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ABSTRACT

In this paper, we tackletheproblemof imagenonlinearapprox-
imation. During the lastpastyears,many algorithmshave been
proposedto take advantageof the geometryof the image. We
intendhereto proposeanew nonlinearapproximationalgorithm
which would take into accountthestructuresof the image,and
whichwouldbepowerfulevenwhentheoriginalimagehassome
textured areas. To this end, we �rst split our imageinto two
components,a �rst onecontainingthe structuresof the image,
anda secondonetheoscillatingpatterns.We thenperformthe
nonlinearapproximationof eachcomponentseparately. Our �-
nal approximatedimageis the sumof thesetwo approximated
components.This new nonlinearapproximationalgorithmout-
performsthestandardbiorthogonalwaveletsapproximation.

1. INTRODUCTION

Imagenonlinearapproximationis a very active �eld of
research.The aim is to �nd a sparserepresentationfor
an image,so that one needsto storefew coef�cients to
retrieve theimage.
Waveletshave proved to be a powerful tool in this area
[1]. They indeedprovide sparserepresentationsfor im-
ages(especiallyfor texture images).But (see[1] for in-
stance),edgesleadtomany signi�cant waveletcoef�cients.
That is why therehave beena lot of workstheselastpast
yearsto �nd sparserepresentationsof imagesthatwould
bettertakeinto accountthegeometryof theimages.Some
algorithms[2, 3, 4, 5, 6, 7, 8, 9] have thusbeenproposed
to improve waveletsapproximationby taking advantage
of thestructuresin theimage.Suchmethodshave proved
to beef�cient for geometricalimages.
We want to proposea framework which would extend
thesemethodsto imagescontainingboth structureand
texture information. Structureapproximationandtexture
approximationarenotdonewith thesamealgorithms.

Therefore,we �rst want to split the image,that we want
to approximate,into a geometricalpartanda texturepart,
andthento carry out the approximationof both compo-
nentsseparately. To achieve ourgoal,wearegoingto use
adecompositionalgorithmrecentlyintroducedin [10, 11,
12]. Suchan approachhasbeensuccessfullyintroduced
in [13] for imageinpainting.

The plan of the paperis asfollows. We �rst presentthe
decompositionmodelof [11, 12]: we recall its link with
Meyer'smodel[14], andshow somenumericalexamples.
We thenintroducethenonlinearapproximationalgorithm
of [5]: it is well adaptedfor geometricalimages.And we
usetheclassical7-9biorthogonalwavelets[1] for textured
images.This way, we arein positionto describeour new
nonlinearapproximationalgorithm. We show somenu-
merical resultsto illustrate the relevanceof our method.
Weendthepaperwith ashortdiscussion.

2. A DECOMPOSITION ALGORITHM

In [14], Meyer hasdiscussedthe classicalRudin-Osher-
Fatemi model [15]. He hasintroduceda new model to
split a givenimagef into a sumu + v of a boundedvari-
ationcomponentandacomponentcontainingtheoscillat-
ing part of the image. The u componentcanbe viewed
asa sketchof the original imagef . This modelhas�rst
beensuccessfullyimplementedby VeseandOsher[10].
A differentapproachhasbeenproposedin [11, 12]. We
will usethis one,wherethe decompositionis computed
by minimizing a convex functionalwhich dependson the
two variablesu andv, alternatively in eachvariable.Each
minimizationis basedon a projectionalgorithmto mini-
mize the total variation[16]. Seealso[17, 18] for other
interestingapproaches.



2.1. Modelling

Let 
 bea boundedopensetof R2 with Lipschitzbound-
ary. The spaceusedto model the geometricalcompo-
nentu of an imagef is the spaceB V of functionswith
boundedvariation.Werecallhereits de�nition [16]:
De�nition: B V(
) is thesubspaceof functionsu 2 L 1(
)
suchthatthefollowing quantityis �nite:

J (u) = sup
� Z



u(x)div (� (x))dx; (1)

� 2 C1
c (
; R2); k� kL 1 (
) � 1

	

B V (
) endowedwith thenormkukB V (
) = kukL 1 (
) +
J (u) is a Banachspace.If u 2 B V(
) , thedistributional
derivativeDu is aboundedRadonmeasureand(1) corre-
spondsto thetotal variationjDuj(
) .
In [14], Meyerhasproposedanew decompositionmodel:

inf
(u;v )2 B V (
) � G(
) =f = u+ v

(J (u) + � kvkG ) (2)

TheBanachspaceG(
) containssignalswith largeoscil-
lations,andthusin particulartexturesandnoise.TheG-
normreplacestheclassicalL 2 normof theRudin-Osher-
Fatemimodel[15]. Wegive herethede�nition of G(
) :
De�nition: G(
) is the Banachspacecomposedof the
distributionsf whichcanbewritten

f = @1g1 + @2g2 = div (g) (3)

with g1 andg2 in L 1 (
) . On G, the following norm is
de�ned:

kvkG = inf
�

kgkL 1 (
) = esssup
x 2 


jg(x)j =v = div (g);

g = (g1; g2); g1 2 L 1 (
) ; g2 2 L 1 (
) ;

jg(x)j =
p

jg1j2 + jg2j2(x)
o

(4)

A functionbelongingto G mayhavelargeoscillationsand
neverthelesshave asmallnorm[14, 18].

2.2. Functional

In [11,12], theauthorshaveintroducedthefollowing func-
tional:

inf
(u;v )2 B V (
) G � (
)

�
J (u) +

1
2�

kf � u � vk2
L 2 (
)

�
(5)

where
G� (
) = f v 2 G(
) =kvkG � � g (6)

Theparameter� controlstheL 2-normof theresidualf �
u � v. The smallerit is, the smallerthe L 2-norm of the
residualgets.And � controlstheG-normof theoscillat-
ing partv. It is shown in [11, 12] thatsolving(5) is away
to solve (2).

Figure1: Barbara image

The minimum of (5) is computedby minimizing alter-
natively in eachvariableu andv. Eachminimization is
basedonaprojectionalgorithmto minimizethetotalvari-
ation[16].
We denoteby PK the orthogonalprojectionon a setK .
WhenK = G� for some� > 0, this projectionis com-
putedthanksto Chambolle's algorithm[16].
Algorithm:

1. Initialization:
u0 = v0 = 0 (7)

2. Iterations:

vn +1 = PG � (f � un ) (8)

un +1 = f � vn +1 � PG � (f � vn +1 ) (9)

3. Stoppingtest:westopif

max(jun +1 � un j; jvn +1 � vn j) � � (10)

2.3. Numerical experiments

In the resultsthat we presentin this subsection,we have
decidedto addthesmallresidualf � u � v to thegeomet-
rical component.This way, we have an exact decompo-
sition, which is a goodpoint sincewe intendto carryout
approximationon thisdecomposition.Figures1 and2 are
the imageswhich we want to decompose.Thenumerical
resultsaredisplayedonFigures3, 4, 5 and6.



Figure2: Lighthouseimage

3. NONLINEAR MULTISCALE
REPRESENTATIONS FOR GEOMETRICAL

IMA GES

While standard2-d waveletsprovide sparserepresenta-
tionsof smoothtexturedimages,they arenot ableto ex-
ploit the fact that the discontinuities(edges)delineating
differenttexturedregionslie alongsmoothcontours,lead-
ing to pooralgorithmicperformanceresults.Thishasmo-
tivatednew directionsof researchtowardscompactrepre-
sentationsof geometry: curvelets[2], contourlets[3] and
bandlets[4]. Edgeadapted(EA) multiscalerepresenta-
tionsintroducedandstudiedin [5, 8] areanotherpossible
trackfor suchimprovements.Thistransformhasasguide-
line thediscrete1-d framework of Ami Harten[19].

3.1. Harten' s framework

The ideasof A. Hartencanbe describedasfollows: we
start from a �nite setvJ = (vJ

k ) of discretedataat the
resolutionlevel J . For all j , we de�ne a decimationop-
eratorD j � 1

j , which extractsfrom (vj
k ) the discretedata

(vj � 1
k ) at the next coarserlevel, and a predictionoper-

ator P j
j � 1, which yields an approximation(v̂j

k ) of (vj
k )

from (vj � 1
k ). The decimationis always a linear opera-

tor, andthe predictionis allowed to be a nonlinearoper-
ator, but they satisfythe following consistency condition
D j � 1

j P j
j � 1 = I . Consequently, we representvj in terms

of (vj � 1; ej � 1); whereej � 1 is thepredictionerrorwhich
belongsto thenull spaceof D j � 1

j (dueto theconsistency
relation). We representtheerrorej in termsof a basisof
thenull spaceof D j � 1

j , resultingin thedetailvectordj � 1.

Figure3: B V componentu of the Barbara image (� =
0:1 and� = 60).

Thereforewecanrepresentvj by (vj � 1; dj � 1): By iterat-
ing this procedurefrom the �nest level J to the coarsest
level j = 0 we obtainthemultiscalerepresentationof vJ

into (v0; d0; :::; dJ � 1).

3.2. EdgeAdapted multir esolutionrepresentations

3.2.1. 1-d formalism

For thesake of clarity, we considerherethe1-d case(for
the 2-d case,we refer the readerto [5, 7, 8]). We con-
sider hierarchicaldiscretizationsby cell-averagesvj

k :=
2j

R
cj

k
v(x)dx; where cj

k := [k2� j ; (k + 1)2� j ). This

choice�x esthedecimationasvj � 1
k := 1

2 (vj
2k + vj

2k+1 ):
Usingej � 1

2k + ej � 1
2k+1 = 0, wede�ne thedetailsby dj � 1

k =
ej

2k .
We now want to de�ne a goodpredictionoperatorwhich
makes the approximationerror and then the detail coef-
�cents as small as possible,resultingin a sparserepre-
sentation. The simplestchoice for suchan operatoris
v̂j

2k = v̂j
2k+1 = vj � 1

k , which correspondsto the decom-
position in the Haar systemwith a low order of accu-
racy. Theorderof approximationcanberaisedby usinga
higherorderpolynomialreconstruction,by de�ning pj � 1

k
astheuniquequadraticpolynomialwhich�ts theaverages
(vj � 1

k � 1; vj � 1
k ; vj � 1

k+1 ) , andby de�ning v̂j
2k andv̂j

2k+1 asthe
averagesof pj � 1

k on thecorrespondingintervals. There-
sultingmultiscaletransformis equivalentto thebiorthog-
onal wavelet transform(BW), raising the approximation
order in smoothregionsandalsogeneratingoscillations



Figure4: Oscillatorycomponentv of theBarbara image
(� = 0:1 and� = 60).

nearsingularities.
ENO mechanism: we can improve the methodby using
a nonlinearpredictionoperator, suchasessentiallynon-
oscillatory(ENO)reconstruction,asproposedin [19]. The
goal of such an operatoris to improve the approxima-
tion order near the singularities. The ENO reconstruc-
tion choosesamongthe polynomials(pj � 1

k � 1; pj � 1
k ; pj � 1

k+1 )
the leastoscillatoryonewith respectto somenumerical
criterionbasedonly on thevaluesat thecoarserlevel.
Subcellresolutiontechnique:wecangofurtherwith these
ideasby usingthesubcellresolutiontechniquein thecells
containingsingularities.Thesecellsaredetectedasthose
for which the supportsof the adjacentpolynomials(se-
lectedby theENOmechanism)donot intersect(see�gure
7).
For suchcells,wethenuseapiecewisepolynomialrecon-
structionpj � 1

k � 21]�1 ;y ] + pj � 1
k+2 1[y ;1 [, wherey is obtained

by consistency with theaveragevj � 1
k .

Example: in Figure 8 we show the reconstructionof a
piecewise smoothfunction from a resolutionlevel of 3.
This illustratesthe accuracy of our nonlinearreconstruc-
tionmethod(ENO-SR).BW predictionisaccuratefor smooth
functionsandexactfor poynomialfunctions,while ENO-
SRpredictionis accuratefor piecewisesmoothfunctions
andexactfor piecewisepolynomialfunctions.

3.2.2. Edge Adaptedpredictionfor images

All theideasdevelopedin the1-dcasecanbegeneralised
to the2-dcase(with sometechnicaltricks).

Figure5: B V componentu of thelighthouseimage (� =
0:1 and� = 12).

For more details on EA prediction we refer the reader
to [5], [6] and [7] wherethis procedurehasbeenintro-
ducedandwheresomepropertieshave beeninvestigated,
namelythe exactnessof the predictionoperatorwith re-
spectto simpli�ed modelandalsotheapproximationor-
der.

4. A NEW NONLINEAR APPROXIMA TION
ALGORITHM

4.1. Presentation

Thealgorithmpresentedin Section3 (EA) is anef�cient
approximationalgorithmfor geometricalimages.Its per-
formancecomesfrom thefactthatit takesinto accountthe
geometryof theimage.Suchanalgorithmis thusparticu-
larily well suitedfor theapproximationof thegeometrical
componentof animage.
The ideaof our algorithm(UVEA) is the following. We
�rst decomposeouroriginalimagef into two components
u andv with thealgorithmpresentedin Section2 , u being
thegeometricalcomponent,andv theoscillatorypart.We
thenusethe approximationalgorithmof Section3 (EA)
on u, anda classicalapproximationalgorithmon v. For
v, we have decidedto usethe 7-9 biorthogonalwavelets
(BW) [1].

4.2. Numerical resultsand comments

Figure1 is theBarbaraimagewhich we wantto approxi-
mate.Whentestingour algorithm,we have chosento use



Figure6: Oscillatorycomponentv of thelightouseimage
(� = 0:1 and� = 12).

!

Figure7: Singularcell

imagessuchasthis one: imagescontainingbothgeomet-
rical andtextureinformation.Figure9 is theresultweget
with our algorithm. We have kept7% of thecoef�cients
of thegeometricalpartand13%for thetexturedpart.
Figure10 is theresultwe getwith theEA algorithm.We
havekept20%of thecoef�cients. Sinceit hasbeendevel-
opedfor geometricalimage,it performsnotverywell with
imagescontainingtextures.Figure11 is theresultwe get
with thestandardBW algorithm(we have alsokept20%
of thecoef�cients sothatwecancomparetheresults).
Table1 showstheL 2-error. ThebestL 2-erroris perfomed
by our algorithm.Moreover, thegeometricalinformation
of the imageis muchmorepreservedwith our algorithm
thanwith BW: this canbecheckedon theleg of thetable
for instance(seealsoFigure12 which is a zoomof Bar-
bara'sshoulder).And sometextureswhichdisappearwith
the BW algorithmarepreserved with our algorithm(see

Table1: L 2-errors(Barbaraimage)

Algorithm UVEA EA BW
L 2-error 14.97 19.94 15.75
PSNR 24.79 22.13 24.23

Figure8: (a) Original function,(b) BWand(c) ENO-SR

Figure 9: Compressedimage with our method(UVEA)
(7% of thecoef�cients for theu componentand13%for
thev component)

Figure13which is a zoomof Barbara's knee).Therefore,
ouralgorithmgivesabetterresultthantheBW algorithm.

We have conductedexperimentson several images,and
this hascon�rmed theseresults. For instance,Figure14
shows theresultwe getwith our algorithmwith thelight-
houseimageof Figure2. We have kept10%of thecoef-
�cients of boththegeometricalpartandthetexturedpart.
And Figure15 is theresultwegetwith theBW algorithm
(with 20%of thecoef�cients). Thesameconclusionshold
for thelighthouseimageasfor theBarbaraimage(seeTa-
ble2).

Table2: L 2-errors(lighthouseimage)

Algorithm UVEA BW
L 2-error 9.14 9.96
PSNR 28.88 28.19



Figure10: Compressedimagewith EA(20%of thecoef�-
cients)

5. CONCLUSION AND FUTURE PROSPECTS

We have presenteda new nonlinearapproximationalgo-
rithm for imagescontainingbothstructureandtexturein-
formation. We �rst split the imageto approximateinto
two components,one containingthe structures,and an-
otheronethetextures.We thencarryout theapproxima-
tionof thesetwocomponentswith adaptedalgorithms:the
EA algorithmof [5] for thegeometricalpart,andthe7-9
biorthogonalwaveletsfor thetexturepart.Thisprocedure
givesusapowerful nonlinearapproximationalgorithm(it
indeedleadsto acompactrepresentationof theimage).

In ournumericaltests,it outperformsthestandardbiorthog-
onalwavelets(BW) approximationalgorithmwith respect
to both the L 2-norm andthe visual aspectof the image:
the edgesare sharper, and more texturesare preserved.
This is thereforea very promisingway to improve com-
pressionratesin imageprocessing.

We now plan to study the beststrategy to approximate
the geometricalcomponentand the oscillating one. Up
to now, we have chosenarbitrarily the numberof coef�-
cientsfor eachcomponent. We may improve our com-
pressionresultswith a moresubtlechoice. We alsoplan
to improve the predictionoperatorof the EA algorithm,
by taking into accountthat it only dealsherewith pure
geometricalimages.We intendto comparetheEA algo-
rithm with othernonlinearapproximationalgorithmsfor
geometricalimages[2, 3, 4]. A moredetailedversionof
thiswork canbefoundin [20].

Figure11: Compressedimagewith biorthogonalwavelets
(BW)(20%of thecoef�cients)

UVEA BW

Figure12: ZoomonBarbara's shoulder
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