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ABSTRACT

In this paperwe tacklethe problemof imagenonlinearapprox-
imation. During the last pastyears,mary algorithmshave been
proposedo take adwantageof the geometryof the image. We
intendhereto proposeanew nonlinearapproximatioralgorithm
which would take into accountthe structuresof theimage,and
whichwouldbepowerful evenwhentheoriginalimagehassome
textured areas. To this end, we rst split our imageinto two
componentsa rst onecontainingthe structuresof the image,
anda secondonethe oscillating patterns.We thenperformthe
nonlinearapproximationof eachcomponenseparatelyOur -
nal approximatedmageis the sum of thesetwo approximated
componentsThis hew nonlinearapproximatioralgorithmout-
performsthe standardiorthogonalwaveletsapproximation.

1. INTRODUCTION

Image nonlinearapproximationis a very actve eld of

research.The aimis to nd a sparserepresentatiotior

an image, so that one needsto storefew coefcients to

retrieve theimage.

Waveletshave proved to be a powerful tool in this area
[1]. They indeedprovide sparserepresentationfor im-

ages(especiallyfor texture images). But (see[1] for in-

stance)edgedeadto mary signi cant waveletcoefcients.
Thatis why therehave beena lot of workstheselast past
yearsto nd sparseepresentationsf imagesthatwould

bettertake into accounthegeometryof theimages.Some
algorithms[2, 3, 4, 5, 6, 7, 8, 9] have thusbeenproposed
to improve waveletsapproximationby taking advantage
of the structuresn theimage.Suchmethodshave proved

to beef cient for geometricalmages.

We want to proposea framevork which would extend
thesemethodsto imagescontainingboth structureand
texture information. Structureapproximatiorandtexture

approximatiorarenot donewith the samealgorithms.

Thereforewe rst wantto split the image,that we want
to approximateinto ageometricapartandatexture part,
andthento carry out the approximationof both compo-
nentsseparatelyTo achiese our goal,we aregoingto use
adecompositioralgorithmrecentlyintroducedn [10, 11,

12]. Suchanapproachhasbeensuccessfullyintroduced
in [13] for imageinpainting.

The plan of the paperis asfollows. We rst presenthe
decompositiormodelof [11, 12]: we recallits link with

Meyer's model[14], andshav somenumericalexamples.
We thenintroducethe nonlinearapproximatioralgorithm
of [5]: it is well adaptedor geometricaimages.And we

usetheclassical’-9biorthogonalvavelets[1] for textured
images.This way, we arein positionto describeour nen

nonlinearapproximationalgorithm. We shov somenu-

merical resultsto illustrate the relevanceof our method.
We endthe paperwith a shortdiscussion.

2. A DECOMPOSITION ALGORITHM

In [14], Meyer hasdiscussedhe classicalRudin-Osher
Fatemimodel [15]. He hasintroduceda nev modelto
splitagivenimagef into asumu + v of aboundedvari-
ationcomponenainda componentontainingthe oscillat-
ing partof the image. The u componentcan be viewed
asa sketchof the original imagef . This modelhas rst
beensuccessfullyimplementedoy Veseand Osher[10].
A differentapproachhasbeenproposedn [11, 12]. We
will usethis one, wherethe decompositioris computed
by minimizing a corvex functionalwhich depend®on the
two variablesu andyv, alternatvely in eachvariable.Each
minimizationis basedon a projectionalgorithmto mini-
mize the total variation[16]. Seealso[17, 18] for other
interestingapproaches.



2.1. Modelling

Let beaboundedpensetof R? with Lipschitzbound-
ary. The spaceusedto model the geometricalcompo-
nentu of animagef is the spaceBV of functionswith
boundedvariation.We recallhereits de nition [16]:
De nition: BV() isthesubspaceffunctionsu 2 L1()
suchthatthefollowing quantityis nite:
Z
J(u) =

sup u(x)div ( (x))dx; (1)

2CH{; Rk ki) 1

BV () endavedwith thenormkukgy )y = Kuk_ iy +
J(u) isaBanachspacelf u2 BV() , thedistributional
derivative D u is aboundedRadonmeasureand(1) corre-
sponddgo thetotal variationjD uj( ) .

In [14], Meyer hasproposedinenv decompositionmodel:

. G+ kvkg) (2

inf
(uv)2BV () G() =f=u+

TheBanachspaceG() containssignalswith largeoscil-
lations,andthusin particulartexturesandnoise. The G-
normreplaceghe classicalL > norm of the Rudin-Osher
Fatemimodel[15]. We give herethede nition of G() :
De nition: G() is the Banachspacecomposedf the
distributionsf which canbewritten

f =@+ @g = div(g) ®3)
with g; andg, in L' () . On G, thefollowing normis

de ned:

kvke = inf kgk_ : () = esssupjg(x)j=v= div(g);
X2

g= (gl;gé); g2Lt() % 2 L* () ;
j9()i = jmj? + jgj3(x) (4)

A functionbelongingto G mayhavelargeoscillationsand
neverthelesave asmallnorm[14, 18].

2.2. Functional

In[11,12], theauthorshaveintroducedhefollowing func-
tional:

. 1 5
(U;V)ZB{/n(f) 6 0 J(u) + Z—kf u  vkiz, (5)
where

G () =fv2G() =kvkg g (6)

Theparameter controlstheL 2-normof theresidualf

u v. Thesmallerit is, the smallerthe L 2-norm of the
residualgets. And controlsthe G-norm of the oscillat-
ing partv. It is shavnin [11, 12] thatsolving(5) is away
to solve (2).

Figurel: Barbara image

The minimum of (5) is computedby minimizing alter
natively in eachvariableu andv. Eachminimizationis
basedn a projectionalgorithmto minimizethetotal vari-
ation[16].

We denoteby Pk the orthogonalprojectionon a setK .
WhenK = G for some > 0, this projectionis com-
putedthanksto Chambolles algorithm[16].

Algorithm:
1. Initialization:
Up = Vo = (1)
2. Iterations:
Vas1 = Pg (f un) 8
Upe1 = F Vaur  Pe (f vhs)  (9)
3. Stoppingtest: we stopif
max(jun+1  Unj;jVn+1  Vnj) (10)

2.3. Numerical experiments

In the resultsthat we presentn this subsectionye have

decidedo addthesmallresiduaf u vtothegeomet-
rical component.This way, we have an exactdecompo-
sition, which is a goodpoint sincewe intendto carry out

approximatioron this decompositionFiguresl and2 are
theimageswhich we wantto decomposeThe numerical
resultsaredisplayedon Figures3, 4, 5 and6.



Figure2: Lighthousémage

3. NONLINEAR MULTISCALE
REPRESENTATIONS FOR GEOMETRICAL
IMA GES

While standard2-d wavelets provide sparserepresenta-
tions of smoothtexturedimagesthey arenot ableto ex-
ploit the fact that the discontinuities(edges)delineating
differenttexturedregionslie alongsmoothcontours)ead-
ing to pooralgorithmicperformanceesults.This hasmo-
tivatednew directionsof researchiowardscompactrepre-
sentation®f geometry. curwvelets[2], contourletd3] and
bandlets[4]. Edgeadapted(EA) multiscalerepresenta-
tionsintroducedandstudiedin [5, 8] areanotherpossible
trackfor suchimprovementsThistransformhasasguide-
line thediscretel-d framewvork of Ami Harten[19].

3.1. Harten'sframework

Theideasof A. Hartencanbe describedasfollows: we
startfrom a nite setv? = (v{) of discretedataat the
resolutionlevel J. For all j, we de ne a decimationop-
eratorD' ! which extractsfrom (v ) the discretedata
(Vi ) at the next coarserlevel, and a predictionoper
ator P 1, which yields an apprOX|mat|on(0‘) of (v})
from (vJ ). The decimationis always a linear opera-
tor, andthe predictionis allowedto be a nonlinearoper
ator, but they satisfythe following consisteng condition
DJ lPJ . = |. Consequentlywe represent/ in terms
of (VI I e 1):whered 1lis the predictionerrorwhich
belongsto thenull spaceof DJ ! (dueto the consisteng
relation). We representhe errorel in termsof a basisof
thenull spaceof D/ ! resultingin thedetailvectordl .

Figure3: BV componenu of the Barbara image ( =
0:1and = 60).

Thereforewe canrepresent! by (vi 1:d 1): By iterat-
ing this procedurefrom the nest level J to the coarsest
levelj = 0 we obtainthe multiscalerepresentatioof v’
into (v0; d°; ;¥ 1),

3.2. Edge Adapted multir esolutionrepresentations
3.2.1. 1-dformalism

For the sale of clarity, we considetherethe 1-d case(for
the 2-d case,we refer the readerto [5, 7, 8]). We con-
rhierarchicaldiscretizationsby cell-averagesv}, =
2 o V(X)dx; whered, = [k2 J;(k + 1)2 1). This
choice x esthe decimationasvl, ' := 1(vh, + Vb, ):
Usinge,, ' + &, ., = 0, wede ne thedetailsby d, * =
&
We now wantto de ne a goodpredictionoperatomwhich
makes the approximationerror and then the detail coef-
cents as small as possible,resultingin a sparserepre-
sentation. The S|mplestch0|cefor such an operatoris
O = %,y = vl ', which correspondso the decom-
position in the Haar systemW|th a low order of accu-
ragy. Theorderof approximatiorcanberaisedby usmga
higherorderpolynomialreconstructionby de ning p’k
astheun|quequadrat|cpolynom|alwh|ch ts theaverages
(vl Tivi? v{Hl) andby de ning ¥, and®, ., asthe
averagesof p‘k on the correspondingntervals. There-
sulting multiscaletransformis equivalentto the biorthog-
onal wavelet transform(BW), raisingthe approximation
orderin smoothregionsand also generatingoscillations



Figure4: Oscillatory component of the Barbara image
( =0land = 60).

nearsingularities.

ENO medtanism: we canimprove the methodby using
a nonlinearpredictionoperatoy suchas essentiallynon-
oscillatory(ENO)reconstructionasproposedn [19]. The
goal of suchan operatoris to improve the approxima-
tion order nearthe singularities. The ENO reconstruc-
tion choosesamongthe polynomials(pl, 1;p, *;pl.s)
the leastoscillatory one with respectto somenumerical
criterionbasednly onthevaluesatthe coarsetevel.
Subcelresolutiontechnique: we cangofurtherwith these
ideasby usingthesubcellresolutiontechniquen thecells
containingsingularities.Thesecellsaredetectedasthose
for which the supportsof the adjacentpolynomials(se-
lectedby theENO mechanismilo notintersec{see gure
7).

For suchcells,we thenusea piecavise polynomialrecon-
structionp, 31j1 )+ Phss 1y:1 [ Wherey is obtained
by consisteng with theaveragev) *

Example: in Figure 8 we shav the reconstructionof a
piecavise smoothfunction from a resolutionlevel of 3.
This illustratesthe accurag of our nonlinearreconstruc-

tion method ENO-SR) BW predictionis accuratdor smooth

functionsandexactfor paynomialfunctions,while ENO-
SR predictionis accurateor piecavise smoothfunctions
andexactfor piecavise polynomialfunctions.

3.2.2. Edge Adaptedoredictionfor images

All theideasdevelopedin the 1-d casecanbegeneralised
to the 2-d case(with sometechnicaltricks).

Figure5: BV componentl of thelighthouseimage ( =
O:land = 12).

For more detailson EA predictionwe refer the reader
to [5], [6] and[7] wherethis procedurehasbeenintro-

ducedandwheresomepropertieshave beeninvestigated,
namelythe exactnesf the predictionoperatorwith re-

spectto simpli ed modelandalsothe approximationor-

der

4. A NEW NONLINEAR APPROXIMA TION
ALGORITHM

4.1. Presentation

Thealgorithmpresentedn Section3 (EA) is anefcient
approximatioralgorithmfor geometricaimages.Its per
formancecomedrom thefactthatit takesinto accounthe
geometryof theimage.Suchanalgorithmis thusparticu-
larily well suitedfor theapproximatiorof thegeometrical
componenbf animage.

Theideaof our algorithm (UVEA) is the following. We
rst decomposeuroriginalimagef intotwocomponents
u andv with thealgorithmpresentedh Section2, u being
thegeometricatomponentandv theoscillatorypart. We
then usethe approximationalgorithmof Section3 (EA)
on u, anda classicalapproximationalgorithmonv. For
v, we have decidedto usethe 7-9 biorthogonalwavelets
(BW) [1].

4.2. Numerical resultsand comments

Figurel is the Barbaramagewhich we wantto approxi-
mate.Whentestingour algorithm,we have choserto use



Figure6: Oscillatorycomponenv of the lightouseimage

( =0land = 12

Figure7: Singularcell

imagessuchasthis one:imagescontainingbothgeomet-
rical andtextureinformation. Figure9 is theresultwe get
with our algorithm. We have kept 7% of the coefcients
of thegeometricapartand13%for the texturedpart.
Figure10is theresultwe getwith the EA algorithm. We
have kept20%of thecoefcients. Sinceit hasbeendevel-
opedfor geometricaimage,it performsnotverywell with
imagescontainingtextures. Figure11 is theresultwe get
with the standardBW algorithm(we have alsokept 20%
of thecoefcients sothatwe cancompareheresults).
Tablel shovsthel 2-error Thebestl 2-erroris perfomed
by our algorithm. Moreover, the geometricainformation
of theimageis muchmore presered with our algorithm
thanwith BW: this canbe checled on the leg of thetable
for instance(seealsoFigure 12 which is a zoomof Bar
baras shoulder) And sometextureswhich disappeawith
the BW algorithmare presered with our algorithm (see

Tablel: L2-errors(Barbaramage)

Algorithm | UVEA | EA BW
L2-error | 14.97 | 19.94| 15.75
PSNR 24.79 | 22.13| 24.23

CAC

Figure8: (a) Original function,(b) BWand(c) ENO-SR

Figure 9: Compessedimage with our method(UVEA)
(7% of the coefcients for the u componenand 13% for
thev component)

Figure13whichis azoomof Barbaras knee).Therefore,
ouralgorithmgivesabetterresultthanthe BW algorithm.

We have conductedexperimentson several images,and
this hascon rmed theseresults. For instance Figure 14
shavs theresultwe getwith our algorithmwith thelight-
houseimageof Figure2. We have kept 10% of the coef-
cients of boththe geometricapartandthetexturedpart.
And Figurel5is theresultwe getwith the BW algorithm
(with 20%o0f thecoefcients). Thesameconclusionsold
for thelighthousemageasfor the Barbaramage(seeTa-
ble 2).

Table2: L2-errors(lighthousemage)

Algorithm | UVEA | BW
L2-error 9.14 | 9.96
PSNR 28.88 | 28.19




Figure10: Compessedmage with EA (20%of the coef-
cients)

5. CONCLUSION AND FUTURE PROSPECTS

We have presentedh new nonlinearapproximationalgo-
rithm for imagescontainingboth structureandtexturein-
formation. We rst split the imageto approximateinto
two componentspne containingthe structures,and an-
otheronethetextures. We thencarry out the approxima-
tion of thesewo componentsvith adaptedlgorithms:the
EA algorithmof [5] for the geometricapart,andthe 7-9
biorthogonalwaveletsfor thetexturepart. This procedure
givesusa powerful nonlinearapproximatioralgorithm(it
indeedleadsto acompactrepresentationf theimage).

In ournumericatestsjt outperformghestandardiorthog-
onalwavelets(BW) approximatioralgorithmwith respect
to both the L?-norm andthe visual aspectof the image:
the edgesare sharper and more textures are presered.
This is thereforea very promisingway to improve com-
pressiorratesin imageprocessing.

We now plan to study the beststrategy to approximate
the geometricalcomponentand the oscillatingone. Up
to now, we have chosenarbitrarily the numberof coef-
cientsfor eachcomponent. We may improve our com-
pressiorresultswith a more subtlechoice. We alsoplan
to improve the predictionoperatorof the EA algorithm,
by taking into accountthatit only dealsherewith pure
geometricaimages.We intendto comparethe EA algo-
rithm with othernonlinearapproximationalgorithmsfor
geometricaimages[2, 3, 4]. A moredetailedversionof
thiswork canbefoundin [20].

Figurell: Compessedmage with biorthogonalwavelets
(BW) (20% of the coefcients)

UVEA BW

Figure12: Zoomon Barbara's shoulder
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