes having irregular perimeters). Remark that when = 0, Equations (7.1)
and (7.2) reduce to Equations (3.4) and (3.6).

We illustrate the role of this alternative criterion in Figu re 7.1. An image of
Beijing (Quick-Bird (0 :6m)) is displayed in Figure 7.1 (a). In Figure 7.1 (b), we
show the scale obtained by using Equations (3.4) and (3.6) fiat is by using only the
contrast as a selection criterion). In Figure 7.1 (c), we sha the scale obtained by using
Equations (7.1) and (7.2) (that is by using both contrast and regularity as selection
criteria). We use = 0:5in (7.1). Notice that by using this alternative criterion,
we get more scales corresponding to the geometrical shapebdt have relatively low
contrast) in the garden (in the center of the image) than whenusing only contrast.
Let us nally emphasize that the geometric nature of the proposed algorithm (using
signi cant shapes to de ne scales), enables a large exibity to assign a scale at each
pixel.

7.2. Image segmentation based on scale map. In this section, we briey
investigate how scale can be used as a feature for image clasation or segmentation
tasks. We propose to segment remote sensing images by usingly the scale infor-
mation. Notice that the scale attribute could of course be canbined with other more
classical features (e.g. wavelet features) to derive moreophisticated segmentation
algorithms.

The segmentation scheme we use here is based on the followistgps. We rst
compute a scale map of the image using Equation (3.7). A preegmentation is then
performed by a k-means [16] method using the local scale of ea pixel, resulting in
chosen asg(l) = | 2Rxz (ECD
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Figure 7.1 . (a) Image of a garden in Beijing (Quick-Bird (  0:6m)); ( b) Most signi cant shapes
extracted from (a) by using Equations (3.4) and (3.6) (using only contrast); ( ¢) Most signi cant
shapes extracted from (a) by using Equations (7.1) and (7.2) (using contrast and regularity) with

=0:5. The gray level value of each pixel x is the mean value of the pixels of the most signi cant
shape at x.

After the pre-segmentation, a Markov Random Field is used toregularize the
contour of the segmentation by minimizing a potential energ/ de ned as follows :

X
U(jC(x: 1)) = P (xih) + (I ly); (7.3)
Y2 Nx
where &) is the cluster center after k-means,P (x;1x) = JE(X) €(yx)j, isa

non-positive weighting parameter, Ny is the 4-neighborhood ofx, and

1; Ix = ly

(hily) = 1; otherwise (7.4)

The ICM (Iterative Conditional Mode) [6] algorithm is nall y used to minimize the
energy.

On Figure 7.2 is shown a segmentation result obtained with tlis approach. The
original image of Toulouse is displayed on Figure 7.2 (a), ath the scale map obtained
from this image is displayed on Figure 7.2 (b). Notice that the scale map is already
quite regular and not that far from a usable segmentation reslt. Figure 7.2 (c)
presents the segmentation result obtained from this scale @p after k-means and MRF
modelling. A total of 8 labels have been used and the parameteof Equation (7.3)
has been setto = 1. Ten iterations are performed for the ICM algorithm. The rst
observation concerns the high spatial accuracy of the segmtation. Moreover, notice
that using only one feature (the scale) a classi cation of the image between urban
areas and non-urban areas is obtained: indeed, small scalescur in the urban parts
of the image, while large scales characterize the non-urbaparts.

8. Conclusions and perspectives. In this paper, we have proposed a method
to de ne a local scale at each pixel of an image by using the topgraphic map. The
scale of a pixel is de ned as the scale of the most contrastedape containing this pixel.
Our approach has been validated by carrying out a large numbeof experiments on
various satellite images. These experiments indicate thathe method gives robust and
spatially very accurate results. These results do not invole any complex parameter

23



(@) (b) ()

Figure 7.2 . (a) Image of Toulouse c CNES; (b) Scale map computed from (b); (c) Segmentation
result.

tuning. Notice also that this approach is devoted to remote £nsing images, since, in
order to de ne the contrast of level lines, it is assumed thatblur is uniform over the
image. Nevertheless, the method could be applied to naturalmages for which the
blur is uniform (e.g. focus at in nity) or extended to the case of non uniform blur
(e.g. with an adaptive choice of in Equation (3.2)).

Another contribution of this paper is the study of the links b etween the proposed
method and previous variational de nitions of scale. This somehow bridges a gap
between morphological and variational methods to compute sales in an image.

The proposed scale measure appears to be an e cient featureof image classi -
cation or segmentation. Moreover, this feature can be expéed to be complementary
to more traditional features, such as wavelet features, wtih often rely on some linear
Itering of the image. Combined with the fact that our scale m easure is spatially very
accurate, this could lead to interesting applications in renote sensing image indexing.

Finally, we point out that the proposed approach is relatively generic and that, as
brie y presented in Section 7.1, other selection criteria @n be used to extract the most
signi cant shape for each pixel. In a di erent direction, it seems quite promising to
keep more than one scale information at each point and to invstigate the hierarchical
structure of shapes at each point. This could lead to intereng image analysis tools
for satellite or texture images.

Appendix A. One-dimensional discontinuity and blur.

In this appendix we investigate further, in the one-dimensbnal case, the choice
of parameter in Equation (3.2). Recall that this value should be chosen no too
small in order to group level lines corresponding to the samesdges, and not too
big to avoid grouping lines corresponding to di erent structures. In Section 3.2, we
use the approximation given by Formula (3.5) to explain why coosing a value of

=1 is reasonable for usual value of contrast, blur and quantzation step. We now
investigate more precisely the spacing between consecuév'lines" along a quantized
step function, in dimension one. In dimension two, computatons become very tricky
and were not carried out.

Let H(x) be the Heaviside function :

1; x 0

0; otherwise (A1)

H(x) =

A contour in dimension 1 can be written asCH (x) where C is the contrast of the
contour. The smoothed contour is theng(x) = CH (x) h, whereh is the convolution
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kernel. We will consider two cases for the blurring kernel : ectangular function and
Gaussian kernel. We denote bygy(x) the signal obtained by quantifying g(x) with a
quanti cation step of g and by gy, the quanti ed and sampled signal with a sample
step ofr. In the following computations, we always considemr = 1.

Rectangular kernel. If the convolution kernel is a rectangular function, i.e. h =
LH(X ) H(x), we have:

0= ICH(X) (H(x ) HX)

8

< C; X

= S@ %); x2( ;)
0 X

The value of ~ is the width between two consecutive jumps ofgg(x), i.e. :

9"+ x) g(x)j = a:
Whenx 2 ( ; ), we thus have:
.29
C

(A.2)

We thus have "< 1 (enabling one to use a value = 1 in Formula (3.2)) as
soon as is smaller than half the relative contrast of the edge,Cq !, which seems
reasonable.

Gaussian kernel. If the convolution kernel is Gaussian, i.e.h = k (x), we have:

99= CH() k = @ ert (p2-)

Contrarily to the previous case, the width of the jumps of the function gq(x) are
dierent. We dene ~ as the largest width between two consecutive jumps 0fq(x).
That is,

T=supf | j gg(l+ x)=gq(x);1 2 R;0<gq(x)<Cag:
[
Let us remark that since @g(x) is symmetric (the blurring kernel is symmetric), we
can consider onlyx < 0 or x > 0. Moreover, since whenx < 0, j@g(x)j is non-

decreasing, the largest value of is indeed the width between the rst and second
jumps of gq(x). The rst jump of gq(x) is computed as

g=supf x | jC g(X)j qg;
and therefore

~=suI|of I j jox+1) 9®)j qo

We thus have:
erf (p5-)= 2 1
erf (p-(8+ )= & 1
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As in the rectangular function case, we can see thaf™ is non-increasing with
respect to the contrast of the contour, non-decreasing withrespect to the width of
the kernel, and non-decreasing with respect to the quanti ation step. In practice,
for reasonable contrast and blur C > 15 and < 3), Equation (A.3) yields < 1,in
which case the value =1 can be used to apply Formula 3.2.
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