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1. Inverse problems in image processing

For this section, we refer the interested reader to [71]. Weneourage the reader not familiar
with matrix to look at [29].

1.1 Introduction

In many problems in image processing, the goal is to recover aleal imageu from an obser-
vation f .

u is a perfect original image describing a real scene.

f is an observed image, which is a degraded versionuof

The degradation can be due to:

Signal transmission: there can be some noisarfdom perturbation).

Defects of the imaging system: there can be some blueterministic perturbation).
The simplest modelization is the following:

f=Au+v (1.2)

wherev is the noise, andA is the blur, a linear operator (for example a convolution).
The following assumptions are classical:

A is known (but often not invertible)

Only some statistics (mean, variance, ...) are know af.

1.2 Examples

Image restoration (Figure 1)
f=u+v (1.2)

with n a white gaussian noise with standard deviation.

Radar image restoration (Figure 2)

f = uv (1.3)
with v a gamma noise with mean one.
Poisson distribution for tomography.
Image decomposition  (Figure 3)
f=u+v (1.4)

u is the geometrical component of the original imagd (u can be seen a s a sketch b)),
and v is the textured component of the original imagd (v contains all the details off ).



Original image Noisy imagef ( = 30) Restoration (u)

Figure 1: Denoising

Noise free image Speckled imagd § restored imageu

Figure 2: Denoising of a synthetic image with gamma noisd. has been corrupted by some
multiplicative noise with gamma law of mean one.

Figure 3: Image decomposition



Original image Degraded image Restored image

Figure 4: Example of TV deconvolution

Degraded image Inpainted image

Figure 5:

Image deconvolution (Figure 4)
f=Au+v (1.5)

Image inpainting [56] (Figure 5)
Zoom [54] (Figure 6)

1.3 lll-posed problems

Let X and Y be two Hilbert spaces. LetA : X I Y a continous linear application (in short,
an operator).
Consider the following problem:

Givenf 2 Y;nd u2 X suchthatf = Au (1.6)
The problem is said to bewell-posedif
(i) 8f 2 Y there exists a uniqueu 2 X such thatf = Au.

(i) The solution u depends continuously orf .



Figure 6: Top left: ideal image; top right: zoom with total vaiation minimization; bottom left:
zoom by pixel duplication; bottom right: zoom with cubic spines



In other words, the problem is well-posed iA is invertible and its inverseA 1:Y ! X is
continuous.

Conditions (i) and (ii) are referred to as theHadamard conditions.

A problem that is not well-posed is said to bell-posed

Notice that a mathematically well-posed problem may be ilposed in practice: the solution
may exist, be unique, and depend continuously on the data, bstill be very sensitive to small
perturbations of it. An eror f produces the erroru = A 1f , which may have dramatic
consequences on the interpretation of the solution. In pacular, if KA k is very large, errors
may be strongly ampli ed by the action of A 1. There can also be some computational time
issues.

1.4 An illustrative example

See [29] for the de ntion ok:k, of a vector, a matrix, a positive symmetric matrix, an orthognal
matrix, ...
We consider the following problem:

f=Au+v a.7)

kvk is the the amount of noise.

We assume thatA is areal symetric positive matrix and has some small eigenvaluekA 1k
is thus very large. We want to compute a solution by Itering.

SinceA is symetric, there exists an orthogonal matrixP (i.e. P 1= PT) such that:

A=PDPT (1.8)
with D = diag( ;) a diagonal matrix, and ; > O for all i.
We have:
A=u+Av=u+PD PTv (1.9)

with D * = diag( ; !). It is easy to see that instabilities arise from small eigeales ;.

Regularization by ltering: One way to overcome this problem consists in modifying the
.1 we multiply them by w ( ?). w is chosen such that:
w(? ' Owhen ! 0. (1.10)

This lters out singular components from A f and leads to an approximation tou by u
de ned by:
u =PD PTf (1.11)
whereD * = diagiw ( ?) ; b).
To obtain some accuracy, one must retain singular componentorresponding to large sin-
gular values. This is done by choosing ( ?) 1 for large values of .
For w , we may chose (truncated SVD):

o 1if 2>
We may also choose a smoother function (Tychonov lIter funain):
2
w(?= (1.13)

24
An obvious question arises:can the regularization parameter be selected to guarantee
convergence as the error levédvk goes to zero?



Error analysis:  We denote byR the regularization operator:

R =PD !PT (1.14)
We haveu = R f. The regularization error is given by:
e =u UuU=RAu u+R v= guc + gnose (1.15)
where:
e =R Au u=P(D D Id)PTu (1.16)
and: _
g =R v=PD !PTy (1.17)

einc js the error due to the regularization (it quanti es the loss of information dueoct the
regularizing lter). €"*¢ is called the noise ampli cation error.

We rst deal with €™, Sincew ( 2)! las ! O,wehaveD '! D 'as ! Oand
thus:
e 1 Qas ! O. (1.18)
To deal with the noise ampli cation error, we use the followng inequality for > O:
1
wi(?) ' p= (1.19)

Remind that kPk = 1 sinceP orthogonal. We thus deduce that:
ghoise p]':kvk (1.20)

where we recall thatkvk = kvk is the amount of noise. To conclude, it su ce to choose = kvkP
with p < 2, and letkvk ! 0: we gete™se | 0,
Now, if we choose = kvkP with 0<p < 2, we have:

e ! Oaskvk! O. (1.22)
For such a regularization parameter choice, we say that theethod is convergent

Rate of convergence: We assume a range condition:

u=A 1z (1.22)
SinceA = PDPT, we have:
g =P D I1d)PTu=P(D ' D HP'z (1.23)
Hence:
ke ki k D ' D 'kPkzk? (1.24)
SinceD * D '=diag((w ( ) 1) %, we deduce that:
ke k3 kzk? (1.25)
We thus get:
kek P kzk+ pl—_kvk (1.26)

The right-hand side is minimized by taking = kvk=kzk. This yields:
ke k 2IO kzkkvk (1.27)

Hence the convergence order of the method(]r$p kvk).



1.5 Modelization and estimator

We consider the following additive model:

f=Au+v (1.28)

Idea: We want to comput the most likelyu with respect to the observationf . Natural
probabilistic quantities: P(FjU), and P (ujF).

1.5.1 Maximum Likelihood estimator

Let us assume that the noise follows a Gaussian law with zero mean:
!
| (v)?
P(V=yv)s= pﬁexp 52 (1.29)

We haveP(F =fjlU=u)=P(F=Au+viU=u)=P(V=1f Au).
We thus get: I
(f  Au)?

5 (1.30)

P(F =fju=u)(fju) = p%exp

We want to maximize P (FjU). Let us remind the reader that the image is discretized, and
that we denote by S the set of the pixels of the image. We also assume that the salep of
the noise on each pixe$ 2 S are mutually independent and identically distributed (i.id). We
therefore have: %

P(FjU) = P(F(s)jU(s)) (1.31)
s2S
whereF (s) (resp. U(s)) is the instance of the variableF (resp. U) at pixel s.
Maximizing P (FjU) amounts to minimizing the log-likelihood log(P(FjU), which can be
written: X
log (P(FjU)) = log (P (F (s)jU(s))) (1.32)
s2S
We eventually get:
. X 1 (F(s) AU(s))?
log (P(Fju)) = log pﬁ + 52 (1.33)

s2S

We thus see that minimizing log (P (FjU)) amounts to minimizing:

(F(s) AU(s))? (1.34)
s2S

Getting back to continuous notations, the data term we conder is therefore:
Z
(f Au)? (1.35)

10



1.5.2 MAP estimator

As before, we have:
!

2
P(F =fju=u)(fju) = p%exp (fz—Az\u) (1.36)
We also assume that follows a Gibbs prior:
PU=u)= Zlexp( (u)) (1.37)

whereZ is a normalizing constant.
We aim at maximizing P(UjF). This will lead us to the classical Maximum a Posteriori
estimator. From Bayes rule, we have:

P(FjU)P(U)

P(UjF) = P(F) (1.38)
Maximizing P (UjF) amounts to minimizing the log-lihkelihood log(P(UjF):
log(P(UjF) = log(P(FjuU)) log(P(U))+log(P(F)) (1.39)

As in the previous section, the image is discretized. We ddedy S the set of the pixel of
the image. Moreover, we assume that the sample of the noiseeach pixels 2 S are mutually
independent and identically distributed (i.i.d) with densty gy. Sincelog(P(F)) is a constant,
we just need to minimize:

X
log (P(Fju)) log(u) = (log (P(F(s)iU(s)))  log(P(U(s)) (1.40)

s2S

SinceZ is a constant, we eventually see that minimizing log (P (FjU)) amounts to minimizing:

X 1 (F(s) AU(s))?
log Vo 2 * 2 2

+(U(9) (1.41)

s2S

Getting back to continuous notations, this lead to the follaving functional:
Z Z

(fz—éu)z dx + (u) dx (1.42)

1.6 Energy method and regularization

From the ML method, one sees that many image processing prebis boil down to the following
minimization problem:
Z

inf jf  Auj?dx (1.43)
u
If a minimizer u exists, then it satis es the following equation:

Af AAuU=0 (1.44)

11



whereA is the adjoint operator to A.
This is in general anill-posed problem, sinceA A is not always one-to-one, and even in the
case when it is one-to-one its eigenvalues may be small, gagswumerical instability.
A classical approach in inverse problems consists in intrading a regularization term, that
Is to consider a related problem which admits a unique solotn:
Z

inf jf  Auj®+ L (u) (1.45)

wherelL is a non-negative function.
The choice of the regularization is in uenced by the followig points:

Well-posednesof the solutionu .
Convergence:when ! 0, one wantsu ! wu.
Convergence rate

Qualitative stability estimate

Numerical algorithm

Modelization: the choice ofL must be in accordance with the expected properties of
=) link with MAP approach.

Relationship between Tychonov regularization and Tychonov ltering: Let us con-
sider the following minimization problem:

infkf  Auk3 + kuk3 (1.46)
u

We denote byu its solution. We want to show thatu is the same solution as the one we got
with the Tychonov lter in subsection 1.4. We propose two dierent methods.

1. Let us set:
F(u)= kf  Auk3+ kuk3 (1.47)
We rst compute r F. We make use ofF(u+ h) F(u)= hh;r Fi + o(khk). We have
indeed:
F(u+h) F(u=2hh; u + ATAu ATfi + o(khk) (1.48)

We also haveA™ = A sinceA symmetric. Hence:
rEU)=(1d + A2u Af =(PT(Id + D?Pu Af (1.49)

where we remind thatA = PTDP, and D = diag( ;) (consider also the case = 0, what
happens?). We have:ld + D? = diag( + ?2).

But it is easy to see thatu is a solution ofr F(u) =0, and then to conclude.

12



2. We have:
ki  Auk®+ kuk?®= kf k? + kKAuk®+ kuk® 2H:Aui (1.50)

But Au= PDPTu = PDw with
w=PTu (1.51)

And thus kAuk = kDwk sinceP orthogonal. Moreover, we haves = PPTu = Pw and
thereforekuk = kwk. We also have:

H;Aui = H;PDP Tui = lPTf;DP Tui = hg; Dwi (1.52)
with
g=PTf (1.53)
Hence we see that minimizing (1.50) with respect to amounts to minimizing (with
respect tow): X
kDvk?+ kwk?® 2hg;Dwi = Fi(w;) (1.54)
i
where:
Fitw)=( 7+ )w® 2 igw (1.55)

We haveFqv,) =0 when( 2+ )v g =0,ie. vi= ;g= 2+ ). Hence (1.54) is
minimized by
g (1.56)

We eventually get that:
u =Pw =PD PTf (1.57)

which is the solution we had computed with the Tychonov Iterin subsection 1.4.

13



2. Mathematical tools and modelization

Throughout our study, we will use the following classical dtributional spaces. RN will
denote an open bounded set &N with regular boundary.

For this section, we refer the reader to [23], and also to [27340, 52, 46, 68] for functional
anlaysis, to [64, 48, 36] for convex analysis, and to [5, 38]4for an introduction to BV
functions.

2.1 Minimizing in a Banach space

2.2 Banach spaces

A Banach space is a normed space in which Cauchy sequencestalimit.
Let (E;j:j) be a real Banach space. We denote i’ the topological dual space of (i.e.
the space of linear form continuous ok ):
0 j1(x)]

E = |:E! Rlinearsuch thatjljco=sup —-—< +1 (2.1)
x>0 |X]

If f 2 E?and x 2 E, we noteH; X igog = f (X).
If x 2 E, then J, : f 7! hf;xigog is a continuous linear form orE? i.e. an elemenet o£”.
Hencehly; figogo= H;Xigog forall f 2 ECandx 2 E. J:E! E%is a linear isometrie.

We say that E is re exive if J(E) = E” (in general,J may be non surjective).

2.2.1 Preliminaries

We will use the following classical spaces.

Test functions: D() = Cl () isthe set of functions inC! () with compact support in
. We denote byDY ) the dual space oD() , i.e. the space of distributions on .
D() is the set of restriction to of functions inD(RN) = C! (RV).
Notice that a sequencdv,) in D() converges tov in D() if the two following conditions
are satis ed:

1. There exists a compact subséf in  such that support ofv,, is embeded inK for all n
and support ofv is embeded inK .

2. For all multi-index p2 NN, DPv,, !  DPv uniformly on K .

Notice that a sequencév,) in DY) convergestovin DY) ifasn! +1 , we have for all
2D () . 7 7
Vp ! % (2.2)

Radon measure A Radon measure is a linear form onC.() such that for each compact
K , the restriction of to Cx () Iis continuous; that is, for each compacK , there
exists C(K) 0O such that :

8v 2 C¢() ; with support of vembeded inK ; j (v)] C(K)kvk;

14



LP spaces: Letl p<+1.
( z 1= )
LP()= f: | R suchthat jf jP dx <+1 (2.3)

LY ()= ff: 1 R,fmeasurable, such that there exists a constai@ and jf (x)j C p.p. on g
(2.4)
Properties:
1.1f1 p +1,thenLP() is a Banach space.

2.1f1 p<+1,thenLP() is a separable space (i.e. it has a countable dense subset).
But L! () is not separable.

3.1f1 p< +1, then the dual space olLP() is L9() with %+ (—1] =1. But LY) is
strictly included in the dual space ofL! () .

Remark: Let E = C.() embeded with the normkuk = sup,, ju(x)j. Let us denote
E°= M() the space of Radon measure on. Then L%() can be identi ed with a
subspace oM () . Indggd, consider the applicationil : L*() ! M() . If f 2 L}() ,
}Qen ifu2 Cy() ,u7! fu is a linear continuous form onC¢() , so that: AT f;uigog =
fu. It is easy to see thatT is a linear application fromL() onto M () , and:
z

KTfkm(y =  sup fu = kf kp1()
u2Ce¢() ;kuk 1

4. If 1<p< +1 ,thenLP() is re exive.
We have the following density result:

Proposition 2.1. being an open subset &" , thenC! () isdenseinLP() forl p<1.
The proof relies on the use of molli ers.

Theorem 2.1. Lebesgue's theorem
Let (f,) a sequence ir.'() such that:

@ fa(x)! f(x) p.p. on
(i) There exists a functiongin L() such that for alln, jf,(x)j g(x) p.p; on
Thenf 2 LY() andkf, fko! O.

Theorem 2.2. Fatou's lemma
Let f, a sequence irL%() such that:

(i) Forall n, f,(x) Op.p.on
R
@i) sup f,<+1.

15



For all x in , we setf (x) =lim . inf f,(x). Theznf 2 LY() , and:
f lim inf f, (2.5)

n! +1

(liminf u, is the smallest cluster point ofi,).

Theorem 2.3. Gauss-Green formula
Z Z Z
( uwv= @g’:vd rurv (2.6)

forall u2 C2() and for allv2 C() .

This can be seen as a generalization of the integration by par
In image processing, we often deal with Neumann boundary abtions, that is @@ﬁ =0 on

Another formulation is the fgllowing: 2

vdivu=  uwNv ur v (2.7)

forallu2 C( ;RV) and for all v 2 C( ;R), with N ujtary normal outward vector of

We recall that divu = iN=1 %, and u=divr u= iN=1 %{i-

In the case of Neumann or Diriczhlet boundaiy conditions, (Z) reduces to:

ur v = vdivu (2.8)
In this case, we can %e ne div= r . Indeed, we havez:
ur v=hu;r vi = hr ujvi = vdiv u (2.9)
Sobolev spaces: Letp2 [1;,+1).
WEP() = qu 2 LP() =£1ere existg;:::; gy in LP() such that
@ 0 :
Uu— = . 8 2C 81 =1;:::;N
We can denote byS¢= g andr u= & :::; 84 .

Equivalently, we say thatu belongs toW*P() if uisin LP() and if u has a derivative in
the distibutional sens also inLP() .
This is a Banach space endowed with the norm:

=1

b\ @u
o @X g
We denote byH ()= W?%2() . This is a Hilbert space embed with the inner product:

kUkwl;p() = kUkLp() + (2.10)

hu;vig:r = hu;vigz+ hru;r vigz (2

and the associated norm i&uk3, = kuk?; + kr uk?, ..

W;P() denotes the space of functions iWV1P() with compact support in (it is the
closure ofC1() in WEP() ).
Let = ;%5 (so that % + (—11 =1). We denote byW %9() the dual space oW "() .

16



Properties: If 1<p< +1,then WYP() is re exive.
If 1 p<+1,then WYP() is separable.

Proposition 2.2. being an open subset drN, then C! () is dense inWP() for
1 p<1.

Theorem 2.4. Poincaré inequality
Let a bounded open set. Let p < 1. Then there existsC > 0 (depending on and
p) such that, for allu in Wy*() :

kuk » Ckr uky» (211)

Theorem 2.5. Poincaré-Wirtinger inequality Let  be open, bounded, connected, with@?
boundary. Then for allu in WP() , we have:

1
u — udx Ckr ukyp (2.12)

LP()
We have the following Sobolev injections:

Theorem 2.6. bounded open set witic! boundary. We have:

If p<N,thenW™()  L9) forallq2[L;p) where = ¢ .

If p= N, then WLP() L9() forallg2[1,+1).
If p>N,thenWP() C() .
with compact injections (in particular, a compact injection fromX to Y turns a bounded se-

guence inX into a compact sequence ifY).
In particular, one always have:W () LP() with compact injection for all p.

We recall that a linear operatorL : E ! F is said to be compact ifL(Bg) is relatively
compact inF (i.e. its closure is compact) Bg being the unitary ball in E.

Particular case of dimension 1: Here we consider the case when= | =(a;b,aandb
nite or not. We have the following result (roughly speaking functions in WLP(l) are primitives
of functions in LP(1).

Proposition 2.3. Let u 2 WLP(1). Then there existst 2 C(I) such that: u = 4 a.e. in |,
and: zZ,
t(x) tHy) = uqt) dt (2.13)
y
forall x andyin I.

2.2.2 Topologies in Banach spaces

Let (E;j:j) be a real Banach space. We denote I’ the topological dual space oE (i.e. the
space of linear form continuous ot ):
o_ _ . — JH(X)j
E = |:E! Rlinear such thatjljco = sup ix < +1 (2.14)

x>0

E can be endowed with two topologies:

17



(i) The strong topology:

Xn ! Xifjx, Xxjg! O(asn! +1) (2.15)

(i) The weak topology:
Xp *x iflI(xp) ! I(x) (asn! +1 )8I2E0 (2.16)

Remark: Weak convergence does not imply strong convergence.
Consider for instance: = (0 ;1), f,(x) = sin(2 nx ), and L%() . We havef, * 0in
L2(0;1) (integration by part with 2 C*(0; 1), but kf 1k?, 44, = 3 (by using sin*x = 1-592%),
More precisely, to show thatf,, * 0in L?(0;1), we rsttake 2 C(0;1). We have
Z

Z, 1 1
fx) (dx= S05@M) T 1 senx ) Yx) dx (2.17)
0 2n o 2 o
Hencehf,; i! Oasn! +1 . By density of C1(0;1) in L?(0;1), we get thathf,; i! O
0
forall 2 L?() . We thus deduce thatf, * 0in L?(0;1) (sinceL? = L? thanks to Riesz
theorem).
Now we observe that
21 Z1q cos(4nx ) 1
kfnkfz(o.l) = sin(2nx )dx = dx = = (2.18)
' 0 0 2 2
and thus f, cannot go to 0 inL?(0; 1) strong.
The dual E° can be endowed with three topologies:
(i) The strong topology:
It 1ifjl, ljgo! O(asn! +1) (2.19)
(i) The weak topology:
0
I, *1 ifz(I,) ! z(l) (asn! +1)8z2 E’ , the bidual of E. (2.20)
(i) The weak-* topology:
lh* Tifla(x)! I(x) (asn! +1)8x2E (2.21)
0 0

Examples: If E=LP() ,ifl<p< +1,E isreexive,i.e. E = E andseparable The

dual of E is LP’() with 2+ 5 =1.
If E = LY() , E is nonre exive andE’ = L () . The bidual E° isa very complicated

space.
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Main property (weak sequential compactness):

Proposition 2.4.

Let E be are exive Banach spaceK > 0, and x, 2 E a sequence such thgk,je K.
Then there existsx 2 E and a subsequence,, of x, such thatx,, *x asn! +1 .

Let E be aseparableBanach spaceK > 0, and |, 2 E’ a sequence such that,jzo K.
Then there existd 2 E° and a subsequendg, of I, such thatl,, * lasn! +1.

The rst point can be used for instance withE = LP() , with 1<p < +1 . The second
point can be used for instance witfE®= L! () (and thusE = L() )

2.2.3 Convexity and lower semicontinuity

Let E be a banach space, anfl : E! R. Let (E;j:j) a real Banach space, an& :E! R.

De nition 2.1.

(i) F is convex if
F(x+@ y) FX+Q )Ry (2.22)

forall x;y in E and 2 [0;1].
(i) F is lower semi-continuous (l.s.c.) if

lim inf F(xn) F(X) (2.23)

Equivalently, F is I.s.c if for all in R, the setfx 2 E;F(x) g is closed.
Proposition 2.5.
1. If F; and F, are Isc, thenF; + F5 is also Isc.
2. If F; are Isc, thensup F; is also Isc.
3. If F; and F, are convex, thenF; + F», is also convex.
4. If F; are convex, thersup F; is also convex.
Proposition 2.6. F C! is convex onE i
F(x+y) F(X)+ hrF(x);yii (2.24)

In particular, if F is convex andr F(x) =0, then x is a minimizer of F. Notice also that
the above result remains true when assuming thdt is Gateau di erentiable.

Proposition 2.7. F C?is convex onE i r 2F is non negative onE.

Proposition 2.8. Let F : E! R be convex. TherF is weakly l.s.c. if and only ifF is
strongly |.s.c.
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In particular, if F : E! R convex strongly l.s.c., ifx, *x , then

F(x) liminf F(x,) (2.25)
Notice also that if x, * X , then

iXje  liminf jxpje (2.26)

Proposition 2.9. Let E and F be two Banach spaces. If is a continuous linear operator
from E to F, then L is strongly continuous if and only ifL is weakly continuous.

Minimization: the Direct method of calculus of variations
Consider the following minimization problem

inf F(x) (2.27)

X2E

(a) One constructs a minimizing sequence, 2 E , i.e. a sequence satisfying

n!Ilrpl F(xn) = |XanE F(x) (2.28)

(b) If F is coercive(i.e. limj; +1 F(x) =+ 1), one can obtain a uniform bound;jx,j K.

(c) If E isre exive (i.e. E”= E), then we deduce the existence of a subsequenge and of
Xo 2 E such that xp, * X .

(d) If F is lower semi-continuous, we deduce that:

inf F(x) = liminf F(x,) F(xo) (2.29)

which obviously implies that:
F(Xo) = mzlré F(x) (2.30)

Remark that convexity is used to obtain I.s.c; while coercivity is relatéo compactness.

Remark: The above method can be extended at once to the case:

inf F(x) (2.31)

whereC is a nonempty closed convex set & (we remind the reader that a convex set is weakly
closed i it is strongly closed).

Remark: case when F is an integral functional Let f : R R2?2! R (with R?)
For u2 W*P() , we consider the functional:
Z
F(uy = f(xu(x);Du(x))dx (2.32)

If f is l.s.c., convex (with respect tou and ), and coercive, then so i$~. Moreover, if f
satis es a growth condition0 f(x;u; ) a(x;juj;j j) with a increasing with respect tojuj
andj j., then we have:F is weakly I.s.c. onW*() i f is convexin .

20



Examples Let =(0 ;1)=1.
We remind the reader that we have the following result:
Let u 2 WEP(1). Then there existstt 2 C(I) such that:u = 4 a.e. in |, and:
Z

X

H(X) w(y) = uqt) dt (2.33)
y

forall x andy in I.

(a) Weiertrass. Let us consider the problem whef (x;u; )= x 2

Z,

m = inf x(u%(x))?dx with u(0) =1 and u(1) =0 (2.34)
0

It is possible to show thatm = 0 but that this problem does not have any solution. The
function f is convex, but theW %2 coercivity with respect to u is not satis ed because the
integrand f (x; ) = x 2 vanishes atx = 0.

To show that m = 0, one can consider the minimizing sequence:

H .1
Un(x) = 1%% ;ig %3 (2.35)
We haveu, 2 W't (0;1) W?%?() , and
SN 1
F(up) = i x(u, (x))?dx = @! 0 (2.36)

Som = 0. Now, if a minimizer 0 exists, then®= 0 a.e. in (0;1), which is clearly not
compatible with the boundary conditions.

(b) Minimal surface. Let f (x;u; ) = P 2+ 2. We thus have: F(u)  Zkukyu: (straight-
forward consequence of the fact that a2+ 2 i(jja+ jb) sincea® + ¥ (a+ b)?=4 =
(a2+ ¥ +2(a b?=4 0. The associated functionaF is convex and coercive on the
non re exive Banach spaceV!. Let us set:

Z ip
m = inf u?+ (u92dx with u(0) =0 andu(l) =1 (2.37)
0

It is possible to show thatm = 1 but that there is no solution.
Let us provem = 1. First, we observe that:
Z, Z Z,

- 1
F(u) = P u2 + (u92dx jug dx uldx =1 (2.38)
0 0 0

So we see thatm 1. Now, let us consider the sequence:

0 ifx2 01

1
W= i 1) ifx2 1 141

(2.39)

It is easy to check thatF(u,)! lasn! +1 . Thisimpliesm=1.
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Now, if a minimizer O exists, then we should have:
Z 1 Z 1 Z 1

p__
1=F(0)= 02 + (492 dx j0Y dx 0%x = 1 (2.40)
0 0 0

which implies @ = 0, which does not satisfy the boundary conditions.
(c) BolzalLet f(x;u; )= u?+( 2 1)° The Bolza problem is:

Z,

m = inf u?+ (1 (u%?? dx with u(0) = u(1)=0 (2.41)
0

and u in WY4() . The functional is clearly nonconvex and it is possible to show that
m =0 and that there is no solution. R

Indeed, we havenf, F(u) 0, whereF (u) = Olf (x;u(x);uqx)) dx. Now, if n 1, if
0 k ng, we can choose:

K ; 2k . 2k+1
X = if x2 £
— n 2n' 2n
Un(x) X + ;1 if x 2 2%;1 : 21;;2 (2.42)

We haveu, in W1t (0;1)  W?4(0;1), 0 un(x) = forx 2 (0;1), juh(x)j =1 a.e. in
(0;1), un(0) = un(1) =0.

ThereforeF (up) 4%2 and we thus deduce thatim = 0.

However, there exists na) in W14(0; 1) such that F(0) = 0 (and thus such thatjo9 = 1
a.e. andu =0 a.e. andu(0) = u(1) =0).

Characterization of a minimizer: (Euler-Lagrange equation)

De nition 2.2. Gateaux derivative
F(u+ ) F(u)

Fo(u; )= lim (2.43)
is called the directional derivative ofF at u in the direction if this limit exists. Moreover, if
there existsu 2 E° such that F°(u; )= u( )= hu; i forall 2 E, we say thatF is Gateaux
di erentiable at u and we write F°(u) = u.

Notice that F is said Frechet di erentiable on a Banach space if there exsssome linear
continuous operatorA, such that

im kKF(x+h) F(x) Ax(h)k _

ht 0 khk B

On an open subset, ifF is Gateau di erentiable, then F is Frechet di erentiable if the
derivative is linear and continuous, and the Gateau derivate is a continuous map.

Application: If F is Gateaux di erentiable and if probleminfy,g F(X) has a solutionu,
then necessarily we have the optimiality condition:

F'(u)=0 (2.45)

(the controverse is true ifF is convex). This last equation is calledEuler-Lagrange equation.

Indeed, if F(u) = minyF(x), then F(u+ v) F(u) 0, i.e. hv;Fqu)i 0. But if
we consider v, we also get: F(u+ ( v)) F(u) 0, and thus h v;Fqu)i 0. Hence
hv; Fqu)i =0 for all v. We thus deduce thatFYu) = 0.

0 (2.44)
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2.2.4 Convex analysis

2.3 Subgradient of a convex function

De nition
Let F : E! R aconvex proper function. The subgradient oF at position x is de ned as:
n o]
@Ru)= v 2 E suchthat8w?2 E we haveF(w) F(u)+ hv/;w ui (2.46)

Equivalently, F is said to be subdi erentiable inu if F has a continuous a ne minorante,
exact in u. The slope of such a minorante is called a subgradient Bfin u., and the set of all
subgradients inu is called the subdi erential of F in u.

It can be seen as a generalization of the concept of derivaifor convex function.

Proposition 2.10.  x is a solution of the problem
inf F (2.47)
if and only if 02 @KXx).

This is another version of the Euler-Lagrange equation.
Roughly speakingF convex is Gateau di erentiable inu (plus some technical assumptions)

I @Ru) = fFYu)g.

Monotone operator

Proposition 2.11. F a convex proper function orE. Then @Fis a monotone operator, i.e.
h@Ru;)) @Ruz);ur Ui O (2.48)

Proof :
Let v; in @Ku;). We have:

F(uz) F(u)+ hvisup gl

and:
F(up) F(u)+ hvjur uol

hence:
O hvy, wviup Ui

Proposition 2.12. F Gateaux di erentiable onE. Then F is convex i F°is monotone.
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Subdi erential calculus
Proposition 2.13.
If > Othen: @F )(u)= @F(u).

F, and F, two convex proper functions. Then:
@Ku) + @K(u) @F;+ F2)(u) (2.49)

The reverse inclusion does not always hold. A su cient contlon is the following:

%roposition 2.14. Let F; and F;, two convex proper functions. If there exista in Dom F;
Dom F, whereF; is continuous, then:

@(u) + @E(u) = @F1 + F2)(u) (2.50)
In particular, if F; is di erentiable, then:

@F1 + F2)(u) = 1 Fy(u) + @E(u) (2.51)

2.4 Legendre-Fenchel transform:

De nition :
letF:E! R.WedeneF :E°! Rby:

F (v) =sup (hv;ui  F(u)) (2.52)
U2E
It is easy to see thatF is a convex Isc function (sup of convex Isc functions).

Properties
F (0)= infyF(u)
If F G, thenF G.
(infiz) Fi) =sup;y F
(sup,, Fi)  infiy Fy
Proposition 2.15. v 2 @Ku) i:
F(uy+ F (v) = huvi (2.53)
Proof: v 2 @HKu) means that for allw:
F(w) F(u)+ hv;w ui (2.54)

i.e. for all w:
hv;ui F(u) hviwi F(w) (2.55)
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and thus: hv;ui F(u) F (v). But by de nition, F (v) hv;ui F(u) Hence:

F (v)=hv;ui F(u) (2.56)
Theorem 2.7. If F is convex |l.s.c.,, andF 6+ 1 ,thenF = F.
In particular, one always hass = F . Remark that in general one always hak F.

Theorem 2.8. If F is convex |l.s.c., andF 6 + 1 , then

v2 @Ku) i u2 @F(v) (2.57)

Indeed, ifv 2 @Ku), then:
F(u)+ F (v) = hu;vi (2.58)

And sinceF = F, we have:
F (uW+ F (v)= huvi (2.59)

which means thatu 2 @F(v).

Theorem 2.9. (Fenchel-Rockafellar)
Let F and G two convex functions. Assume tha@xo 2 E such thatF (xp) < +1 , G(Xo) <
+1 , and F continuous in Xo. Then:

inf fF(x)+ G(x)g=supf F ( f) G (f)g=maxf F ( f) G (f)g (2.60)
x2E {20 f2€°

Proposition 2.16. LetK E aclosed and non empty convex set. We cahdicator function
of K:
0 if u2 K

(W= 11 otherwise (2.61)
k IS convex, l.s.c., and x« 6+ 1 .
The conjugate function , is called support function of K .
k (V) = suphv; ui (2.62)

u2K

Remark that then the conjugate function of a support functions an indicator function.
Proposition 2.17.  AssumeE = L2. Let F(x) = 3kxki. Then F = F.

More generally, ifE = LP with 1<p< +1 | if
1
F(u) = BKUkS (2.63)

then we have: 1
F (v)= akukg (2.64)

with = +

g
alk
I
=
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Important example
Let E = L?() , with R2. We consider the non empty closed convex set:

K= u2L?) =u=dv; 2Cl( ;R);kk 1 (2.65)

After what we said above, theindicator function of K, , is convex, l.s.c., and proper.
Now, consider its Legendre-Fenchel transform:
Z

k (V) =suphv;ui =  jDvj = J(v) (2.66)
u2K
We recognize the de nition of the total variation. Moreover since = g, we get that

J W= «kW.

2.5 The space of funtions with bounded variation

For a full introduction to BV () , we refer the reader to [5].

2.5.1 Introduction

We rst give a few de nitions.
De nition 2.3. Let X be a non empty set, and let be a collection of subsets of .
S
| isanalgebraif;21 ,andE; E,21,XnE; 21, wheneverE,, E; 21 .

. . .S
An algebral is a -algebra if for any sequenceEy) |, their union | Ep belongs to
| . -algebra are closed under countable intersections.

If (X; ) is atopological space, we notB (X ) the -algebra generated by the open subsets

of X.
De nition 2.4.
Let :1! [0;+1 ]with | -algebra. is said to be a positive measure if(;) =0 and
additive on | , i.e. for any sequencegEy) of pairwise disjoint elements of :
-[1 ! Xl
Eh = (Eh) (267)
h=0 h=0
is said bounded if (X)< +1 .
is said to be a signed or real measure if: 1! R.
is said to be a vector-valued measure if: 1! R™.
De nition 2.5. If X = RN, is called Radon measure if (K) < +1 for all compactK of
X.
De nition 2.6. If is a measure, we de ne its total variationj j for everyE 2 | as follows:
j J(E) =sup i (En)j; En 21 pairwise disjoint, E = En (2.68)
h=0 h=0

26



The|j jis a bounded measure.

De nition 2.7. Let be a positive measureA X is said negligible if there existsE 2 |
such thatA E and (E)=0.

De nition 2.8. Let be a positive measure, and let be a measure. is said absolutely
continuous with respectto and we write << if (E)=0=) (E)=0.
and are said mutually singular and we write ? if there exists a setE such that
(RNnE)= (E)=0.

Theorem 2.10. Lebesgue theorem:
Let be a positive bounded measure ¢RN; B(RN)) (typically the Lebesgue measure)and
a measure on(R"; B(RV)). Then there exists a unique pair of measures. and s such that:

= + 5 ac<< ; s 7 (2.69)

ac

2.5.2 De nition

De nition 2.9. BV () is the subspace of functionsi 2 L() such that the following quantity
IS nite:

Z z
jDuj = J(u) = sup u(x)div ( (x))dx= 2 CL ( ;RY);K ki mey 1 (2.70)

BV () endowed with the norm
kukgy = kuk,: + J(u) (2.71)
is a Banach space.

If u2 BV () , the distributional derivative Du is a bounded Radon measure (consequence
of the Rigsz representation theorem) and (2.70) correspontisthe total variation jDuj() , i.e.
J(u)=  jDuj.

Examples:
R R
If u2 C() , thgn  jDuj = g jr uj. Itis a straightforward consequence of the Gauss-
Green formula: udiv( )= r u: .
Let u be Qe ned in ( o1; +1) byRu(x) =5 1lif 1 x< Oandu(x)=+1 iko <x 1
. Rl 0 R1 . .
We have udiv. = “,u®= " % »~ 9=2 (0). ThenDu=2 gand jDuj=2.
In fact, Du = 0 dx+ =2 . Notice that u dos not belong toW %! since the Dirac mass,
is not in L1,
R
If A , iIf u = 1, the characteristic function of the setA, then  jDuj = Per (A)

which coincides with the clasical perimeter oA if the boundary of A is smooth (i.e. the
lenght if N qu or the sugace ifN = 3).

Notice that 1,div = @A:N with N outer unit normal along @A
See [45] page 4 for more detalils.

A function belonging to BV may have jumps along curves (in dimension 2; more generally,
along surfaces of codimensioN  1).
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2.5.3 Properties

R R
Lower semi-continuity: Letu; inBV () andu; ! 1y u. Then jDuj limj, 41 inf  jDujj.
The strong topology ofBV () does not have good compactness properties. Classically, in
BV () , one works with theweak -* topology orBV () , de ned as:

U *gv w U, U! 1y uandDu;* y Du (2.72)
whereDu; * y Du is a convergence in the sens of measure, il®u;; i!'h Du; i for all
in (C3 () *

Equipped with this topology, BV () has some interesting compactness properties.
Compactness:

If (un) is a bounded sequence iBV () , then up to a subsequence, there exists2 BV ()
such that: u, ! uin L() strong, andDu, * \ Du.
Letus setN = M= (N =+1 if N =1). For RN,if1 p N ,we have:

BV() LP() (2.73)

Moreover, forl p <N , this embedding is compact.
Notice that N =2 in the case wherN = 2.

If N =2, sinceBV () L2() , we can extend the functionall (which we still denote byJ)
overL?() : R
jDuj if u2 BV ()
+1 ifu2L?() nBV()

We can then de ne the subdi erential @Jof J [64]: v2 @Ju) i forall w2 L?() , we have
J(u+w) J(u)+ hv;wi 2y whereh;:i 2, denotes the usual inner product ir?() .
Approxiqqation by smooth functions If u belongs toBV () , then there exits a sequenca,
inC*() BV() suchthatu,! uinL) andJ(u,)! J(u)asn! +1 .
The notion of strict convergenceis useful to prove several identities iBV by smoothing
arguments.

I(u) = (2.74)

De nition 2.10.  [Strict convergence] Leu in BV() , and a sequencéu,) in BV() . Then we
say that (u,) strictly converges inBV() to u if (u,) converges tauin L'() and the variations
jDunj() converge tojDuj() asn! +1 .

Notice that strict convergence implies weak-convergence but the converse is false in general.
Poincaré-Wirtinger inequality

Proposition 2.18. Let be open, bounded, conneceted, withGt boundary. Then for allu
in BV () , we have: 7 7

i u dx C jDuj (2.75)
1] Lp()

forl p N=(N 1)(i.e.1 p 2whenN =2).

u

2.5.4 Decomposability of BV() :

Hausdor measure
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De nition 2.11. Letk2 [0;+1 ],andA RN. The k dimensional Hausdor measure ofA
is given by
H¥(A) = IimOHk(A) (2.76)

where for0 < 1

( )

HX(A) = W inf jdiam(A))j¥; diam(A)) ;A | A (2.77)
2k | ) I ’ | .
i21 21
for nite or countable covers(Ai)izi, diam(A;) stangds for the diameter ofA;, wy is a normal-
ization factor equal to 2 (1+ k=2), where ( t) = 1 gt lg sdsis the gamma function vk
coincides with the Lebesgue measure of the unit ball 8 if k 1 is an integer).
We de ne the Hausdor measure ofA by:

inf k 0;HXA)=0 (2.78)

H¥ is a measure orRN .

HN coincides with the Lebesgue measudx, andforl k N, k integer, H¥ is the classical
k dimensional area ofA if A is a C! k dimensional manifold embedded iRN. Moreover, if
k>k© 0O thenHXA)>0=)H (A)=+1.

Consequence of Lebesgue theorem:  If uin BV () , then (Radon-Nikodim theorem):
Du=r udx+ Dgu (2.79)

wherer u2 L1() andDsu ? dx. r uis called the regular part ofDu.
In fact, it is possible to make this decomposition more presg. Letu 2 BV () , we de ne
the approximate upper limit u* and approximate lower limitu :

T
dx(fu>tg B(x;r)) _
rN B

Ut =inf 21 3+1];lm 0 (2.80)

T
dx(fu<tg B(x;r)) -0

S (2.81)

u(x)=sup t2][1 ;+1];Iirrg)
r!

If u2 L) , then:
YA

ju(x) u(y)jdy=0 a.e. x (2.82)

lim - .
rojB(X;r)] B(xr)
A point x satisfying (2.82) is called a Lebesgue point af, for such a point we haveu(x) =
ut(x)=u (x) and: 7

u(x) = lim u(y) dy (2.83)

! OjB(X; r)J B(x;r)

We denote byS, the jump set of u, that is, the complement, up to a set oHN ! measure
zero, of the set of Lebesgue points:

Su= X2 ;u (X)<u"(x) (2.84)

Then S, is countably recti able, and for HN !-a.e.x 2 , we can de ne a normaln,(x) as
lim Du (B (x))
r#0 jDuj(Br (x))
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The complete decomposition obu (u 2 BV () ) is thus:
Du=rudx+(u" u)nHy '+ Cy (2.85)

Here,J, = (u* u )n,Hfg *is the jump part, and C, the Cantor part. We haveC, ? dx, and
C, is di use, i.e. Cy(fxg) = 0. More generally,C,(B) =0 for all B such thatHN }(B) < +1 ,
i.e. the Hausdor dimension of the support ofC, is strictly greater than N 1.

We nally have:

Z Z Z Z
jDuj = jr ujdx+ jut u jarN T+ 1Cuj (2.86)
Su NSu

Notice that the subset ofBV () function for which the Cantor part is zero is called&SBV ()

and has also some interesting compactness properties.

Example (Devil's staircase) :
For an example ofBV function with Du reduced tg its Cantor part, see g 10.3 p 408 in
[7] (with the Cantor-Vitali function). = (0 ;1),C =, Cs, whereC, is the union of 2"
intervals of size3 ". We de ne:
Z X
fn(X)=(2=3) "lc, ; un(x) = fu(t)dt
0
For all n, u, isin C([0; 1]). Moreover, with the Cauchy criterion, one can show thati, uniformly
converges to some (which is thus continuous).
Thanks to the Isc of the total variation, we have:
z z
jDuj  lim inf jDupjdx =1
(0:1) L o)
Thusuisin BV (0; 1), and sinceu continuous,J, is empty. Moreover, sincai is locally constant
on (0; 1)nC, and L*(C) = 0, one hasr u =0 and Du = C,. Finally, the support of C, is the
Cantor set C whose Hausdor dimension idog(2)=log(3).
Remark: sin(1=x) on = (0 ;1) is a continuous function, but does not bleong tBV () .

Chain rule: if uin BV () ,g: R 7! R Lipshitz, then g u belongs toBV () , and the regular
part of Dv is given byr v = g’(u)r u.

255 SBV

De nition 2.12. [SBV] A function u 2 BV() is a special function of bounded variation if its
distributional derivative can be decomposed as

Du=rul™+(u* u) HY LS,

whereS, denotes the approximate discontinuity sety the approximate upper and lower limits
ofuonsS,, . the generalized normal toS, de ned as lim, 1331((8%’ r u the approximate
gradient ofu and HN ! the N  1-dimensional Hausdor measure.

The space of special functions of bounded variation in is denoted asSBV() .
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Again, this de nition can be extended to vector-valued funtons and we say thatu 2
SBV( ;R™ ifu2 BV( ;R™) and

Du=rut™+(ut u) HY LS,
A very useful compactness theorem due to L. Ambrosio holds 8BV:

Theorem 2.11. [Compactness inSBV] Let (u,)n2n be a sequence of functions i8BV() such
that 7

sup kupky + ' (r upj)dx+ HY X(S,) <1

n2N

where' : [0;1 [' [0;1 ]is a lower semicontinuous, increasing and convex function such that

|imt!1 Tt) =1.

Then there exists a subsequen@@n))nzn, and a limit function u2 L* () \ SBV() such that
Un(ny Weakly- converges tau in BV()

I Unny Weakly converges to u in L*( ;RN),
z z
. (Jr Uj)dX ||m1|nf ! (Jr uh(n)j)dX,
n!

HN LSy liminf, HN (S, ).

We shall use later in a proof the notion of trace dBV functions. Let us recall the de nition
and a couple of important properties.

Theorem 2.12. [Boundary trace theorem] Letu in BV() . Then, for HN ! almost everyx
in @ , there exists= T u(x) 2 R such that:
Z

.1 , :
im & ¢ Juy) T u()jdy=0
B (x)

Moreover, KT uk 1@  Ckukgy(y for some constantC depending only on . The extension
& of u to 0 out of belongs toBV(RN), and viewingDu as a measure on the whole &" and
concentrated on , Du is given by :

Da=Du+(Tu) HY L@
with  the generalised inner normal ta@ .

The trace operator is not continuous with respect to the weak convergence, but it is
continuous with respect to the strict convergence.

Theorem 2.13. [Continuity of the trace operator] The trace operatoru 7! Tu is con-
tinuous betweenBV() , endowed with the topology induced by the strict convergence, and

LY@ ;HN L@ .
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2.5.6 Sets of nite perimeter

De nition 2.13. Let E be a measurable subset d®?. Then for any open set R?, we call
perimeter ofE in , denoted byP (E; ) , the total variation of 1¢ in ,i.e.:
Z
P(E; ) =sup div( (x))dx= 2 CI(; R?;k k.1 1 (2.87)
E

We say that E has nite perimeterif P(E; ) < 1.

Remark: If E has aC-boundary, this de nition of the perimeter corresponds to lhe classical
one. We then have: \
P(E; )= HY@E ) (2.88)

whereH?! stands for the 1-dimensional Hausdor measure [5]. The resuemains true whenE
has a Lipschitz boundary. T
In the general case, iE is any open setin , and if H}(@E ) < +1, then:

\
P(E;) H Y(@E ) (2.89)
De nition 2.14. We denote byF E the reduced boundary ofE.
( \ S )
FE= x2 support jDi; = ¢ =lim —=® ) exists and veri esjej=1
10 D ()
(2.90)
De nition 2.15. For all t 2 [O; 1], we denote byE! the set
T
. JE B (X)j
x2 R? = lim =2 Wl _ 2.91
to B (X)) 99

S
of points whereE is of densityt, whereB (x) = fy=kx yk g¢. Weset@E = R?n(E° EY)
the essential boundary okE.

Theorem 2.14. [Federer [5]]. LetE a set with nite perimeter in . Then:

\
FE E¥ @E (2.92)

and [ [
H! n E° FE E! =0 (2.93)

Remark: If E is Lipschitz, then @E @E. In particular, since we always havdcE ~ @E
(see [38]): \ \ \
P(E; )= HY@E )= HY@E )= HYFE ) (2.94)

Theorem 2.15. [De Giorgi [5]]. Let E a Lebesgue measurable set B. Then FE is 1-
recti able.

We recall that E is 1-recti able if and only if there exist Lipschitz functions f; : R2!1 R
such thatE ' fi(R).
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2.5.7 Coarea formula and applications

Theorem 2.16. Coarea formulalf uin BV () , then:

Z,
J(u) = 1 P(fx2 : ux)>tg, ) dt (2.95)

1

In particular, for a binary image whose gray level values amenly O or 1, the total variation
is equal to the perimeter of the object inside the image.

A straightforward consequence

Rropositiog 2.19. letu 2 BV() andM 2 R. Thenv = inf(u;M) is in BV() , and
jDvj jDuj

Proof:
Z VA
jDvj = P(fx 2 v(x) >tg; ) dt
Zl
M
= P(fx2 : v(x)>tg;) dt
Zl
M
= P(fx2 : u(x)>tg;) dt
Zl
+1
P(fx2 : u(x)>tg;) dt
Zl
= ]Duj

Example of the use of the coarea formula

Consider the ROF model:
Z Z
- . - 2
uzg\]/f() jDuj+ (u f)°dx (2.96)

under the assumption thatu 0 (which is a reasonable assumption in image processing).
Then, from the coarea forumal, we have:
z Z., Z.,,
jDuj = P(fu tg; ) dt= P(fu tg;) dt (2.97)
1 0

Let us now consider the second term. We have:

Z, Z .,
(u f)?= 2t f)dt= Ly g2 f)dt (2.98)
0 0
Then, using Fubini theorem:
Z Z7Z,, Z,,Z
(u f)?dx= 1ty g2(t f)dtdx = 2(t f)dxdt (2.99)
0 0 fu tg
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Getting back to the original problem, we get, if we noté&e, = fu  tg:
Z Z Z ., Z
jDuj+ (u f)%dx= P(Eg; )+ 2(t f)dx dt (2.100)
0 Et
We thus see that solving (2.96) is equivalent to solving forlat  O:
Z
Eitnf P (E; )+ 2(t  f)dx (2.101)

Et
A useful inequality

Proposition 2.20.

\
P(E F;)+ P(E[ F;) P(E; )+ P(F;) (2.102)

Proof
See [5] proposition 3.38 page 144. It su cg$ to take, and v, in Cl() cornyerging tolg
and 1z in LY() with O wu,;va 1, andlim, jr u,jdx= P(E;) andlim, jr v,jdx =
P(F; ) . Sinceu,v, converges tolg " ¢ and u, + v, u,V, converges tolg S £, we obtain the
result by passing to the imit in the inequality (sinceu,v, + (Up + V,  UpVy) = Up + Vy):
Z Z Z Z
Jr (Unvp)jdx+ jr (Un + Vi Vn)jdx Jr upjdx+ jr vajdx

We use here the following classical notationsi _ v = sup(u;v), andu” v =inf( u;v).
Proposition 2.21. uandvin BV () . Then:

Ju_v)+Ju”rv) Ju)+ J(v) (2.103)

Proof : This a direct consequence of the previous proposition anke coarea formula. Indeed,
ift 2 RifwesetE; = fx; u(x) tgandF;= fx;v(x) tg,thenfrom the previous proposition
we have: \ [

P(E: Fy)+ P(E: Fy) P(Es)+ P(F) (2.104)

We then integrate overR and use the coarea formula.
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3. Energy methods

For further details, we encourage the reader to look at [9].

3.1 Introduction

In many problems in image processing, the goal is to recovar aeal imageu from an obser-
vation f .
u is a perfect original image describing a real scene.
f is an observed image, which is a degraded versionuof
The simplest modelization is the following:
f=Au+v (3.1)

wherev is the noise,
and A is the blur, a linear operator (often a convolution).
As already seen before, the ML method leads to consider thdldwing problem:

inf ki Auk3 (3.2)
u
wherek:k, stands for theL? norm. This is an ill-posed problem, and it is classical to caider

a regularized version:
I A =

data term regularization

3.2 Tychonov regularization
3.2.1 Introduction

This is probably the simplest regularization choicelL (u) = kr uk3.
The considered problem is the following:

inf  kf  Auk3+ kr uk3 (3.4)

u2wiiz()

whereA is a continuous and linear operator of2() such that A(1) 6 0.

This is not a good regularization choise in image processinipe restored imageu is much
too smoothed (in particular, the edges are eroded). But weldy it as an illustration of the
previous sections.

We denote by:

F(u)= kf  Auk®+ kr uk? (3.5)

Using the previous results, it is easy to show that:
(i) F is coercive onw%?() .
(i) WL2() is re exive.

(iii) F is convex and l.s.c. oW 2() .
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As a consequence, the direct method of calculus of variatishows that problem (3.4) admits
a solutionu in W2() .

Moreover, sinceA(1) 6 O it is easy to show thatF is strictly convex, which implies that
the solution u is unique.

This solution u is characterized by it Euler-Lagrange equation. It is easyotshow that the
Euler-Lagrange equation associated to (3.4) is:

Af+AAu u=0 (3.6)
with Neumann boundary conditions%‘\lJ =0 on @ . We recall that A is the adjoint operator
to A.

3.2.2 Sketch of the proof (to x some ideas)

Computation of the Euler-Lagrange equation:

l(F(u+ v) F(u) lkf Au  Avki+ kru+ rvks kf Auki+ kr uks

= E(hAV; 2Au f)+ Avi+ hrwv;2ru+ rvi)

= h;2A (Au f)i+2 hrv;rui+0( )
= 2hv;AAu Afi 2 hy; ui+0()

Hence
Fluy=2(A Au A f u) (3.7)
Convexity, continuity, coercivity: We have:
FRu)=2(A A: ) (3.8)

F%is positive. Indeed:hA Aw;wi = kAwk3 0, andh w;wi = kr wk? 0. HenceF is
convex. Moreover, sincédl 6 0, F is de nite positive, i.e. FF°%u)w;wi > 0 for all w 6 0.
HenceF is strictly convex.

For the coercivity, for the sake of simplicity, we make the aditional assumption that A
is coercive (notice that this assumption can be dropped, thgeneral proof requires the use of
Poincaré inequality), i.e. there exists > 0 such that kAxk3  kxka:

F(u) = kfk?®+ kAuk® 2 H;Aui+ kr uk?
KAuk®+ kr uk® 2 bA f;ui + kfk?
kuk?+ kr uk® 2 A fiui + kf k2

SinceA is linear continuous,u ! k f  Auk3 is I.s.c. HenceF is l.s.c. This conlude the
proof.

3.2.3 General case

The considered problem is the following:
inf  kf  Auk3+ kr uk3 (3.9)

u2W1i2()

whereA is a continuous and linear operator of.2() such that A(1) 60, andf 2 L?() .
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Uniqueness of the solution: Let u; and u, two solutions. From the strict convexity ofk:k3,
we get thatr u; = r Uy, and thusu; = u, + c. From the strict convexity of Au 7! kf  Auk3,
we haveAu; = Au,. But Au; = Au, + cA(1), and thus, sinceA(1) 6 0, we deduce thatc=0.

Existence of a solution: Let u, be a minimizing sequence. We thus have
Z
it upj> M (3.10)

(M generic positive contant), and
Z

if  Aunj®? M (3.11)

By triangular inequaliy, we have:kAup,k, k fk,+ kf Auyk, M. So if A is assumed
coercive, we geku,k, M. But if there is no coercivity assumption likekAuk  ckuk, we
have to work a little more.

Let us note 1 Z

Whp = —
"

R R
Remark that jr vyj> = jr unj?. From Poincaré inequality, we get that:

u, and v, = U, W, (3.12)

kvnk, Kkr uk, C (3.13)

R
(38.11) can be rewritten in: jf Aw, Av,j C. But Aw, =(Aw,+Av, f) (Av, f).
Hence, using the triangular inequality:

kAWnkLZ() C+ kAVnkLZ() + kf k|_2() C (314)

using the fact that A is continuous.
For all n, w, is a constant function over . HenceAw, = w, A(1). Moreover, we have
assumed thatA(1) 6 0. We thus deduce from (3.14) thajw,jA(1) C, i.e.

kw,k, C (3.15)
Now, using (3.13) and (3.15), we get:

Hence we deduce thati, is bounded inW?2() .

SinceW?() re exive, there existsu in W¥?() such that up to a subsequenceay, * u
in W2() weak. By compact Sobolev embedding, we havg ! uin L?() strong. Since
A is continuous, we havekf  Au,k3 ! k f  Auk3. Moreover, sincer u, * r u, we have
liminf kr u,k3 kr uk3. This conclude the proof.
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Computation of the EuIer-Lagrangf equation and of tzhe boundary conditions:

F(u= jf Auj?dx+ jr uj?dx (3.17)

Z z
F(u+h) Fu=2 hAAu Af)+2 r u:r h+ o(jhj) (3.18)

We choosen 2 C! () . We thuszhave (inDY) %

rur h= h u (3.19)
And then, if h2 C! () : .
Fu+h) Fu)=2 h(AAu Af+ u+ o(jhj) (3.20)
Hence we deduce that:
rF(uU=2(AAu Af u) (3.21)

in DY) .
Now, if u is the solution of problem (3.9), therr F(u) = 0. Hence, for this particularu, we
get that in DY) :

AAu Af+ u=0 (3.22)

But u belongs tow¥2() , A is a continuous operator ofL?() , and f belongs toL?() .
HenceA Au A f belongs toL?() and thus we have uin L?() . We deduce that equality
(3.22) holds inL2() .

We now chooséh 2 C? ()Z. We have .

rurh= hr u:N h u (3.23)
@

and thanks to (3.22) we get:
Z Z

F(u+h) F(u)=2 hAAu Af u+  hr N + o(jhj) (3.24)
@

Now, sincer F(u)=0 in L?() and using (3.22), we get
ruN=0o0n@ (3.25)

Convexity
From the previous computation, Wezhave:

hr F(u;hi=2 h(AAu Af+ r ru (3.26)
le. :
rF(uU=2(AAu Af+ r ru (3.27)
Hence :
reFu)=2(A A+ 1 r2) (3.28)

And r 2F (u) is a positive operator:

hr 2F (u)w; wi = 2kAuk3 + kr uk3 0.

Moreover, sinceA(1) 6 0 and since the kernel ofr is :1, 2 R, we deduce that
hr 2F (u)w; wi > 0if w6 0. We therefore conclude thatF is strictly convex.
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Maximum principle (Stampacchia truncation)

Proposition 3.1. Let f be inL! () andu be a solution of the Tychonov Problem with
A = Id. Then a maximum principle holds foru:

inff u supf (3.29)

We rst multiply equation (3.22) by a function v 2 W2() , and we integrate by parts (we
can do it since we saw that the functions are ih?() ):
Z Z

rurv+ vu f)=0 (3.30)

Let G be a truncature function of classC?, such that G(t) =0 on (1 ;0], and G strictly
increasing on[0; +1 ), and G’ M whereM is a constant.

We chooser = G(u k) wherek is a constant such thatk k f k. : . We remind the reader
that u belongs toW%?() . Notice that thanks to the chain rule in W%2() , we know that
v=G(u k) also belongs tow%2() , and thatr v= G’(u k)r u. Equation (3.30) writes:

z Z
jr uj? Go(u kydx+ (u f)G(u k)dx=0 (3.31)
from which we deduce that (using the properties dB):

Z Z

uG(u Kk)dx fG(u Kk)dx (3.32)
And then:

Z Z

(u KkK)G(u Kk)dx (f Kk)G(u k)dx (3.33)

RR
We havef k OandG(u k) O, hence (u k)G(u k)dx O
But t:G(t) Ofor all t, and we thus deduce thafu k)G(u k)=0 a.e., hencau k.
We get the opposite inequality by considering u.

3.2.4 Minimization algorithms

PDE based method:  (3.6) is embedded in a xed point method:

@u
== +Af AA 34
ot u u (3.34)

Figure 7 shows a numerical example in the case whan= Id.

Fourier transform based numerical approach In this case, a faster approach consists in
using the Fourier transform.

We detail below how the model can be solved in discrete usirfggtdiscrete Fourier transform
(DFT).

We recall that the DFT of a discrette image if (m;n)) (0 m N 1and0 n N 1)
isgivenby© p N land0 g N 1):
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Figure 7: Restauration (Tychonov) par EDP

X 10X 1

F(f)(p;d = F(p;q) = f (m;n)e 1@=NJpme 1@=N)an (3.35)
m=0 n=0
and the inverse transform is:
. 1 XX . j (2=N)pm 4 (2 =N )gn
f(m;n)= NZ F(p; g€ e (3.36)
p=0 @=0

Moreover we havekF (f )k& = N?2kf k2 et (kF (f ); kF (g))x = N2(f;g)x.
It is possible to show that:
kF(rf)kZ_X : . -Z_X . Y '2p '2q
= jJF(r £)(p;9j° = 4iF (f)(p; 9j° sin W+S|n N (3.37)

piq P
Using Parseval identity, it can be deduced that the solutioru of (3.4) sati es:

F(f)(p;:9

1+8 sin T sint g

F(u)(p;0 = (3.38)

Figure 10 shows a numerical example obtained with this appaoh.

3.3 Rudin-Osher-Fatemi model
3.3.1 Introduction

R
In [65], the authors advocate the use df(u) = jDuj as regularization. With this choice, the
recovered image can have some discontinuities (edges). Tomsidered model is the following:
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Figure 8: Image originale

Figure 9: Image bruitée a restaurer

Figure 10: Restauration (Tychonov) par TFD
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. 1 5
- uzér\}f() J(u) + 2—kf AuKk3 (3.39)
whereJ(u) =  jDuj stands for the total variation of u, and whereA is a continuous and
linear operator ofL?() such that A16 0 (the case whenA is compact is simpler).

The mathematical study of (3.39) is done in [25].

The proof of existence of a solution is similar to the one fohé Tychonov regularization
(except that now one works inBV () instead ofW%?() . If A is assumed to be injective, then
this solution is unique.

Sketch of the proof of existence: We denote by:
F(u)= J(u)+ Zikf Auk3 (3.40)

F is convex.

For the sake of simplicity, we assume thafA = Id. See [9] for the detailed proof in the
general case.

Let us consideru, a minimizing sequence for (3.39) witiA = 1d. Hence there existv > 0
such that J(u,) M andkf u,k3 M (M denotes a generic positive constant during the
proof). Moreover, sincekupk, k fk, + kf  u,k,, we haveku,k, M. Henceu, is bounded
in BV () . By weak-* compacity, there exists therefore in BV () suchthatu, ! uin L()
strong andDu, * Du .

By l.s.c. of the total variation, we haveJ(u) liminf J(u,), and by l.s.c. of the weak norm
we havekf uk? liminf kf u,k?. Hence, up to a subsequence, we hdim,,, ., inf F(up,)
F(u).

Maximum principle (truncation argument)

Proposition 3.2. Letf beinL! () andu be a solution of the ROF Problem witlh\ = Id.
Then a maximum principle holds foru:

inff u supf (3.41)

It is based on a standard truncation argument. We remark thak 7! (x a)? is decreasing
if x2 (1 ;a) and increasing ifx 2 (a;+1 ). Therefore, ifM  a, one always has:

(min(x;M) a)? (x a)? (3.42)
Hence, if we letM = sup fZ, we nd that: .
(min(u;M) )2 dx (u f)2dx (3.43)

Moreover, it is a direct consequence of the coarea formulaathjD (min(u; supf ))j()
jDuj() which yields that the function min(u; supf ) is a solution of the ROF Problem. We get
the opposite inequality with a similar argument.

Hence we do not decrease the energy by assuming thatf u supf. We conclude by
using the uniqueness of the solution of the ROF problem.

42



Comparison principle We now state a comparison principle.

Proposition 3.3. Let f; andf, be inL! () . Let us assume thaf, f,. We denote byu;
(resp. u,) a solution of the ROF problem forf = f; (resp. f = f,). Then we haveu; u,.

Proof We rst consider the case wherf; <f 5.
We use here the following classical notationsi _ v = sup(u;v), andu” v =inf( u;v).
We have sinceu; is a minimizer with data f;:
Z Z

Juiru)+  (fr ur”Mup)® Ju)+ (i oug)? (3.44)

and: Z Z
Jui_u)+  (fa up_u)® Ju)+  (f2 up)? (3.45)

Adding these two inequalities, and using the fact that [45]:

JUui M ug)+ J(up_uz)  J(ug) + J(up) (3.46)
we get:
Z
(fr uMu)® (Fr u)®+(f2 ui_u)® (f2 u)® 0 (3.47)
Writing = fu;>u,g[f u; u,g, we easily deduce that:
Z
(fr uw)® (fr u)?+(f2 u)® (f2 u)®> O (3.48)
fui>u »g
le.: Z
2( faup+ fouy foup+fou) O (3.49)
fui>u 29
le.: z
(fz fo)(uz u) O (3.50)
fui>U »g

Sincef; < f ,, we thus deduce thatfu; > u,g has a zero Lebesgue measure, ie; U, a.e.
in .
Now, for the general casé; f,, we make use of the following lemma:

Lemma 3.1. u; solution of the ROF problem with datd;. Then we have:
kUl U2k2 k fl fzkz (351)

From the above lemma, the mapingd; 7! u; is continuous inL?() . Hence the result
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Proof of the lemma
We use the Euler-Lagrange equation:

fi u2@du) (3.52)

We make the di erence of the previous equation with = 1 and theni = 2, and multiply by
Up; Up. We get:

Hy fo (U u);u;r Ui = h@Jui)) @Juy);u;  Ugi (3.53)
But, J being convex, it is a monotone operator, i.eh@Ju;) @dJu,);u; Ui 0. Hence:
i foup Ui k Uy Uok3 (3.54)
Using Cauchy Schwartz inequality, we get:
kup  upki k f;  fokkuy Uk (3.55)

and thuskf, f,u; uxk fy; fok. In particular, this implies the uniqgueness ofy; whenf;
is xed.

Euler-Lagrange equation: Formally, the associated Euler-Lagrange equation is:
. 1
div J:—Ej +Z(AAU Af)=0 (3.56)

with Neuman boundary conditions.
Numerically, one uses a xed point process:

@u v 'Y liaa A1) (3.57)

@t " iy
L L : . R
Howe\f_gr in this approach, it is needed to regularize the potem, i.e. to replace jDuj in

(3.39) by jr uj2+ 2. The Euler-Lagrange equation is then:
!

@ v p "%  Liaau AT (3.58)
@t jrupz+ 2

Moreover, when working withBV () , (3.56) is not true.

Sketch of the proof: P
xX)= 2+ x? (3.59)

We have:
it (u+ h)j%=jr uji2+2r hxr u+ o(jhj) (3.60)

Thus

o 2r h o h:
jr (u+h)jpz=jru 1+ L + o(jhj) = jr Uj+rjr Lju

2 U2 + o(jhj) (3.61)
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Thus

hir u r hir u
—— + o(jhj) = ir uyj)+ —— ©
i Ui o(jhj) (r uj) i Ui

Thus 7 7 7

Gr (u+h)j)=  jruj+ "

(r uj) + ojhj) (3.62)

.
(u+ h) = (u) + hdiv %r u + o(jhj) (3.63)
Since
KA(u+ h) fk?®=KkAu fk®+2m;A (Au )i+ o(jhj) (3.64)
We therefore have, sincd(u+ h) = J(u) + hh;r J(u)i + o(jhj):
caw= dv Wy LA ) (3.65)

ruj
Notice that in the case when (x) = P + x2, then qx) = P——, and therefore
Yru) _ 1

— _— 3.66
Ir uj g jr uj? ( )
For the sake of simplicity, we assume in the following thaf = Id.
3.3.2 Interpretation as a projection
We are therefore interested in solving:
: 1 )
+ — :
uzér\]/f() J(u) > kf  uks3 (3.67)

We consider the cas® = 2. J is extended toL 2.
Using convex analysis result, the optimality condition asxciated to the minimization prob-
lem (3.67) is:

u f 2 @Ju) (3.68)
This condition is used in [24] to derive a minmization algottim for (3.67).
SinceJ is homogeneous of degree one (i&(u)= J (u) 8uand > 0), itis standard (cf
[36]) that J the Legendre Fenchel transform od,
J (V) =sup((u;v)2  J(u)) (3.69)
is the indicator function of a closed convex sef .
It is easy to check thatK identi es with the set (using the fact that J = J):
K =fdiv(g)=g2 (L* ()) %kgka 1g (3.70)

and 0 fv2
_ B if v2 K
J (V)= «kv)= +1 otherwise

The next result is shown in [24] :

(3.71)

Proposition 3.4.  The solution of (3.67) is given by:
u=*f Pg(f) (3.72)
whereP is the orthogonal projection onK .
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Proof: If 0 is a minimizer, then

020 f)= + @J0) (3.73)
ie. :
f 0= 2 @J0 (3.74)
Hence
02 @J(f a)=) (3.75)

We setWw =(f 0), and we get:
02w f+ @J(w=) (3.76)

We then deduce thatW is the minimizer of:
inf kw fk*+ ziJ (w=) (3.77)
w

e. W= Py (f), henceat=f Py (f).

Algorithm : [24] proposes an algorithm to comput® ¢ (f ) which can be written in discrete:
min k div(p) k& :p=jp;j 18i;j =1;:::;N (3.78)
(3.78) can be solved with a xed point process:
p°=0 (3.79)
and . .
ol = py + (r (div(p") f= )y
: 1+ j(r (div(p") f= )]
And [24] gives a su cient condition for the algorithm to conwerge:

(3.80)

Theorem 3.1.  Assume that parameter in (3.80) is such that 1=8. Then div (p")
converges taP¢ (f) whenn! +1 .

The solution to problem (3.67) is therefore given by:
u=f div (p*) (3.81)

wherep* =lim, +1 p"
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Figure 11: Image bruitée a restaurer

Projected gradient algorithm
Notice that alternatively a projected gradient method can b used. Indeed, algorithm (3.80)

can be rewritten as: (
vt = L+ divp"
m+1 _ P+ (rv™)i (3.82)
Pij ~ = 10 v™)ij

and v ™ converges to the solution of (3.67).
Instead of using (3.82), a simple gradient descent/retropjection method can be used:

( v = L+ divp™
m+l _ pp + (r v (3.83)
P maxf Ljpl, + (r v")ij ig

Such a scheme is proved to be convergent in [14].

Proposition 3.5. If < %1 then the sequencév™; p™) de ned by scheme (3.83) is such that
vl vandp™! pwith v solution of (3.67).

Notice that (3.83) can be written in a more compact way:
f .
Pt =Py p"+ r  —+divp" (3.84)

Figure 12 shows an example of restoration with Chambolle'sgarithm (the noisy image is
displaid in Figure 9).

3.3.3 Euler-Lagrange equation for (3.67):

The optimality condition associated to (3.67) is:

u f2 @Ju) (3.85)
And formally, one then writes:
u f= dv —— (3.86)
Iru
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Figure 12: Image restaurée (ROF)

But the subdi erential @ Ju) cannot always be written this way.
The following result (see Proposition 1.10 in [6] for furthedetails) gives more details about
the subdi erential of the total variation.

Proposition 3.6.  Let (u;Vv) in L?() with uin BV () . The following assertions are equiva-
lent:

() v2 @Qu).
(i) Denoting by X () »=fz2 L' ( ;R? : div(z) 2 L?() g, we have:
Z

vudx = J(u) (3.87)
and
922 X() 2; kzky; 1;zZZN=0; on @ (3.88)
such thatv = div (z) in DY) '

(iii) (3.88) holds and: 7 Z
(z;Du)=  jDuj (3.89)

From this proposition, we see that (3.85) means:
u f= divz (3.90)

with z satisfying (3.88) and (3.89). This is a rigorous way to writes f = div 12 .

3.3.4 Other regularization choices

The drawback of the total variation regularization is astaircase e ect. There has therefore
been a lot of work dealing with how to remedy to this problem. n particular, people have
investigated other regularization choice of the kind-(u) = (jr uj). The functional to
minimize becomes thus: Z

inf %kf Auk? + (kr uk) dx (3.91)
u
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And formally, the associated Euler-Lagrange equation is:

0,/. .
div %ru +AAU Af=0 (3.92)

with Neumann boundary conditions:

"(ir uj) @u_
jru @N
We are now going to develop formally the divergence term. Feach pointx wherejr u(x)j &
0, we can de ne the vectordN (x) = o) and T(x), jT(x)j = 1, with T(x) ? N (x), respectively
the normal and the tangent to the level line olu.
We can then rewrite (3.92) as:
A Au %uﬁ + Gr uunwy = A f (3.94)

Oon@. (3.93)

where we denote byurt and uyy the second derivatives ol in the T direction and N
direction, respectively:

1
— 2 — 2 2
uTT - T r UT - jr Uj2 ux1uX2X2 + uxzuxlxl 2uX1""X2""X1X2 (395)

uww = N r2uN = —
NN jr uj?
This allows to see clearly the action of the function in both directions N and T.
At the location, where the variation of the intensity are we& (low gradient), we would like
to encourage smoothing, the same in all directions.
Assuming that is regular, this isotropic smoothing can be achieved by impmg:
(s) _

0)=0; SI!inc?+ 5 - SI!rTg) (s)= (0>0 (3.97)

2 2
Us, Uxyxy + Uy, Uxox, F 2 Uy, Uy, Uygx, (3.96)

Therefore, at points wherdgr uj is small, (3.94) becomes:
A Au OO(O)(FLTZU_N'\}) =Af (398)
= u

So at these points, we want to do some Tychonov regularizatio
In a neighbourhood of an edg€, the image presents a strong gradient. If we want to preserve
this edge, it is preferable to di use alongC (in the T direction) and not across it. To do so, it
Is su cient in (3.94) to annihilate (for strong gradients) the coe cient of uyy , and to assume
that the coe cient of urt does not vanish:
(s) _

. 00 _ . .
Jim 9=0; Jim —== >0 (3.99)

Unfortunateoly, this two conditions ar not compatible. A trade-o mus be found. For instance,
*(s) and -2 both converge to 0 as! +1 , but at di erent rates:

. 00 . O(S) . OO(S)
lim (s)= lim —~==0and lim —;
st +1 st +1 S st +1 (s)

S

=0 (3.100)
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For instance, one may choose the hypersurface minimal furart:
P
(s)= 1+¢? (3.101)

Of course, all these remarks are qualitative. Other condadns will arise so that the problem is
mathematically well-posed.

To show the existence and uniqueness of a solution using thieedt method of the calculus
of variations, some minimal hypotheses are needed on

(i) s strictly convex, nondecreasing function fronR* to R*, with (0) = 0 (without a loss
of generality).

(i) limg +1 (9)=+1.

Conditions (ii) must not be too strong, because it must not pealize strong gradients, i.e.
the formation of edges (see what happens ifs) = s?). Hence we assume that grows at most
linearly: there exist two constantsc > 0 and b 0 such that:

cs b (s) cs+bforalls O (3.102)

With all these assumptions, it then possible to show that prdem (3.91) admits a unique
solution in BV () (see [9)]).

Non convex function: It has been shown numerically that the choice of non convex
functions can lead to very interisting results [9]. Neverthless, in the continuous case, the direct
method of calculus of variation fails to prove the existencef a solution for such regularization
choices. This remains an open question. In particular, thelfowing functions have been shown
to give good restoration results:

S2
(s) = [ (3.103)
and:
(s) = log(1+ s? (3.104)
3.3.5 Half quadratic minimmizationZ
J(u) = (r uj) dx + %kf Auk? (3.105)
with  edge preserving function [9]. C ! and convex. Typically:
(x)=" Z¥xz (3.106)
We have already seen before that:
r J(u) = div Mr u +A (Au f) (3.107)

jruj

Notice that in the case when (x) = P2 xZ, then qx)= p=2—, and therefore—Ur W) =
X Jr uj
1

24 jr uj2 '
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Fixed step gradient descent The easiest method is a xed step gradient descent [65].

Ugs1 = U tr J(uk) (3.108)
Nevertheless, it is quite sllgw: indeed, for the algorithm t@onverge ,t needs to be very
small. In particular, if (x)= 2+ x2, then a typical choice fort is t = =10.

Quasi-Newton method To improve the speed of the above algorithm, it has been trieid
use Newton method:

Uerr = U (r 23(u)) *r J(uk) (3.109)
But in practice this is not pgssible.
In the case when (x) = 2+ x2, we have
!
. 1
r J(u) = dv p————ru +A (Au f) (3.110)

We are interested in solving J(u) = 0. Since we do not know how to invert J, we want to
use a xed point process. We linearize the equation (quasieMton method):

) 1
O = d|V p:l’ UK+1 + A (AUK+1 f) (3111)
k]

It is natural to look at a semi-explicit scheme, explicit in he non linear part and implicit in
the linear part (general idea of Weiszfeld method [73]), i:e

Uk+1 = A A: d|V pﬁr . A f (3112)
k

It can be shown that such a scheme converges to the solution TD, 34, 27, 3]. Moreover, it
is much faster than a gradient descent (it is possible to shatlveoretically a linear convergence,
but in practice a quadratic convergence is observed).

For a general C ! function the scheme is:

————— T U+ TA (Auk+1 f) (3113)

1

rud, (3.114)

(r )
This is in fact a special case of a more general method: thalf quadratic minimization
approach [9].

U+1 = A A: div

Half quadratic minimization approach It is based on the following result.

Proposition 3.7. Let :R; ! R, anon decreasing function such that(p t) concave. Let
us de ne:
q )

. t) :
L= 1 ——andM = lim —= 3.115
I, o @M =, (119
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Then there exists a convex and decreasing function: (L;M ]! [ 1; 2] such that:

()= inf (bS+ (b) (3.116)

where ;=limg ¢+ (s) and ,=limg +1 ( (S) s Y9)=2).
Moreover, the valueb for which the minimum is reached is given by:

_ %)
b= —= (3.117)

The additional variableb is usually called the dual variable.

Proof: Let (s)= (p s). is a convex function. Thus
(s)= (s)=sup(ss (s)) (3.118)
where (s ) is the polar funtion of (s) dened by: (s ) = sup4(ss (s)). Therefore:
(IO S) = ir;f ( ss+ (s)) (3.119)
Letb= s ands= P s. Then can be written:
(s) = ir;f (bs+ ( b) (3.120)
which gives the rst part of the theorem with
b= (b (3.121)

The rest of the proof is standard.

Remark: Let us emphasize that in the above F|_9r_oposition, can be non convex.
For instance, when (s) = % then (=( b 1)’ L=0,andM =1.

Application: 7
J(u) = (r uj) dx + %kf Auk? (3.122)
Assume satis es the hypotheses of the previous proposition. Thenenhave:
Z
J(u) = ) iQfM(bs2 + (b)jr ujdx+ %kf Auk?® (3.123)

R
Supposing we can invert and the in mum (this can be justi ed):

y
inf inf (br ui?+ (D) dx+ %kf AuK?
u
y
inf inf (Br ui?+ (D) dx+ :-szf AUK?
u

inf 3 (u)
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Let us de ne Z 1
F(u;b) = (br uj?+ (b)) dx+ ékf Auk? (3.124)

This functional is convex inu, and for eachu xed it is convex in b (but the functional is
not convex with respect to the pair(u;b)).

It can be shown that alternating minmizations with respect ® u and v, then ux converges to
the minimizer u of the original functional [9, 28, 25]. Moreover, this is a nah faster algorithm
than the xed step gradient algorithm.

The sequenceéy can be seen as an indicator of contours. If satis es the edge-preserving
hypothesedimg .1 4s)=(2s) =0 and limg .o+ 4s)=(2s) = 1, then the following conditions
are satis ed:

If by(x) =0, then x belongs to a contour.
If by(x) =1, then x belongs to a homogeneous region.

At each iteration, we de ne:

Uk+1 = argmin F (u; by) (3.125)
u
and
b+1 =argmin F (ug+q1; b) (3.126)
b
We have 4 )
Jr Ug+1]
1 = — 3.127
D 2r Uy ] ( )
and uy4, is the solution of:
0= div(2br u)+ A (Au f) (3.128)
which can be solved with a conjugate grﬁldient algorithm.
Notice that in the case when (x) = 2+ x2, this is in fact exactly the same scheme as
above.
3.4 Wavelets

3.4.1 Besov spaces

We denote byf jx g a wavelet basis. A functionf in L?(R?) can be written:

X
f = Gk jik (3129)
JH

where thecy are the wavelet coe cients off , and we have:kf ki 2(g2) = i ix Gk -

Spaces weel-suited to wavelets are Besov spaggs, (for 0O<s< 1,0<p 1 and
0<g 1 )[57,55, 30, 25].B;., correponds roughly to functions withs derivatives in LP(R?),
the third parameter g being a way to adjust the regularity with precision.
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Remark: if p= q=2, then B3, is the Sobolev spac®/s?, and whens< 1,1 p 1 ,and
q= 1, then B}, is the Lipschitz spacelip(s; LP(R?)).

We can give an intrinsic de nition to Besov space8;,, and of their norm kikgs from the
regularity modulus off [30, 25]. If we assume that the chosen wavelet has at leasts + 1
vanishing moments and is of regularity at leasCs*!, then if f 2 Bp.q the norm kf kgs. is
equivalent to: 0 D1,

X X Ca f
@ 2P kP Djg P A (3.130)
k j
(the constants depend on the chosen wavelet).
In what follows, we will always use the equivalent norm (3.130) fiofrkgs, .
Here, we are interested in homogeneous version of Besov sgac

BSq=Bpg= U2Bgq=ru=0 (3.131)

De nition 3.1. 311;1 is the usual homogeneous Besov space (cf [57]). Let an orthonormal
wavelet basis composed of regular wavelets with compact gapts. B, is a subspace of ?(R?)
and a functionf belongs toBj, if and only of:

X X -
jGxj27?< +1 (3.132)

j2Z k222

De nition 3.2.  The dual space oB{, is the Banach spac&',, . Itis characterized by the
fact that the wavelet function of a generalized function irB*,., areinl! (z Z2).

Remark: We have the following inclusions:
B, BV(R?) L*R%) By, (3.133)

whereBY stands for the homogeneous version BV : BY = BV=fu2 BV =r u=0g.

3.4.2 Wavelet shrinkage

A interesting application of wavelets is image denoising. f lan original image u has been
degraded by some additive white gaussian noise, an e cienestoration method consists in
thresholding the wavelet coe cients of the degraded imagé.

We de ne the soft-thresholding operator as:

8 .
<t if t

(ty="_ 0ift (3.134)
T t+ sit

In an orthonormal wavelet basis, the wavelet coe cients of denoted byc (f ) are random
gaussian variables with zero mean with standard deviation ( being the standard deviation
of the white gaussian noise).

The wavelet soft-thresholding off with parameter , denoted byWST(f; ) (Wavelet Soft
Thresholding), is the functio,gl whose wavelet coe cients & (G (f)). The theoretical value
proposed by Donoho is = 2 log(N 2), whereN 2 stands for the size of the image (in practice,
this threshold value is much too large). For further detailswe refer the reader to [35, 53, 57, 55].
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Figure 13: Restoration by non invariant wavelet shrinkage (kiar)

3.4.3 \Variational interpretation

Let us consider the functional
infkf  uk®+2 Kukgs (3.135)
u )

The solution to (3.135) is given by:

u= WST(; ) (3.136)

Sketch of the proof: (see [25] for the detailed proof)
Denote byc (resp. dix ) the wavelet coe cients of f (resp. u). We thus have to minimize:

X
Gk G j®+2 jdi] (3.137)
ik
There is no coupling term in the equations, and we therefor@igt have to minimize the
generic function
E(s)=js tj?+2 jsj=jsi?+2jsj( j tj)+ t (3.138)

We minimize f (x) = x?+2x( j tj)+ t? with the constraint x 0. We havef qx) =
2xX+2( ] tj).

Figure 13 and 14 show examples of restoration.

Remark: In 1D, total variation minimization is equivalent to iterative wavelet shrinkage
(using the Harr wavelet with one level of decomposition) [6.7
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Figure 14: Restoration by invariant wavelet shrinkage (Haar

4. Advanced topics: Image decomposition

We encourage the reader to look at [57] for a nice historicaitioduction to the topics.

4.1 Introduction

Image restoration is an important and challenging inverserpblem in image analysis. The
problem consists in reconstructing an image from a degraded dataf . The most common
model linking u to f is the following one:f = Ru+ v, whereR is a linear operator typically
modeling blur andv is the noise. Energy minimization has demonstrated to be a werful
approach to tackle this kind of problem (see [9] and refereex therein for instance). Here we
examine a pure denoising situation, i.eR is the identity operator. The underlying energy is
generally composed of two terms: a delity term to the data ad a regularizing-cost function.
One of the most e ective method is the total variation minimeation as proposed in [65]. This
model relies on the assumption thaBV () , the space of functions with bounded variation, is
a good space to study images (even if it is known that such ansasnption is too restrictive
[4]). In [65], the authors decompose an imadeinto a componentu belonging toBV () and a
componentv in L?() . In this model v is supposed to be the noise. In such an approach, they
minimize: 7 1
. L 2

] )28V () mIZO T jDuj + 2—kvkL2() (4.1)
where jDuj stands for the total variation of u. In practice, they compute a numerical solution
of the Euler-Lagrange equation associated to (4.1). The nmts&matical study of (4.1) has been
done in [25].

In [57], Y. Meyer shows some limitations of the model propagén [65]. In particular, if f is
the characteristic function of a bounded domain with &C* -boundary, thenf is not preserved
by the Rudin-Osher-Fatemi model (contrary to what should be xpected).
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Meyer model In [57], Y. Meyer suggests a new decomposition. He proposas following
model: Z

In jDuj + kvk 4.2
(u;v)2BV (R2) G(R2)=f=u+v J ] G(R?) ( )

where the Banach spac&(R?) contains signals with large oscillations, and thus in partular
textures and noise. We give here the de nition 0G(R?).

De nition 4.1.  G(R?) is the Banach space composed of distributioriswhich can be written
f = @+ @g = div(9) (4.3)
with g; and g, in L! (R?). The spaceG(R?) is endowed with the following norm:
kvkgrzy = inf kgki1 (rey = €ss szupjg(x)j =v=div(g); 9=(01; %);
X2R

U
2L (R);%2 LY (R);ja(x)ji = (jou? + j&i?)(X) (4.4)

BV (R?) has no simple dual space (see [5]). However, as shown by Y. Btefp7], G(R?)
is the dual space of the closure iBV (R?) of the Schwartz class. So it is very related to the
dual space ofBV (R?). This is a motivation to decompose a functiorf on BV (R?) + G(R?).
This is also why the divergence operator naturally appeara the de nition of G(R?), since the
gradient and the divergence operators are dual operators.

A function belonging to G may have large oscillations and nevertheless have a smalfrmo
Thus the norm on G is well-adapted to capture the oscillations of a function iran energy
minimization method.

4.2 A space for modeling oscillating patterns in bounded dom ains
4.2.1 De nition and properties

In all the sequel, we denote by a bounded connected open set B with a Lipschitz boundary.
We adapt De nition 4.1 concerning the spacés to thgz case of . We are going to consider a
subspace of the Banach spad’ 1 ()= W;'()  (the dual space oW, () ).

De nition 4.2.  G() is the subspace oV ! () de ned by:
G()= v2L*) =v=div ; 2L*(;R); N=00n@ (4.5)
On G() , the following norm is de ned:

kvkg(y =inf K K1 .gzy =v=div ; N =0on@ (4.6)

Remark: In De nition 4.2, sincediv 2 L?() and 2 L!( ;R?,wecandene:N on@
(in this case, :N 2 H (@) , see [68, 52] for further details).
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The next lemma was stated in [57]. Using approximations witlC! () functions [5], the
proof is straightforward:

R
Lemma 4.1. Letu 2 BV() andv 2 G() . Then: uv  J(u)kvkg() (whereJ(u) is
de ned by (2.70)).

We have the following simple characterization o&() :

Proposition 4.1. 7
G()= v2L%) = v=0 (4.7)

Proof:  Let us denote byH () the right-hand side of (4.7). Wg split the proof into two step.
Step 1: Letv be inG() . Then from(4.5) it is immediate that v=0,ie.v2 H() .

Step 2. Letv be inH() . Then from [21] (Theorem 3') (see also [22]), there exists 2
Co% ;R?>\ W¥2( ;R? such thatv = div and =0 on @ . In particular, we have 2
L( ;R)and :N =0on@ . Thusv2 G() .

Remark: Let us stress here how powerful the result in [22, 21] is. It dis with the limit case
vin L9() , g= 2, when the dimension of the space ¥ = 2. The classical method for tackling
the equation div = vwith :N =0 on @ consists in solving the problem u = v with @@5 =0
on@ ,andinsetting =r u. If visinL9) with g > 2 this problem admits a unique solution
(up to a constant) in W29() . Moreover, thanks to standard Sobolev embeddings (see [30)),

= r u belongs toL! ( ;R?). If q= 2, the result is not true and the classical approach does
not work. So the result by Bourgain and Brezis is very sharp.

We next introduce a family of convex subsets d&() . These convex sets will be useful for
approximating Meyer problem.

De nition 4.3. Let G () the family of subsets de ned by (> 0):
G ()= Vv2G() =kvkg) (4.8)

Lemma 4.2. G () is closed for theL?() -strong topology.

Proof of Lemma 4.2 Let (v,) be a sequence it () such that there exists¢ 2 L?()

with v, ! ¢in L?() -strong. We havev, = div ,, with , such that k nKL1 ( R2) and
N =00n@ . Ask ki1 ( Ry ,there exists" 2 L ( ;R?) such that, up to an extraction:
A * Nin LY ( ;R?) weak &, andk k.1 re) R
Moreover if 2 D() : v, dx = div , dx = af dx. Thusasn! +1 , we
get. Z Z Z z
¢ dx = T odx = div"dx N (4.9)
@

By choosing rst a test function in C! () , we deduce from (4.9) that¢ = div “in DY) , and
since® 2 L%() , the equality holds inL2() . Then for a general 2D() , it comes”N =0

on@ (inH 2@ ).
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The next result is a straightforward consequence of Lemma24.

Corollary 4.1.  The indicator function of G () is Isc (lower-semicontinuous) for the_?() -
strong topology (and for theL?() -weak topology sincé& is convex).

Remarks:
1. Let us denote byK () the closure inL?() of the set:
div ; 2Ci( ;R ; kkui(wmy 1 (4.10)

Using Lemma 4.2 and some results in [68], one can prove théaf) = Gi() .

Moreover, one can also show in the same way th&() is the closure inL?() of the
set:
div ; 2Cl( ;R? (4.11)

2. From the proof of Lemma 4.2, one easily deduces thakg is lower semi continuous (Isc).
We also have the following result:

Lemma 4.3. If v2 G() , then there exists 2 L' ( ;R? with v = div and :N =0 on
@ , and such thatkvkg = k ki1 ( gr2).

Proof: Letv 2 G() . Let us consider a sequencg, 2 L! ( ;R? with v = div , and
n:N =0 on @, and such thatk ,k.: (; 'k vkg. There exists 2 L* ( ;R?) such that, up
to an extraction, , * in L' ( ;R?) weak *. Then, as in the proof of Lemma 4.2, we can

show that :N =0 on @ and that v= div .

Main property: The following lemma is due to Y. Meyer [57]. But it was statedn the case
of = R? and the proof relied upon harmonic analysis tools. Thanksotour de nition of
G() , we formulate it in the case when is bounded. Our proof relies upon functional analysis
arguments.

Lemma 4.4. Le be a Lipschitz bounded open set, and It , n 1 be a sequence of
functions in L)  G() with the following two properties:

1. There existsq > 2 and C > 0 such thatkf k. sy  C.
2. The sequencé, converges tad) in the distributional sense (i.e. inDY)) .
Then kf kg converges td0 whenn goes to in nity.

This result explains why the norm inG() is a good norm to tackle signals with strong
oscillations. It will be easier with this norm to capture sub signals in a minimization process
than with a classicalL 2-norm.
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Remark: Hypotheses 1. and 2. are equivalent to the simpler onéhere existsq > 2 such
thatf, * 0in L9() -weak

T
Proof of Lemma 4.4: Let us consider a sequendg, 2 L9() G() satisfying assumption
1. and let us de ne the Neumann problem:

u, = f,in
W

%=00n@

(4.12)

R
We recall that asf, 2 G() , we also have f,dx =0. We know (see [46, 59, 33]) that problem
(4.12) admits a solutionu, 2 W29() . From [59, 58], we also know that there exists a constant
B > O such that: kuykwza(y  Bkf,kLe) . And as we assume thakf,k.e(y C, we get:

kunsz;q() BC (413)

Sinceq > 2 and bounded, we know (see [2]) that there exists 2 (0;1) such that
W29() is compactly embedded irC* () . We denote byg, = r u,. We have kg, k()
kunkwza(y ~ BC. And it is also standard that W*9() 2 is compactly embedded irC% () 2.

Hence, up to an extraction, we get that there exists and g2 C% such thatu, ! u and
g, ! g (for the C% topology). It is then standard to pass to the limit in (4.12) to deduce
that g, ! O uniformly (we recall that g, = r u,). The previous reasonning being true for any
subsequence extracted fromy,, we conclude that the whole sequenceu, is such thatr u, ! 0
asn! +1 inL!'( ;R?-strong,i.e.g,=ru,! 0inL*( ;R?-strong. Sincef, = div g,
we easily deduce thakf kg ! O.

4.2.2 Study of Meyer problem

We are now in position to carry out the mathematical study of Myer problem [57].
Letf 2 L) (with g 2). We recall that the considered problem is:

+ .
(Uv)2BV () mZ;() —f=u+v J(u) kvka() (4.14)

where J (u) is the total variation jDuj de ned by (2.70).

Remark: Sincef is an image, we know thaf 2 L! () . Thus it is not restrictive to suppose
q 2

Before considering problem (4.14), we rst need to show thatie can always decompose a
function f 2 L9() into two components(u;v) 2 BV () G() .

Lemma 4.5. Letf 2 L) (with g 2). Then there existsu2 BV () andv 2 G() such
thatf = u+ v.

R R
Proof: Let us choosal = Jij fandv=1f u=f Riii f . We therefore haveu 2 BV ()
(since is bounded), andv 2 L?() . Moreover, since v =0 we deduce from Proposition 4.7

that v2 G() .
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We now show that problem (4.14) admits at least one solution.

Proposition 4.2. Letf 2 L9) (with g 2). Then there existsdt 2 BV () and¥ 2 G()
such thatf =%+ 4, and:

IO+ Koks= o nf QW) kvke) (4.15)

Proof: Let us rst remark that the functional to minimize in (4.14) is convex with respect to
its two variables. Moreover, the in mum in (4.14) is nite (t hanks to Lemma 4.5).
Now, let (u,;Vv,) be a minimizing sequence for (4.14) We thus have for some dams C

J(u,) Candkv,kg C (4.16)
From Poincaré inequality (see [5]), thege exists a constaBt> 0such that: kuy R UnKp2()
BJ (u,). Thus from (4.16), we getku, UnKp2() BC. Butasu, + v, = f, we have:
Z Z Z
up + Vi = f (4.17)
| {z-}

=0 sincev, 2 G()

Henceu, is bounded inL?() . From (4.16), we deduce thatu, is bounded inBV () . Thus
there existstt 2 BV () suchthatu, * 0in BV () weak*. And asu,+ Vv, = f, we deduce that
V, is also bounded inL?() . Therefore, there exists¥ 2 L?() such that, up to an extraction,
Vo * ¢in L2() weak.

To conclude, there remains to prove thaf(;¥) is a minimizer ofJ(u) + kvkg() . And this
last point comes from the fact thatJ is lower semi-continuous (Isc) with respect to th&8V
weak * topology [5], and from the fact thatk:kg is Isc with respect to thelL >-weak topology.

Remark: It has been shown that Meyer problem can admit several solotis [47].

4.3 Decomposition models and algorithms

The problem of image decomposition has been a very active debf research during the last past
ve years. [57], was the inspiration source of many works [683, 16, 8, 66, 17, 19, 26, 32, 76].

This is a hot topic in image processing. We refer the reader to the UCLA CANeports web
page where he can nd numerous papers dealing with this sulsje

4.3.1 Which space to use?
We have the following result (stated in [57]):
Bi, BY L* G E=B'Y, (4.18)

whereBY is the homogeneous version &V : BY = BV=fu2 BV =r u=0g.

In Figure 15, the three images have the same? norm. Table 1 presents the values of
di erent norms. It clearly illustrates the superiority of the G norm over theL? norm to capture
oscillating patterns in minimization processes (thés norm is much smaller for the texture
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Table 1: A striking example (see Figure 15)

] Images | TV | L? [kk 12 | G |E (Daubl0) |
textured image 1 000 000| 9 500 | 33000 | 360 749
geometric image 64 600 | 9 500 | 300 000| 2000 355

Gaussian noise ( =85) | 2100 000| 9500| 9100 | 120 287
textured image geometric image Gaussian noise (= 85)

Figure 15: A striking example

image and the noise image than the geometric image), as claidnin [57]. It also illustrates why
the use of theE norm is well adapted to separate the noise (the noisy image ithe smallest
E norm). These observations were the starting point of the demposition algorithm by Aujol
and Chambolle in [17] which split an image into three compongs: geometry, texture, and
noise.

More generally, the choice of the functional space used inetlmodelling depend on the
objective. The main advantage for using Besov spaces is thénk with wavelet coe cients:
this enables fast multi-scale algorithms. The main advante of Sobolev spaces is their link
with PDEs: an energy involving Sobolev norms can easily be mmnized by solving it associated
Euler-Lagrange equation. The main advantage dV is that contrary to Sobolev or Besov
spaces, it contains charcateristic functions: in partical, any piecewise regular function is in
BV, which is the reason whyBV is a good candidate to model the geometrical part of an
image.

Wavelet based alternative toBV have been proposed in the literature. The most popular
choice isB{.;. The main advantage of choosin®y, is that it often leads to wavelet shrinkage
algorithm, and therefore very fast algorithms. And visuall it gives very similar results toBV
[67, 16].

Another wavelet based alternative toBV has recently been proposed in [47] witBS, .
This space is closer tV then Bf,;. But the drawback is that it does not lead to wavelet
shrinkage algorithm, and therefore no fast algorithms haveeen proposed up to now.

4.3.2 Parameter tuning
When intereted in the general decomposition problem:

Estructure (U) + E Texture (V); f=u+v; (4-19)

We denote by(u ;v ) its solution (which is assumed to exist and to be unique). Thgroblem
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is then to nd the right regularization parameter . The goal is to nd the right balance between
the energy terms which produces a meaningful structure-texe decomposition.

For the denoising problem, one often assumes that the variem of the noise ? is known
a-priori or can be well estimated from the image. As the part in the denoising case should
contain mostly noise, a natural condition is to select such that the variance ofv is equal to
that of the noise, that is var(v) = 2. Such a method was used in [65] in the constrained ROF
model, and this principle dates back to Morozov [60] in regattization theory. Here we do not
know of a good way to estimate the texture variance, also thelis no performance criterion like
the SNR, which can be optimized. Therefore we should resort todi erent approach.

The approach follows the work of Mrazek-Navara [61], usedrfmding the stopping time for
denoising with nonlinear di usions. The method relies on aarelation criterion and assumes
no knowledge of noise variance. As shown in [42], its perfance is inferior to the SNR-based
method of [42] and to an analogue of the variance conditionrfdi usions. For decompaosition,
however, the approach of [61], adopted for the variationatdmework, may be a good basic way
for the selection of .

Let us de ne rst the (empirical) notions of mean, variance ad covariance in the discrete
setting of N N pixels image. The mean is

.1 X
q= NZ G
16 N
the variance is X
21 2
V@5 @ 93
16 N
and the covariance is
. X
covariancgq; r) = Nz (g o(rii r):
16 N

We would like to have a measure that de nes orthogonality b&teen two signals and is not
biased by the magnitude (or variance) of the signals. A stamadd measure in statistics is the
correlation, which is the covariance normalized by the stalard deviations of each signal:

correlation(q: 1) = S2ranced:n.
V(qQV(r)

By the Cauchy-Schwarz inequality it is not hard to see that caariancgq;r) P V(qQV(r)
and thereforejcorrelation(q;r)j 1. The upper boundl (completely correlated) is reached
for signals which are the same, up to an additive constant anap to a positive multiplicative
constant. The lower bound 1 (completely anti-correlated) is reached for similar signals but
with a negative multiplicative constant relation. When the orrelation is O we refer to the
two signals asnot correlated This is a necessary condition (but not a su cient one) for
statistical independence. It often implies that the signal can be viewed as produced by di erent
generators" or models.
To guide the parameter selection of a decomposition we useetfollowing assumption:

Assumption:  The texture and the structure components of an image are not correlated.
This assumption can be relaxed by stating that the correlatin of the components is very
low. Let us de ne the pair (u ;v ) as the one minimizing (4.19) for a specic . As proved
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in [57] for the TV L? model (and in [41] for any convex structure energy term with 2), we
have covariancéu ;v ) 0 for any non-negative and therefore

0 correlation(u ;v ) 1; 8 0: (4.20)

This means that one should not worry about negative correlain values. Note that positive
correlation is guaranteed in theTV L2 case. In theTV L! case we may have negative
correlations, and should therefore be more careful.

Following the above assumption and the fact that the correteon is non-negative, to nd
the right parameter , we are led to consider the following problem:

= argmin (correlation(u ;v )): (4.21)

In practice, one generates a scale-space using the parametdgin our formulation, smaller
means more smoothing ofl) and selects the parameter as the rst local minimum of the
correlation function between the structural partu and the oscillating partv.

This selection method can be very e ective in simple casestivivery clear distinction
between texture and structure. In these cases correlatianv) behaves smoothly, reaches a
minimum approximately at the point where the texture is competely smoothed out fromu,
and then increases, as more of the structure gets into thgpart. The graphs of correlatiorfu; v)
in the TV L? case behave quite as expected, and the selected parametadI|éo a good
decomposition.

For more complicated images, there are textures and struges of di erent scales and the
distinction between them is not obvious. In terms of corretaon, there is no more a single
minimum and the function may oscillate.

As a rst approximation of a decomposition with a single scalr parameter, we suggest to
choose after the rst local minimum of the correlation is reached. h some cases, a sharp
change in the correlation is also a good indicator: after theorrelation sharply drops or before
a sharp rise.

43.3 TV G algorithms .

inf  jDuj+ kf U (4.22)
u

Vese-Osher model L. Vese and S. Osher were the rst authors to numerically tadk Meyer
program [69]. They actually solve the problem:
Z
. . - + 2 + )
(U;V)ZB\lln(E &0 jDuj kKf  u vk5 kvka() (4.23)

ere is a bounded open set. To compute their solution, they repladhe term kvkg() by
k' o2+ gokp, (wherev = div (g1; &)). Then they formally derive the Euler-Lagrange equations
from (4.23). For numerical reasons, the authors use the vayp = 1 (they claim they made
experiments forp =1 :::10, and that they did not see any visual di erence). They reporigood
numerical results. See also [63] for another related modelncerning the case = +1 and
p=2.
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A?BC model Inspired from the work by A. Chambolle [24], the authors of @, 15] propose
a relevant approach to solve Meyer problem. They considerétfollowing functional de ned on

L2()  L2() :
R . .
jDuj+ 2kf u vkl if (uv)2BV() G ()

P (uv) = +1 otherwise (4.24)
whereG ()= v2G() =kvkg . And the problem to solve is:

inf F. (u;v 4.25

ERLLPY (u;v) (4.25)

The authors of [16] present their model in a discrete framewo They carry out a complete
mathematical analysis of their discrete model, showing hawapproximately solves Meyer prob-
lem.

Second order cone programming approach In [76], the authors use second order cone
programming to compute the solution. In [49], a saddle poirformulation is used. And in [72],
general convex minimization algorithms are applied succ#slly to compute the solution.

434 TV L!

The use of theL! norm in image processing has rst been proposed in [62] to rewe outliers
(salt and pepper noise case). The algorithm used in [62] wasr@axation algorithm (and
therefore quite slow). The model in this case can be written:

Z

inf  jDuj+ ki ukes (4.26)
u

It was later studied from a mathematical point of view in [26]the numerical implementation
being done with PDEs, but still quite slow (because of the sjularity of the L' norm. An
alternative approach was proposed in [12] with the functiaai:

z

inf  jDuj+ kf u vk® + kvk.: (4.27)
u;v

By alternating minimization with respect to u and v, the solution is easily computed. Notice
that minimization with respect to u amounts to classical total variation minimization, while
minimization with respect to v is directly solved by thresholdingv. Figure 16 shows an example
of decomposition with this approach.

A fast algorithm was eventually proposed in [31]. Moreovethe authors of [31] show that
(4.26) enjoys the nice property of being a contrast invaridnlter.

A direct approach based on second order cone programming vpasposed in [74]. Moreover,
the same authors made a comparison in [75] between the claabiTV L2 model (4.1), the
TV G model (4.22), andTV L! (4.26). Their conclusion is thatTV  L?! seems to bring
better decomposition result (at least with synthetic imags, where the user knows exactly what
is the structure and what are the textures), although the dierences are not that large with the
TV G model. In any case, the classicalV L2 is worse, mainly due to its eroding e ect
(which implies that some of the structure always appears irhe texture component).
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Original image

Figure 16: Approximation of the TV-L1 decomposition of nhorgeometric texture

Nevertheless, one should notice that the decomposition akifhm choice should be led
by the developped application: indeed, depending whethes it a rst step towards image
inpainting, image compression, ..., the required propeds of the algorithm can be slighty
di erent. Moreover, all the proposed approaches assume ththe user knows how to tune the
parameter.

435 TV H!1?

In [63], the authors have proposed to usel ! to capture oscillating patterns. (we recall that
H !is the dual space oH} = W1?),
The considered problem is the following:
z

inf  jDuj+ kf Uk . (4.28)
u

In [63], the solution was obtained by solving fourth order PBE. In [17], the authors proposed a
modi cation of Chambolle's projection algorithm [24] to canpute the solution (and they gave a
proof of convergence). In [32], the authors replace the tdteariation by a k:kBil regularization
(with the Haar wavelet). They can then compute the solution bthe problem in the frequency
domain. See also [51] for other extensions.

The main advantage of usingH ! instead of other negative Sobolev spacéd P (with
p 1) is that it is much easier to handle numerically. In particuar, harmonic analysis tools
can be applied. The main drawback ofH ! is that it does not lead to good decomposition
results, as shown in [17] and explained in [12] (see Figure).17

This is the reason why adaptive norms were introduced in [12]

Z

inf  jDuj+ kf uk? (4.29)
u
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Original image f u (A?2BC) ( =0:5) v (A2BC)( =140)

Uosv ( =1000) Vosv

Figure 17: Decomposition (the parameters are tuned so thabth vosy and the v.component
got with the A2BC algorithm have the same_.? norm)

R
with kuky = K juj?, whereK is a symmetric positive operator. This lead to adaptive imag
decomposition.

4.3.6 TV-Hilbert

The main drawback of all the proposed decomposition algohitns is their lack of adaptivity. It
is obvious that in an image, the amount of texture is not unifon. A rst method to incorporate
spatial adaptivity has been introduced in [44], based on thiecal variance criterion proposed
in [43]. Motivated by [65] and [63], the authors of [11] haverpposed a generalization of the
ROF and OSV models:

Z

. o 2

(u v)ZB\}an =f=u+v JDUJ " kaH (430)
where H is some Hilbert space. In the case whed = L2, then (4.30) is the ROF model
[65], and whenH = H ! then (4.30) is the OSV model [63]. By choosing suitably the Hiert
spaceH, it is possible to compute a frequency and directional adaipe image decomposition,
as shown on Figure 18.

More precisely, the functional to minimize is:
Z

inf  jDuj + kp (K)(F  u)k?, (4.31)

whereK is a positive symmetric operator.
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TV-Gabor, u TV-Gabor, v

TV-L2,u TV-L2, v

Figure 18: Decomposition of a synthetic image with texturesf speci ¢ frequency and orienta-
tion by TV-Gabor andTV L2. The TV-Gabor can be more selective and reduce the inclusion
in v of undesired textures / small-structures like the small blcks on the top right. Also erosion
of large structures is reduced (more apparent in the brightdriangle).

4.3.7 Using negative Besov space

In [57], the author suggested to use negative Besov spacescapture texture. This was the
motivation of the work [39]. The considered functional thudecomes:
Z

inf  jDuj+ kf Uk, (4.32)
1 ,
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Original image Noisy image ( = 35) u+v

u v +150:0 w+ 150

Figure 19: A simple example (=0:5, =120, =1:0, Haar)

In [39], the authors use a de nition of Besov space;., based on Poisson and Gaussian kernels
(see [39] for further details): this enables them to computa solution with a PDE based
approach. Similar numerical results are presented in [5Q@}here B}, is replaced by div(BMO)
(see [57, 39)).

4.3.8 Using Meyer's E space

In [17], the authors propose to us& = B!, the dual space oB{,. They show that such a
space is particularly well suited to capture the white Gaussn noise. They introduce a model
with three components to capture the geometryu, the texture v, and the noisew. Their
functional is the following:

z

inf jDuj+ kf u v wks (4.33)
u2BV;kvkg ; kwk
Minimizing this functional is done by alternating wavelet tiresholding and Chambolle's pro-
jection algorithm.

A modi cation of this algorithm is proposed in [44]. The mainnovelty is the use of an adap-
tive weighting to locally control the balance between textte and noise. This local parameter
is computed using the method proposed in [43] (depending dmetlocal variance of the image).

A numerical example is shown on Figures 19 and 20.

In [57], the author propose a last class of functional space model texture: BMO. We will
not discuss these spaces, since from the numerical point aéw it give similar results to the
other functional spaces [50].
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Original image Noisy image ( = 20)

v + 150:0 w + 150

Figure 20: Barbara image ( =1:0, =30, =0:6, Daub8)
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@) f (b) u (€) v

Figure 21: (a) original imagef , (b) BV componentu, (c) texture v component {+0:5 plotted).
Some of the thicker branches are in the BV parti, while the thin and narrow branches in the
bottom middle are in the v component. u as well asv are both color images.

@ f (b) u (€ v

Figure 22: (a) original imagef , (b) BV componentu, (c) texture v component {+0:5 plotted).
All the details of image are inv, while the BV component is well kept inu.

4.3.9 Applications of image decomposition

The problem of image decomposition is a very interesting gotem by itself. It raises both
simulating numerical and mathematical issues. Moreovert has been applied with success
to some image processing problems. In [20], the authors useage decomposition to carry
out image inpainting. Indeed, inpainting techniques are dérent depending on the type of
the image. In the case of texture images, then copy paste metts are used, whereas in the
case of geometric images di usion methods give good results [18], image decomposition is
used to improve nonlinear image interpolation results. Inlp], image decomposition is applied
successfully to improve image classi cation results. Nat also [13] where color images are
considered (see Figures 21 and 22).

A . Discretization

A numerical image can be seen as vector with 2 dimensions Ungge numeérique, ou discrete,
est un vecteur a deux dimensions dd  N. We denote byX the Euclidean spaceRN N, and
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Y =X X.We embedX with the inner product:

X
(U;V)x = Ui;j Vi;j (11)
10 N

and the norm: p
kukx = (u;u)x (1.2)

To de ne a discrete version of the total variation, we rst introduce a discrete version of the
gradient operator. Ifu 2 X, the gradientr u is a vector inY given by:

(ru)i; =((r i wg) (1.3)
with
1 _ Ui+1;j Ui; if i<N
(I’ u)i;j - 0 ifi=N (1-4)
and .
2 _  Uj+w Uy IFJ<N
(r u)i;j - 0 |f] =N (1-5)
The discrete total variation of u is then given by:
X
J(u) = j(r uij (1.6)
16 N

We also introduce a discrete version of the divergence opena We de ne it by analogy
with the continuous case:
div =r a.7)

wherer is the adjoint operator ofr :i.e.,forallp2 Y andu?2 X, ( divp;u)x =(p;r u)y.
It is then easy to check:

8 L : : 8 . : :
< P B Fl<i<N <P Py F1<j<N
(div(p)iy = . P if i=1 o if j=1 (1.8)
' pt 1 if i=N ' pﬁj 1 if =N
We will use a discrete version of the Laplacien operator deed by:

u=divr u (2.9)
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