Control and stabilization of Schrodinger equations
with bilinear control

(CIMPA School, Marrakech, May 2009)

Karine BEAUCHARD ! 2

ICNRS, CMLA, ENS Cachan, Avenue du présidant Wilson, 94230 Cachan,
France, Email: Karine.Beauchard@cmla.ens-cachan.fr
2The work of the author has been partially supported by the ANR C-QUID.






Contents

Introduction

1.1 The studied system, goal . . . . . ... ... ... .......

1.2 TIterated Lie brakets in finite dimension . . . . . . . . . .. ..

1.3 Iterated Lie brackets in infinite dimension . . . . . .. .. ..
1.3.1 Sometimesuseful . . . . ... ... ... ... .....
1.3.2  Sometimes less powerful . . . . . ... ... ... ...

1.4 More bibliography . . . . . .. .. ... o oL

1.5 Structure of thiscourse . . .. ... ... ... ........

Control in finite dimension

2.1  Well posedness of the Cauchy-problem . . . .. .. ... ...
2.2 Local controllability: the non pathological case . . . . .. ..
2.3 Local controllability: the pathological case . . . . . . . . . ..

Control in infinite dimension
3.1 Well posedness of the Cauchy-problem . . . .. .. ... ...
3.2 Local controllability (non pathological case) . . . . . ... ..

Trigonometric moment problems

4.1 Family of vectors in Hilbert spaces . . .. ... ... ... ..
4.2 Abstract moment problems . . ... ... ... ... ... ..
4.3 Ingham inequality for complex exponentials . . . . .. .. ..

Stabilisation in finite dimension

5.1 Heuristic. . . . . . .. . o
5.2  Well posedness of the closed loop system . . . . . . ... ...
5.3 Convergence: the non pathological case . . .. .. ... ...
5.4 Convergence: a pathological case . . . . ... ... ... ...

Stabilisation in infinite dimension

6.1 Heuristic. . . . . . . . .. Lo
6.2 Well posedness of the closed loop system . . . . . ... .. ..
6.3 Convergence: the non pathological case . . .. .. .. .. ..
6.4 An alternative: Approximate stabilisation . . . . .. ... ..

3

17
17
18
21

23
23
26

29
30
32
32

39
39
40
41
42



o

CONTENTS

6.4.1 Heuristic . .. ... ... ... ... 47
6.4.2 Well posedness of the closed loop system . . . . . . .. 48
6.4.3 Convergence result in the non pathological case . . . . 49
6.4.4 Convergence result in the pathological case . . . . .. 51
Cauchy-Lipschitz theorem, Gronwall Lemma . . . . . .. .. 52
Vandermonde determinant . . . . . . ... ..o 52

Weak convergences . . . . . . . .. ..o 53



Chapter 1

Introduction

1.1 The studied system, goal

Let us consider a quantum particle in a 1D infinite square potential well. It
is represented by a wave function

v: R x (0,1) — C
oz = P

where x is the space variable and (0,1) is the bottom of the well. The
physical meaning of | (¢, z)|?dz is the probability of the particle to be in
the volume dx surrounding the point x at time ¢. Thus, the wave function
Y(t,.) lives on the L?((0,1),C)-sphere,

1
/ (b (t, 2)[2dz = 1,¥t € R.
0

We study a quantum particle subjected to an electric field, with amplitude
u:t€[0,T] — u(t) € R. Then, the time evolution of the wave function is
given by the Schrodinger equation,

{ Gt 2) = ~ 38 (o) —uu(@pi(ta),te 0.T),a € 0.1, ()
0) =v(t,1) =0,

where p is the dipolar moment. The goal of this course is to propose electric
fields w, moving the solution of (1.1.1) from a given initial state v, to a
desired final state 1)¢. The system (1.1.1) is a bilinear control system in
which

e the state is the wave function ), with [[9(¢,.)[|L20,1) = 1,V € [0,T],

e the control is the real valued function u.
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Let us introduce the operator
D(A) := H*N H}((0,1),C), Ap := —¢" (1.1.2)
and its eigenfunctions and eigenvalues.
or(x) == V2sin(krz), A := (kn)?,Vk € N*, (1.1.3)
Then, (¢)ren is an orthonormal basis of L2(0,1) and
Ut ) == gp(x)e M Vk € N* (1.1.4)

is a solution of (1.1.1) with u = 0, called eigenstate, or ground state, when
k = 1. Typically, for a given initial state 19, we search controls u such that
the solution of (1.1.1) with ¢(0, x) = v¢(x), reaches the ground state, either
in finite time 7', i.e. ¥ (T) = 11(7) for some T,7 € R, or in infinite time
(stabilisation), i.e. limy— 4o [|¢0(t) — Y1 (t + 7)||12 = 0.

The study of the controllability properties of the system (1.1.1) is rather
difficult because it is an infinite dimensional system (i.e. the state v lives
in an infinite dimensional space, which is, for example L?((0,1),C)). For
pedagogical purposes, in this course, we will first work on the following finite
dimensional system, which is very similar to (1.1.1) and corresponds to its
Galerkin approximation,

dX

i~ (t) = HoX (t) = u() H1 X (), ¢ € (0,T), (1.1.5)

where N € N*, X : ¢t € [0,T] — X(t) € CN, Hy is a N x N symmetric
matrix with real valued coefficients,

A 0 0 ... 0
0 X O ... O

Hy = 0 0 X3 ... 0 and 0 < A < A < A3 < ... < AN,
0O 0 0 .. Ay

(1.1.6)
This is a bilinear control system in which

e the state is t € [0,7] — X(t) € CVN with || X (¢)| = 1,Vt € [0,T],
e the control is t € [0,7] — u(t) € R.

Let us introduce eigenvectors of Hy, ¢1 := (1,0,0,0...,0), ¢2 := (0,1,0,0...,0),
3 :=(0,0,1,0...,0),....on5 := (0,0,0,0..., 1),

Hopr, = )‘k@k’Vk € {15 aN}
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Then
U(t) == pre” MVt e R,Vk € {1,...,N}

is a solution of (1.1.5) associated to u = 0, called eigenstate, or ground state
when k£ = 1.

The same notations vy, ¢k, Ax are used, for the finite dimensional system
and the infinite dimensional system. No confusion is possible: within any
chapter of this course, we consider either only the finite dimensional model,
or only the infinite dimensional one.

1.2 Iterated Lie brakets in finite dimension

The Lie brackets are a powerful tool to study the controllability of finite
dimensional systems (see [25] for more details thank in this section).

Definition 1 Let n € N* and A, B € M, (C). The Lie bracket of A and
B is the n x n matriz [A, B] := AB — BA.

The Lie brackets appear naturally in the study of the controllability be-
cause they characterise directions in which it is possible to move. Let us
explain it on our example. We consider the ODE (1.1.5) with the initial
condition X (0) = 1 and we assume A\; = 0.

One know how to move in the direction of +Hjp;. Indeed, let n € R,
€ € (0,1) and let us consider the control function on [0, €] defined by

u(t) :=mn, vt € [0, €.
Then, we have

X(e) = exp[(Ho—nHi)elpr
= [I + (Ho — nHi)e + o(e)]p1
= 1 — enHip1 + o(e)

when € — 0, because Hyop1 = A1 = 0. Thus, we can move in the direction
of :|:H1g01.

Let us explain how to move in the direction of £[Hy, H1]¢1. For n € R,
e € (0,1), we consider the control function defined on [0, 2¢] by

u(t) :== —n for t € (0,¢),
u(t) :==n for t € (¢, 2¢).
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Then, we have

X (2¢) = exp[(Ho — nH1)e] exp[(Ho + nH1)e|pr
— (I + (Hy — nHy)e+ %(Hg — 77H1)2€2 + 0(62))

x (14 (Ho +nH)e + 3(Ho + nHi)2E + o) ) o1
- (I + 2eHy + €2{2H2 + n[Ho, H1]} + 0(62))g01
= o1+ En[Ho, Hilpr + o(e?)

when € — 0. Thus, we can move in the direction of +[Hy, Hi|p;.

Now, let us explain how to move in the direction of +[Hy, |[Ho, H1]].
Notice that

[Ho, [Ho, H1]]¢1 = (HO(H0H1—Hlﬂo)—(H0H1—H1H0)H0><P1 = H3Hy 1.

Let n € R, e € (0,1), and ¢ € C?([0,1],R) be such that
o(t)=¢'(t)=0at t =0,1, (1.2.1)

and fol ¢ # 0. We consider the control function defined on [0, 7] by

u(t) == ed’ (;) Vit € [0,7].

Let Y be the solution of the linearised system around (¢ = ¢1,u = 0),

19 = HoY —u(t)Hip,
Y(0) = 0.

Using two integrations by parts in which the boundary terms vanish because
of (1.2.1), we get

Y(n) =if]ed" (£) e M0 Hy ot
= —ien? [ 6 (L) He Hot0 Hy oyt (1.2.2)
= —i6773 <f01 (25) Hngﬁpl + 0(6774).
because A
e~ Ho=t) _ 1) < O, Vt € [0, 7).
Let us prove that
X(n) =1 = Y(n) = O(En?). (1.2.3)
Indeed, we have
AX e —Y)

dt = [Ho—UHl](X—gol—Y)-l-quK
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thus
FIX — 1 — Y2 =R(X — 1 =Y, —i[Hy — ul](X —¢1 = Y) — iuH,Y)
= —U%(X — Y1 — Y,H1Y>
< Null| X =10 = Y[ Ha||[|Y]],

LIX - =Y = m%\lX —p1 = Y|
< Jul[|Ha[[[[Y])-

Integrating this inequality on (0,7), we get

(X =01 = Y) )| < [[Hulll[ull 20, 1Y | £oe 0,m)-
Moreover, we have

o " Vi t . ! "
lullzrom = [ €|¢" | = ||dt=en [ [¢"],
0 n 0

IY @I = ||i fy es” (5) et Hypds|
<en(fo 16" I1Ha]l.

Thus,
(X — @1 = Y)(D)|| < Cp?,

which proves (1.2.3). From (1.2.2) and (1.2.3), we get
1
X(n) = —ien’ (/ <Z5) HiHip1 + O(en* + €1%).
0
Note that taking 7 := /6, we get

X(n) = —ie’/? (/01 ¢> [Ho, [Ho, H1]lp1 + O(e*/3).

Thus, we can move in the direction of +[Hy, [Ho, H1]]e1.

Adapting the previous arguments, one may prove that the control
gt
U(t) = Gd) E ’Vt € [07 77]7

where ¢(t) = ¢/(t) = ... = ¢*~D(t) = 0 at t = 0,1 allows to move in the
direction of ad’}{o (H1), where

adp, (f) := [Ho, f].

Using the Lie brackets, one may prove the following result, due to Al-
bertini and D’Alessandro in [4].
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Theorem 1 The system (1.1.5) is globally controllable if and only if Lie( Ho, Hy)
is isomorphic (conjugated) to

e su(N) if N is odd,
o su(N) or sp(N/2) if N is even.

Let us also mention that the controllability of bilinear finite dimensional
Schrodinger systems has been studied in (see for example [4], [5], [22], [43],
47), [49)).

We also refer to the following works for results about the controllability
of finite dimensional quantum systems [6], [21], [26], [3], [51], [19], [50], [18],
[20], [33]. The books [31], [1] can be useful for the study of these systems.

In conclusion to this subsection, the Lie brackets are a powerful tool to
study the controllability of finite dimensional bilinear systems.

1.3 Iterated Lie brackets in infinite dimension

In this subsection, we explain why iterated Lie brackets are less powerful in
infinite dimension than in finite dimension.
1.3.1 Sometimes useful

First, let us show, on an example, how iterated Lie brackets can sometimes
still be useful for studying the controllability in infinite dimension. This
example is borrowed from [44] and [42]. We consider the following system

0 0?
za—lf = —a—;g + 2% —u(t)z, z € R,t € (0,T). (1.3.1)
It is a control system in which

e the state is the wave function ¢ with
[ e oPds =19 € 0.7),
R

e the control is the real valued function u : [0, 7] — R, which corresponds
to a classical electro-magnetic field.

The free Hamiltonian
Hy(y) := =" + 2

corresponds to the usual harmonic oscillator. With our previous notations,
we define the vector fields

fo() == =" + 2y,
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f1() = a1

At a formal level, we have

[fo, f1](¥) = —2¢/,
[fo, [fo, f1]]l(¥) = dxep = 4f1(),
[f1, [fo, f1]l(¥) = 2¢.

Thus, the Lie algebra generated by fo and f; is of dimension 4 : it is the
linear space generated by fo, fi, [fo, fi] and Id. Hence, one would expect
that the dimension of the reachable set from a given point should be of
dimension at most 4. Indeed, one can check, by direct computations, that
the intuition given by the above arguments is indeed correct. We present
an heuristic of these computations and we refer to [42] and [24, page 51] for
precise arguments. Let p,q: [0,7] — R be defined by

alt) = [ alult,n) P,

R
p(t) = —2%/Rw’zp.

Note that ¢(t) is the average position and p(t) is the average momentum of
the quantum system. The dynamics of the couple (p, q) is given by

q:pv
p = —4q + 2u.

By the Kalman rank condition (see, for example, [25, Theorem 1.16 page 9])
this linear control system is globally controllable. Following [24, page 51],
let us define ¢ € C°([0,77,S) (S is the L?(R, C)-sphere) by

O(t,x) = P(t,  + g)e 57+

where
r(t) = / (405)” = p(s)” — u(s)a(s) ) ds.

Then, straightforward computations lead to

9¢ Pp 5

o e T
thus the evolution of ¢ does not depend on the control w. This allows to
share the state v into two parts

e a 2 dimensional controllable part (p, q), that corresponds to the clas-
sical dynamics of the particle (average position ¢ and average momen-
tum p)
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e an infinite dimensional non controllable part ¢.

With this precise description of 1, it is not hard to check that, given ¢y € S,
the reachable set

{z/;(T);T > 0,u: (0,T) — R, solution of (1.3.1) such that (0) = ¢0}

is contained in a submanifold of S of dimension 4.

1.3.2 Sometimes less powerful

Now, let us show, on an example, why iterated Lie brackets may sometimes
be less powerful in infinite dimension than in finite dimension. This example
is one of the systems studied in this document. We consider the following
control system

O %Y 2
It is a control system in which

e the state is the wave function ¢ with
1
| 1t a)Pds = 1% € p,7),
0

e the control is the function w : [0,7] — R, which corresponds to an
electric field.

It is proved in [10] that this control system is locally controllable in H?((0,1), C),
in any positive time 7' > 0, with controls in H}((0, T'),R), around the ground
state 1y (£, z) := v/2sin(rz)e t. We define the operators fo and fi

D(fo) := H*N H{((0,1),C)  fo() := —¢",
D(fl) = L2((071)7C) fl(q/}) = x%/)'

Let us compute the iterated Lie bracket at the point o1 () := v/2sin(rx).
Since ¢1 € D(fp), we can compute

[fo, f1l(p1) = —4dap] — 241,
L1, [fo, Aull(¥) = 8221 = 8f1(p1).

Notice that [fo, f1](¢1) does not belong to D(fy) because [fo, f1](¢1)(1) =
44/27 # 0. Thus, in order to give a sense to the Lie bracket [fo,[fo, f1],
one needs to extend the definition of fy to functions that do not vanish at
x = 0,1. A natural choice is

fol@) = —¢" +9(0)dy — ¥(1)d} (1.3.3)
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because, with this choice, we have

(fo(¥), %) = (¥, fo(¥)), ¥ € D(fo), ¥ € H*((0,1),C),

in the sense

1 _ 1 _
—/0 P (2)Y(2)de = —/0 Y(z)Y"(z)dz — ' (1)9(1) + 4" (0)¥(0),
which is an integration by parts. With the definition (1.3.3), we get

[fo, Lfo, f1ll(¥) = =8fo(¥) + 494" (1)0]

But then, again, [fo, [fo, [fo, f1]]] is not well defined. Moreover, even if we
could give a sense to any iterated Lie bracket, because of the presence of
Dirac masses, it would not be clear which space the Lie algebra should gen-
erate in case of local controllability. Therefore, the way the Lie algebra rank
condition could be used in infinite dimension is not clear.

For applications of the iterated Lie bracket to get positive controllability
results for partial differential equations, let us mention, for example, the
case of Navier-Stokes and Euler equations by Agrachev and Sarychev [2]
and by Shirikyan [46].

In conclusion, for infinite dimensional systems, there are cases where the
iterated Lie brackets provide the right intuition. However, it is not always
the case, thus, the Lie brackets are less powerful in infinite dimension than
in finite dimension. As a consequence, the exact controllability of an infinite
dimensional bilinear system (i.e. modelled by a partial differential equation)
is a more difficult problem than the controllability of a finite dimensional
bilinear system (i.e. modelled by an ordinary differential equation).

The goal of this course is to develop technics for the study of the con-
trollability of (1.1.5), that do not rely on Lie brackets, in order to use them
on the infinite dimensional model (1.1.1).

1.4 More bibliography

The local controllability and the controllability between eigenstates of sys-
tems similar to (1.1.1) is the subject of [11], [14], [13], [12], [10]. The spectral
controllability of the linearised system around the ground state, of (1.1.1),
in 2D and 3D (space dimension) is the subject of [16]. Lyapunov technics
are presented in [15], [32].
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Results on distributed and boundary exact controllability for linear
Schrédinger equations are the subjects of [37], [35], [36], [39]. In these cases,
the controllability is equivalent to the validity of an observability inequality
which is proved

e thanks to the multiplier method in [39] under some geometric condi-
tion,

e thanks to Carlemann estimates in [35] and [36],

e thanks to microlocal analysis in [37] under the geometric control con-
dition.

However, the geometric control condition is not necessary for the control-
lability. This was proved for the plate equation (an equation very similar
to Schrédinger equation) by Haraux and Jaffard on a rectangle in [28] and
[30], and by Burq on more general geometries in [23].

Concerning bilinear control systems of Schrodiger type, let us first men-
tion the non controllability results of [48] and [29]. In [48], the PDE is linear
and in [29], the PDE may be nonlinear. Let us also mention the positive
controllability result [17].

Optimal control techniques have been investigated for Schrédinger equa-
tions with a non linearity of Hartee type in [27], [7] and [8]. An algorithm
for the calculus of such optimal controls is studied in [9]. Other algorithms
for the computation of controls are presented in [40] and [41].

1.5 Structure of this course

This course is organised as follows.

In chapter 2, we study the exact controllability, locally around the ground
state, of the finite dimensional model (1.1.5). The proof is relies on the
linearization principle. First, we prove that, under suitable assumptions on
the matrices Hy and Hi, the linearised system around the ground state is
controllable. Then, we prove that the end-point map is C'. Finally, we
conclude by applying the inverse mapping theorem.

In chapter 3, we study the same property for the infinite dimensional
model (1.1.1). The complete proof is too long to be presented in this course.
Precisely, the regularity C' of the end-point map is quite difficult to prove.
Thus, we only prove the controllability of the linearised system, thanks to
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the moment method. The necessary results from moment theory are proved
in the next chapter.

In chapter 4, we study the solvability of an infinite trigonometric moment
problem, in which the frequencies have an infinite asymptotic gap.

In chapter 5, we study the stabilisation of the ground state, for the finite
dimensional model (1.1.5), with Lyapunov technics. In particular, we use
the LaSalle invariance principle.

In chapter 6, we study the same property for the infinite dimensional
model (1.1.1).
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Chapter 2

Control in finite dimension

This chapter is dedicated to the local exact controllability of (1.1.5) around
the ground state .

Definition 2 The system (1.1.5) is locally controllable in time T (with
small controls) around the trajectory (Y = ¢1,u = 0) if, for every e > 0,
there exists § > 0 such that, for every X; € CN with | Xf|| = 1 and
| Xy — 1 (T)|| < 0, there exists u € CO([0,T],R) with ||u|pe (o) < € such
that the solution of (1.1.5) with

X(0) = o1, (2.0.1)

satisfies X(T') = X;.

2.1 Well posedness of the Cauchy-problem

Theorem 2 Let T > 0, u € C°(([0,T],R) and Xo € CN with || Xo| = 1.
There exists a unique solution X € CY([0,T],CN) of (1.1.5) such that

X(0) = Xo. (2.1.1)
Moreover | X (t)|| = 1,Vt € [0,T]. These solutions are continuous with re-
spect to (Xo,u) in the following sense: for every u',u? € C°([0,T],R), for
every X}, X2 € CN with | X}|| = | X2|| = 1, we have
1X = X2 ooy < I1X8 — X2+ [EL 0t — @l (212)
Proof of Theorem 2: The function f(t,z) := —iHoz +iu(t)Hix is contin-
uous with respect to (t,z) € [0,7] x CV and linear in z, thus the Cauchy-
Lipschitz theorem (in linear form) ensures the existence of a unique solution

of (1.1.5), (2.1.1), defined on the whole interval [0,7]: X € C'([0,T7]),CN).

17
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Then, the map t — || X (¢)||? is C! over [0,T] and for every t € [0,T], we
have
FIX@OIP =2%(X (1), G (1)
— DR(X (1), “i[Ho — u(t) X ()
=0

because the matrix Hy—u(t)H; is hermitian, V¢ € [0, T]. Therefore || X (¢)|| =
1,vt € [0,T]. From

PO [y (1) (X~ X2) — (uf — ) (1) Hy X,
(Xl - X2)<0) = X& - Xg?

sl (X = X))
= R((X' = X2)(t), —i[Ho — w! () 1] (X" — X2)(t) +i(u' — u?) () L X2(t))
(u! —u?)(O)I((X — X2)(t), Hi X2(1))
|

(u! —u®) O H[[[[(XT = X2)(@)]].
Thus,
d 1 d 1 2 2 1,2
GNEO=X) Ol = g G I =X O < | H (=) )

Integrating this relation over [0, t], we get
1 2 Lo
(X1 — X2) (@) < [[Xg — X5l + ||H1\|/0 [(u” —u”)(s)llds, vt € [0, 7],

which gives (2.1.2). O

2.2 Local controllability: the non pathological case
Theorem 3 Let T > 0. We assume
(Hip1, 1) #0,Vk € {1,...,N}. (2.2.1)
There exists 6 > 0 and a C'-map
I':Vr — C[0,T],R)

where
Vr={X eCV;||X|| =1 and || X —1(T)|| < 6.}

such that T'[11(T)] = 0 and, for every Xy € Vr, the solution of (1.1.5),
(2.0.1) with u =T'(Xy) satisfies X(T) = Xy.

This theorem is a consequence of the inverse mapping theorem.
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Theorem 4 Let E1, Fy be Banach spaces, U be an open neighbourhood of
0in By, and F : U — Ey be a C'-map. We assume that dF(0) : By — FEy
has a continuous right inverse dF(0)~1 : By — Ey (i.e. dF(0)[dF(0)~l.y] =
y,Vy € Ey). Then, there exists an open neighbourhood V' of F(0) in Ey and
a Cl-map G :V — U such that G(F(0)) =0 and F(G(y)) =y,Vy € V.

In order to apply Theorem 4, we will need the following result.
Proposition 1 Let T > 0 and

e: C%0,7,R) — C°Jo,T],CN)
u — X

where X solves (1.1.5), (2.0.1). Then, © is C* and, for everyu € C°([0,T],R),
dO(u).v =Y where

(1) = [Ho — () FL]Y (1) — o) HL X (1) 022)
Y(0) =0 -
and X = O(u).
Proof of Proposition 1: Let u € C°([0,T],R). The linear map
co([0,T],R) — €°([0,T],CY)
v o= Y
where Y solves (2.2.2) is continuous. Indeed, we have
sElYOIP =R (1), —i[Ho — w(t) H1]Y () + iv(t) H1 X (1))
=v(t)3(Y (1), H1 X (1))
< [o@H Y @)]-
Thus,
d 1 d
— WY@ = s = 1Y O < [o()][| Ha -
FIY O = g 5 V@I < @)1
Integrating this relation over (0,t), for any ¢t € [0, 7], we get
”Y||L°°(O,T) < HH1HHUHL1(0,T) < THH1”HU”L°°(0,T)- (2.2.3)

Let u,v € C°([0,T],R) and X,Y, X be the solutions of (1.1.5)-(2.0.1),
(2.2.2), and

V%=%—Wﬂ%w,

X(0) = 1.

Let us prove that

1 X =1 = Y| 1eo0,m) = oll[v]| Lo 0,7))- (2.2.4)
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From

dt

{ §AX=0=Y) 1 (w4 o) (X — 1 — Y) —vHLY,
(X —¢1=Y)(0) =0,

we get,
X — o1 = Ylpeo(o,r) < [Hil[llv]l L1, 1Y | 2o 0,7)-
Thanks to (2.2.3), we deduce that

1X = @1 = Yllzoeo) < TN HLP ([0 e 0.7
which proves (2.2.4). O

Proposition 2 We assume (2.2.1). Let T > 0. There exists a continuous
map T : Tsi1 (T) — C°([0,T],R) such that, for every Yy € Ty (T) =
{€ € CN;R(E,91(T)) = 0}, the solution Y of the linearised system around

wlf
dy _ —w H
{%g ):_O,HOY(t) R 22

with v =T (Yy) satisfies Y (T') = Y.
Proof of Proposition 2: For v € C°([0,T],R), the solution of (2.2.5) is
t .
Y(t) =i / v(t)e =) i) (s)ds, Vit € [0, T,
0

thus

N T
=Y i(Hipr, o / v(t)e MM gremi T
k=1 0

The equality Y (T') = Y is equivalent to (Y(T'), oi) = (Yy, ¢r),Vk € {1, ..., N},
ie.

X1 T

T
: Y,
/ o(t)e“rtdt = dj, = (Y7, prra)e Yk € {0,...,N — 1},
0

i(H101, Qrt1)

where wy 1= Ag11 — Ay for £ =0,..., N — 1. Let us prove that there exists a
unique (a_n41,...,an_1)" € C*N~1 such that the function

N-1

u(t) = Z ape'“rt
k=—N+1
solves -
/ v(t)eiw’“tdt =dg,Vke {-N+1,...,N —1}, (2.2.6)
0

where d_j, := dj for k = 1,..., N — 1. Indeed, (2.2.6) is equivalent to Ga = d
where G € Man_1(C) is the Gram matrix of the family (e=“*")q<x <y—1 for
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the L?(0, T)-scalar product and a := (a_n+1,...any—1)',d := (d_Ny1,-ydN_1) €
C2N-1 Since w_ny41 < ... < wy_1, G is invertible (see Corollary 1 in
appendix), thus the solution is unique and ¢ = G~'d. Notice that @ :=
(GN=1,...,G_N+1) also solves Ga = d thus a_j = aj, for k =0, ..., N and v is
real valued. We have ||al| < ||G71|||d|| < C||Y¢|| thus

vl zoe 0,1y < ClIYYl,

which proves the continuity of I', : Yy + v. [

Proof of Theorem 3: We introduce the nonlinear map

F: C%0,T],R) — R+ Cpy+ ...+ Cpyn
u = X(T) = R(X(T), v1(T))y1 (T),

where X := O(u). Thanks to Proposition 1, F is C! and dF(0).v = Y (T) —
R(Y(T),y1(T)) where Y is the solution of (2.2.5) We have

SR, 01(0) = R((~iHY (2) + iv(®) Hyn (1), 1 (D) + (Y (1), ~iHon (1))
=0.

Thus (Y(¢),41(t)) = 0 and dF(0).v = Y(T). Thus, the existence of con-
tinuous right inverse of dF'(0) is given by Proposition 2. We conclude by
applying Theorem 4. [

2.3 Local controllability: the pathological case

We the assumption 2.2.1 is not satisfied, the local controllability around the
ground state may still be proved, but there exists a minimal time, necessary
for this local controllability. The proof uses power series expansions.
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Chapter 3

Control in infinite dimension

In this chapter, we study the local exact controllability, around the ground
state 11, of the infinite dimensional system (1.1.1). Before stating the local
controllability result, let us study the well posedness of the Cauchy problem.

3.1 Well posedness of the Cauchy-problem

In infinite dimension, the well posedness of the Cauchy-problem is more
difficult because Cauchy-Lipschitz theorem cannot be applied. This is why
we introduce the concept of weak solutions, whose existence is guaranteed
by the next statement.

First, let us introduce some notations. We call (e ter, the group
of isometries of L?(0,1) generated by —iA, which is defined by the explicit
expression

—iAt)

o0
e Mty = Z(go, or)e Moy (3.1.1)
k=1

where (.,.) denotes the L?(0, 1)-scalar product

1
()= [ 1@i@ds.
The spaces Hfo)((O, 1),C) are defined by
H{)(0,1) := D(AY?),

l.e.

Hy, (0,1) = L?(0,1),
H{y(0,1) = Hg(0,1) = {p € H'(0,1);0(0) = ¢(1) = 0},
H{y (0,1) = H> 0 Hy (0,1) = {p € H*(0,1); p(0) = (1) = 0},
Hiy(0,1) ={p € H*(0,1);p = ¢" =0 at = = 0,1},

23
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H{(0,1) = {p € H (0,1);0 = ¢" =0 at z = 0,1},
Hiy (0,1) = {p € H(0,1);p = ¢" = oV =0 at 2 = 0,1}, ..

In this section, we will work on the more general Cauchy problem

Z%If - _2712# - u( )#($)¢ - f(tal‘)v S (Oa 1)7t € R+a
¥(t,0) =y(t,1) =0, (3.1.2)
(0, z) = tho(x).

We have the following existence result for weak solutions.

Proposition 3 Let s € {0,1,2}, T >0, u € L'((0,T),R), ¥ € Hfo)(O, 1),
fe Ll((O,T),HfO)(O,l)) and C,, > 0 be such that ||pf||rs < Cullfllas,Vf €
H, (0, 1). There exists a unique weak solution of (3.1.2) such that

¥(0) = v, (3.1.3)
(

i.e. a function v € C°([0,T], HS) 0,1)) such that the following equality
holds in H(SO)(O, 1) for every t € [0,T],

Y(t) = e g + /O e~ AT [u(r) b (7) + f(7)]dr. (3.1.4)

This weak solution satisfies

lelloogoirimg,) < (Igollig, + 11z o, ) ) on. (3.15)
If f =0, then

[0z = l[Yollz2, vt € 0, T]. (3.1.6)

Proof of Proposition 3 : The existence and uniqueness result comes

from a fixed point argument on the map F defined on C°([0,7], H (80)) by
F(v) := & where

E(t) := e Mhipg + i /0 e A (D) uap () 4 f(7)]dr,VE € 0,T].

F maps CO([O,T],H(SO)) into itself because ¢ — up and e *4! preserve

H(SO)(O,l). When |[[ul|z1((0,7)r) is small enough, then F' is a contraction
of C([0,T], HFO)), because

1O = O) Dl = || fy e A u(r)uler — vo)(r)dr]| 5
f H —iA(t—T) ) (”¢1 wQ)(T)‘ dr
=[5 lu(r IH,u (1 —1/12)(7)‘ .

HS
< Cullullpromy v — Y2llcoo,m, o

(0)
dr

()"
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Thus, F has a unique fixed point ¢ € C°([0, 77, H(SO)) that satisfies (3.1.4).
If ||ull L1 ((0,7),R) is nOt small, one may use 0 =Ty < 71 < ... <T;, = T where,
fori=0,...,n—1, |lull g1, 1,,,) is small enough so that the previous result
holds on [T}, Tj4+1], for ¢ = 0,...,n — 1. Then we glue the solutions defined

on [Ty, Th], [T1,T3],-..,[Th-1,Ty]. We deduce from the equality (3.1.4) that

t
(6, < Wollag, + 17 lzr oy + | WOIC 1) g

and Gronwall’s Lemma gives (3.1.5). The proof of (3.1.6) will be done later.
g

Remark 1 This proof does not work with s = 3 because p — up does

not preserve H?O)(O, 1). Indeed, for ¢ € H?O)(O,l) (i.e. ¢ € H3(0,1) and
e=¢"=0atx=0,1), we have (up)" = 2u'¢" at © = 0,1 that may not
vanish. One may prove that one can propagate the H(SO) (0,1) regularity if

one assumes more regularity on u, namely u € H'((0,T),R) (see [10]).

Now, let us prove the existence of H (20)—str0ng solutions.

Proposition 4 Let T > 0, u € C°([0,T],R), vy € H(ZO)(O, 1) and f €
Ll((O,T),H(QO)(O, 1)) N C%([0,T),L?(0,1)). The weak solution v of (3.1.2)

is a strong solution i.e. 1 € CO([O,T],H(ZO)) N CY([0,T), L?), and the first

equality of (3.1.2) holds in L*(0,1), for every t € [0,T].

Proof of Proposition 4 : Under the assumptions of Proposition 4, the
equality (3.1.4) ensures that ¢ € C1([0,T], L?). Derivating (3.1.4) with re-
spect to t, we get the first equality of (3.1.2) in L? for every t € [0,T]. O

End of the proof of Proposition 3: Now, let us prove (3.1.6). When
u € CY[0,T],R), ¢ € H(QO)(O, 1), and f = 0 then ¥ € C*([0,7],L?) thus
t— ||@Z)(t)||%2 is C1 and

1d
2 dt

oy

@72 = R (), 5p) = REE), =" (1) — uw(t)p(1)).

Since 9 (t,0) = 1¥(t,1) = 0, integrations by parts prove that

d 9
Sl =o.

We have proved (3.1.6) when v € C°([0,T],R) and vy € H(QO). A density
argument using the continuity in C°([0, T], L?) of the solutions with respect
to (u,0) € L*((0,T),R) x L%(0,1) proves that (3.1.6) holds when u € L?

and g € L. O
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3.2 Local controllability (non pathological case)
The following theorem may be proved (see [10]).

Theorem 5 Let T >0 and pp € W3*°((0,1),R) be such that

Jer, e > 0 such that < k:3 < {1, or)| < k3,Vk € N*. (3.2.1)

There exists § > 0 and a Lipschitz map

r: Vr — H0,T),R)
vy = T(y)

where
Vr = {by € SN Hpy ((0,1),C); [lby — v1(T)l| s < 63,
such that, T'(11(T)) = 0 and for every 1y € Vrp, the solution of (1.1.1) with
initial condition
¥(0) = ¢ (3.2.2)

and control uw =T'(¢y) satisfies (T) = 1y.

The strategy for the proof of Theorem 5 in [10] is the same as in the
previous chapter. However, the adaptation of Proposition 1 to the infinite
dimensional case is rather difficult and cannot be detailed in this course.
Thus, we only focus on the adaptation of Proposition 2 to the infinite di-
mensional case.

Proposition 5 Let T > 0 and p € W3°°((0,1), ) be such that (3.2.1)
holds. There exists a continuous map ', : TS¢1(T (O 1) — Hi((0,T),R),

where Ty (T) = {p € L?(0,1); R{p, 1 (T)) = O} such that for every
U, eTsyp(T)N H(50)< 1), the solution of the linearised system around i1,

i9Y (1, 2) = — 2 (t,2) — v(Du(a)n(t, ), € (0,1),1 € [0,T],
U(t,0)=U(t,1) =0, (3.2.3)
v(0,z) =0,

with v =T (Yy), satisfies U(T) = V.
Proof of Proposition 5: For v € H}((0,T),R), the solution of (3.2.3) is
t .
U(t,z):= 1/ e A=)y ($) by (s)ds, Vit € [0,T],
0

thus
§ /'“017 (%2} 3 / ’U(t)eil(/\k*)\l)tdte*Z/\kTgpk‘
k=1
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The equality W(T') = v is equivalent to (V(T), pr) = (¥¢, k), Vk € N,

i.e. ,
—’L>\kT

/ Tv(t)e—’“k—h)tdt _ Wpopme ™
0 (uet, er)

Performing an integration by parts, in which the boundary terms vanish
because v(0) = v(T) = 0, we get the equivalence between (1) = ¢y and
the trigonometric moment problem

,Vk € N*.

JTo(t)dt = do := 0,

T _ o (Upp)eT
fO (T — t)U(t)dt = d1 = W\; ) -
T . i — i Ag— s e "k
Jo o(t)e iR MtgE = g = B2 1(#50{;5 WV > 2.

Thanks to (3.2.1), the sequence (di)ken belongs to [*(N,C) when ¥ €
H (50)(0, 1). The existence of a unique solution

v € Clgz(o,m) (Span(t, et =Mt | ¢ N*)),

is a classical result from moment theory, proved in the next chapter. More-
over, this solution satisfies

191l 20,7y < Clldl2,

which gives the continuity of the map I'z, : ¢y +— v. [J
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Chapter 4

Trigonometric moment
problems

The goal of this chapter is the proof of the following result.

Theorem 6 Let T' > 0 and (wg)ren be an increasing sequence of [0, +00)
such that wg = 0,

Wgt1 — Wk — +00 when k — +00.

There exists C > 0 such that, for every d_1 € R, (dg)ren € I2(N,C) with
do € R, there exzists a unique solution u € L*((0,T),R) of the moment
problem

[T tu(t)dt = d,

: 4.0.1
[ u(t)ertdt = dy, Vk € N, (4.0.1)

that belongs to the closure of Span{t,e*™+t;k € N} in L%(0,T) and this
solution satisfies

. 1/2
[ull2 < C ( > \de2> :

k=-1

Remark 2 Note that the trigonometric moment problem (4.0.1) may be
solved in any positive time T > 0, because the gap between two successive
frequencies diverges.

This chapter is organised as follows. In the two first sections, we re-
call classical results concerning abstract moment problems in Hilbert spaces
(they come from [45]). The proofs are given for sake of completeness. In
the third section, we focus on families of complex exponentials.

29
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4.1 Family of vectors in Hilbert spaces

Let H be a separable Hilbert vector space over K = R or C and O := (&) jen
be a family of vectors of H with &; # 0,Vj € N.

Definition 3 The family © is minimal in H if, for every j € N, & ¢
Span{&;;i € N — {j}}.

Proposition 6 The family © is minimal in H if and only if there exists a
biorthogonal family ©" = (&})jen, i.e. ©' is a family of vectors of H such
that

<§Z,§;> = (5i7j,Vi,j € N. (4.1.1)

Proof of Proposition 6 : We assume © is minimal. For j € N, let v; be
the orthogonal projection of &; over the closed vector space Span{¢;,7 # j}
i.e.
vj € Span{§;, i # j} and (§; — v;,&) = 0,Vi # j.
Let ¢
RN

¢ = 2—1= Vj e N".

g = l?
Then, the families (£;) and (£}) are biorthogonal.

Now, we assume that there exists a biorthogonal family ©" = (¢);en.

Let us assume that there exists j € N such that &; € Span{¢;;i € N— {j}}.
Then (4.1.1) implies (§;,¢}) = 1 and (§;,&) = 0, which is a contradiction.
]

Remark 3 If © is minimal, then there exists a unique biorthogonal family
©’ such that ©' C Span{&;;i € N}. In the end of this appendiz, when we
speak about “the "biorthogonal family of ©, we refer to this unique biorthog-
onal family in the closure of Span{&;;i € N}.

Definition 4 The family © is a Riesz basis of Span© if © is the image of
some orthonormal family by an isomorphism.

Remark 4 It s clear that, if © is a Riesz basis of Span©, then © is minimal
mn H.

Proposition 7 (1) If © is a Riesz basis of Span©, then its biorthogonal
family ©' is also a Riesz basis of Span®.

(2) © is a Riesz basis of Span® if and only if there exists Cy,Co €
(0,400) such that, for every scalar sequence (cj)jen with finite support,

1/2 1/2

00 00 00
Cl Z ’Cj‘Q § H ZngjH § Cl Z ’Cj‘2 . (4.1.2)
7=1 7j=1 7j=1
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Proof of Proposition 7 : (1) We assume O is a Riesz basis of Span®.
Let ‘H be an Hilbert space, ((j)jen be an orthonormal family of H, V :
H — Span®© an isomorphism such that £ = V({;),Vj € N. Then the
adjoint operator V* : Span® — H is also an isomorphism and we have
§ = (V*)71(¢)),Vj € N. Indeed, for every j,k € N,

Oie = (&5, &0 0 = (V(G): &y = (G, VI (&)

Thus ©' is a Riesz basis of Span®©.

(2) We assume O is a Riesz basis of Span®. Let H be an Hilbert space,
(¢j)jen be an orthonormal family of H, V' : H — Span© an isomorphism
such that & = V(¢;),Vj € N and (¢j)jen a scalar sequence with finite
support. We have

||| = [ es] | < i Yo es]| = v [ Dl
j=0 j=0 j=0 j=0
and
> el = H ZCjCjH = HV“[ZC@} H < HVAHH > g,
j=0 j=0 j=0 j=0

thus, we have (4.1.2) with C; = 1/||[V=!| and Cy = ||V]].

Now, we assume that (4.1.2) holds. Then the linear map V : I?(N,K) —
Span® defined by V[(cj)jen] = 2272, ¢;&; is well defined and injective. Let
h € Span®. There exists (hy)nen such that Ay — h in H when N — +o0

and for every N € N, there exists a sequence ¢V) = (CE.N))jeN with finite
support such that hy =372 cg.N)ﬁj. Then (hy)nen is a Cauchy sequence

in H, thus, thanks to (4.1.2), (c™))yen is a Cauchy sequence in I?(N) and
there exists ¢ = (¢;)jen € [?(N) such that ¢V — ¢ in [2(N). Then, (4.1.2)

proves that 3 7%(c; — cgN))éj — 0in H, ie. h =3 72,c;¢;. We have
proved that V' is an isomorphism, thus © is a Riesz basis of Span®. [

Remark 5 We have proved that, if © is a Riesz basis of Span®©, then,
for every h € Span© there exists ¢ = (cj)jen € 1>(N,K) such that h =
Zj’;o ¢j&;. Moreover, if ©' and © are biorthogonal families, then necessarily
¢ = <h,§;>,Vj € N. Thus, every h € Span®© can be decomposed in the
following way

h=>Y (&g = (h&)¢ (4.1.3)
j=0 j=0

where the series converge in H and the coefficients ((h,§}))jen, ((h,&;))jen,
belong to I>(N,K). For the last equality, we have used Proposition 7 (1).
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4.2 Abstract moment problems

Now, we move to the investigation of abstract moment problems: given a
scalar sequence (d;);en is it possible to find f € H such that

<f, £j> = dj,Vj e N.
Let us introduce the operator

Jo: H — [*(N,K)
fo= (f,§))jen
with domain
De :={f € H; Jo(f) € !(N)}.
It is clear that, if the family © is not complete in H, then the operator Jg
has a non trivial null space SpaT@L. This motivates the introduction of the

operator JQ = Jg

Span@.

Proposition 8 The operator J : Span® — 1*(N,K) is an isomorphism if
and only if © is a Riesz basis of Span®©.

Proof of Proposition 8 :  We assume Jg : Span® — [*(N,K) is an
isomorphism. Let (¢;)jen be the canonical orthonormal basis of [?(N). Then,
the family

((87@)

is a Riesz basis of Span®. Moreover, it is the biorthogonal family to © in
Span®. Thanks to Proposition 7 (1), © is also a Riesz basis of Span®©.

We assume O is a Riesz basis of Span®. Thanks to the Remark 5, it is
clear that JQ : Span® — [*(N,K) is an isomorphism. [J

4.3 Ingham inequality for complex exponentials

The goal of this section is the proof of the Ingham inequality (4.1.2) for
families of complex exponentials (§; = €™i'),cz. First, let us prove the
easiest inequality.

Proposition 9 Let T' > 0 and (wg)rez be an increasing sequence such that
wp —wk—1 =7 >0,Vk € Z. (4.3.1)

There exists C = C(T,~) > 0 such that, for every (ay)rez € C% with finite

support, .
/ ‘ Z apeint

2
dt < C agl” (4.3.2)
k
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Remark 6 Notice that, for this easiest inequality, no relation is needed
between T and ~.

Proof of Proposition 9:
First case: We assume T < w. We introduce the functions

k() = { cos(t/2), if [t| < =

0, if [¢t| >,
) 4 cos(mw)
K(w) = /Rk(t)e—mdt - { = ’_li‘f/j +1/2, (4.3.3)

N
_ a .e*iw]'t
= j A
N

Since T € (0, ) then k(t) > k(T) > 0,Vt € [T, T], thus, we have

r 2 1 4 2 1 " 2
[ wra < o [ kol < s [ kolroPa.
We have

f k ’2dt = %ZQREK((% — wj)
= Z |lag 2K (0) + 3 3 ar; K (wy, — wj)
k ]#k
4zrak12+z > LBl e (o, — )
k j#k
= 2|ak| (445 2 1K@ —w)l) + 5 3 a1 (wr — w))
J#k k j#k
- zwak\2(4+ 5 K (w = wj)).
Jj#k

Thanks to (4.3.3), there exists C' > 0 such that | K (w)| < C/(14+w?),Vw € R.
Using (4.3.1), we get, for every k € Z

C > 1
K(wy, — <Y ———————- <20y ———.
J%| Wk WJ| Zl—l—’y(k—j)Q ;14_72”2

Therefore, we have (4.3.2) with

1 1
CT7) = gy (4+20271M n2>

Second case: We assume T > w. Thanks to the change of variable

t =2Tz/m, we get
2 2T m 2Ty 9
r<—c (2,22 0
7TC<2 W)Zk:’ak’

T 2Twy,
/T F(b)[2dt = W\Zake :
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Now, let us prove the more difficult inequality. The following result
comes from [34, Theorem 1.2.9, page 59].

Theorem 7 Let (wg)rez an increasing sequence such that (4.3.1) holds and
T > 0 be such that Ty > 7. For every (ay)pez € C% with finite support, we

have o .
Ale )
2 < —iwgt
zk:|ak| S o7 /—T)zk:ake

where € := T — 7 and

2
dt, (4.3.4)

2
Ale) = 77T(7T k) .
2¢(2m + €)
Proof of Theorem 7: First, let us emphasise that it is sufficient to prove
Theorem 7 with T' = . Indeed, let us assume that Theorem 7 is known for
T = 7 and let us prove it for arbitrary T' > 0. With the change of variable
t=Tx/7, we get
1 (7 ) 1
— H)2dt = —
5 [ lroka =5 [

Wk+1T_WkT>fyI:7T+€>1
s T T T ’

thus, applying Theorem 7 with T' = w, we get

2
dx

_;wkT
§ :CLk€ 1=
k

and

1 T

1
a7 | WO > 15 3

Now, let us prove Theorem 7 with 7' = 7w Let k, K and f be as in the
previous proof. Working as in the previous proof, we get

[ oraz [ rolrwpa > Y P (1- X 1K - o))
—T —T k j;ﬁk
For every j, k € Z with j # k, we have

wj —wi| =2 17— kly > 1.

Thus
4 _ 4 1
4G — k)22 =1 240 - k3?1

We deduce that, for every k € Z, we have
2 2
;ﬁ K (wj —wi)|l < 25 25 157071
J
4 2
S 57 onel T
_ 4 oo 1 1
= 37 2on=1 (m - m)
— 4

=z

| K (wj —wi)| <
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As a result, we obtain (4.3.4) for T = 7. O

We deduce from Proposition 9 and Theorem 7 the following result.

Theorem 8 LetT >0, v > 0, and (wy)rez € R” be an increasing sequence.

We assume (4.3.1) and
2n
o

Then, there exists ¢,C depending only on ~v and T such that, for every
(ak)kez with finite support,

T 2
¢S Jaxf? g/ )Zakew at < lal” (4.3.6)
0

keZ keZ keZ

T > (4.3.5)

Proof of Theorem 8: One just needs to perform the change of variable
t =2+ T/2 is order to get integrals over (—7/2,T/2) as in Proposition 9
and Theorem 7. [J

The following adaptation is due Haraux [28, Theorem 4, page 461].

Theorem 9 Let T > 0, N € N*, v > 0, p > 0 and (wi)rez € R? be an
increasing sequence. We assume

Wkt1 — Wi = 7, Y|k = N, (4.3.7)
Wht1 — Wk = ,O,Vk? €7, (4.3.8)
2
7> " (4.3.9)
Y

Then, there exists ¢, C' depending only on v, p, N and T such that, for every
(ak)kez with finite support,we have (4.3.6).

Proof of Theorem 9: The second inequality in (4.3.6) is a consequence
of the equivalent one in Theorem 8 because we add only a finite number of
frequencies. More precisely, using the triangular inequality and Cauchy-
Schwarz inequality, we get

T ' 9 1/2
<f0 S agetrt dt)

kEZ

1/2 1/2
T i t2 T i t2
< s ‘ ST age™rt| dt +1 /5 ’ > age™rt| dt
k| <N k|>N
L\ 1/2
< S VT + VO (Spon lail?)

|k|<N
VTN (Z|k|<N |ak|2>1/2 +VC <Z|k|>N |akl2>1/2
(VTN +VO) (Tpez lanl?)*.

NN
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We prove the first inequality in (4.3.6) by induction on the number p € N*
of indices n € Z such that w11 —w, <. If p =0, the result is given by
Theorem 8. Let p € N*. We may assume that w; —wp < 7. By assumption,
the result is known for functions of the form

§ ag ezwkt_
n#0

We can assume that wy = 0 (otherwise, replace wy by wp — wp). Let € > 0
be such that

T =T —¢€> 2—7r,
Y
and
ft) = Z ape'rt,
k€EZ
We have

Flt+m) = f£) =D ap(e™ = 1)e™+ ¥n € [0,€].
k+£0

Integrating this relation over (0, €), we get
€ eiwkf —1 .
/ [f(t+n) = fB)ldn = a ( - e> et
0 TS Wi
Thanks to (4.3.8) and wy = 0, we have
wre o pe
2 2
thus, there exists § = 6(p) > 0 such that

ek — 1] =2

sin (%) ‘ < €|lwi|(1 —0),Vk € Z,

eiwre _ 1 ewre _ )

Wy

_6‘26_

>e— (1—68)e = de.
o >e—(1—39)e=de

Applying the induction assumption, we get

T € 2 eiwke -1 2
|| [uesn-sana] o X ap| =~ > ¢ Y juf
0 0 k#0 F k#0
(4.3.10)

Moreover, thanks to Cauchy-Schwarz inequality, we have

. ‘ Jolf(t+m) - f(t)]dnfdt S e fE1f(E+m) — F(2)2dndt
€SS [T £t +m)2 + | £ (1) 2dtdn
e 52 [ |f(t)Pdtdn

e [ 1f (1)t

INCINCIN N
NN

(4.3.11)
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Thus, combining (4.3.10) and (4.3.11), we get

4 T
Sl < g5 [ 1F0P (1312)
k£0

In order to conclude, it is sufficient to prove the existence of ¢ > 0 such that

laol < cll fllz2(0,m)- (4.3.13)
We have ‘
ao — f(t) =Y are™ = g(t),
k#0
We know that
T T
| 150 - aPar= [ lgF <ci 3 (43.14)
0 0 s
From (4.3.12), (4.3.14), we get
VTlao| = flaollz20,7)

< lao = fllzzom) + 1 fllz20,m)
1/2
<V (E |ak|2> + 11 fllz20,7)
k#0
< (V& +1) Wl

which proves (4.3.13).0

Proof of Theorem 6: Let wy := —w_y, for every k € Z with k£ < 0. From
Theorem 9, © := (e™#!),c7 is a Riesz basis of Clp2(0,7)Span®.
First step: We prove that the family 0:= {t,e™rts | € 7} is minimal in
L2(0,7).
Working by contradiction, we assume that © is not minimal in L2(0, T).
Then, necessarily
t € Clpz(o,7)Span®. (4.3.15)

With successive integrations, we get
t € Cleo (Spané),Vj e N with j > 2.
The Stone Weierstrass theorem ensures that {1,#/;j € N,j > 2} is dense

in C°([0,T],C), thus, it is also dense in L?(0,T). From (4.3.15), we deduce
that Span® is dense in L?(0,7T). This is a contradiction, because, thanks to
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Theorem 9, for every w € R — {w, k € Z}, the family {e™!, ert; k € Z} is
minimal, i.e.

et ¢ Clz2(o,1)Span®©.

Second step: We conclude.

For k < 0, we define dj, := d_j. Let {é, &k k € Z} be the biorthogonal
family to {¢, e™*'; k € Z}. From Theorem 9, there exists C' > 0 (independent
of (di)kez) and a unique solution v € Clz2(g 1ySpan® of

T
/ v(t)e™rtdt = dy,Vk € Z
0

and it satisfies

1/2
lvll20,m) < C (Z dk|2> :

kEZ

The uniqueness guarantees that v is real valued. Let us define
~ T ~
ui=v+ (d - / tv(t)dt)ﬁ.
0

Then, u is real valued (because € is), u € (JILQ(QT)Spalqé7 u solves (4.0.1)
and

lull e < llolls + (idl + | J; toe)ae) ) 1112
<lollze (14 /5102 ) + 1llE] .2

- - - 1/2

< (0(1 + v/ 5l ) + ||s|rLz) (14 + ez lrf2)

The uniqueness comes from the fact that wu is chosen in Cly. (O,T)Spané. g



Chapter 5

Stabilisation in finite
dimension

5.1 Heuristic

For a given initial condition X € CV with || Xo|| = 1, we search a control
u : [0,4+00) — R such that the solution of (1.1.5) converges to the ground
state when t — o0, i.e.

(X (t),¢1)] — 1, when t — +oo. (5.1.1)
Let us introduce the Lyapunov function
L(X) = [(X, 1)

For a solution of (1.1.5), we have

L0 = 2R ({[—iHo + it Ha] X (1), 1) (X (1), 1))
=2 (= N IX (1), ) + it (HLX (1), 1) (X (), 01 )
= —2u(t)%((H1X(t)a ¢1>W> '

Therefore, if we chose

u(X) = —%<<H1X7 p1)(X, s01>) (5.1.2)
then, t — L(X(t)) is not decreasing because
dL(X
%t)ZMXV>O. (5.1.3)

Thus, we can expect to have (5.1.1). This convergence is proved in section
5.3. (Note also that, in general, closed loop controls are more robust (less
sensitive to perturbations) than open loop controls.) First, let us prove the
existence of solutions to the closed loop system.

39
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5.2 Well posedness of the closed loop system

Proposition 10 Let Xo € CV with || Xo|| = 1. There exists a unique solu-
tion X € C1([0,+00),CN) of the closed loop system

wrs H()X —U(X)HlX, 21
{0 % 21

where w(X) is defined by (5.1.2). Moreover, these solutions are continuous
with respect to the initial conditions: for every T > 0, for every X}, X2 €
CN with || X3|| = [| X8|l = 1, we have

2
IX" = X3 e o) < 1 X5 — X [l 1T (5.2.2)

Proof of Proposition 10: The function f(X) := —iHoX + iu(X)H; X
is locally Lipschitz on C, thus the Cauchy-Lipschitz theorem ensures the
existence of a unique maximal solution of (5.2.1) defined on an interval
[0, T"] for some T' € (0,T): X € C*([0,T"),C"). Moreover, either 7" = T,
or 7" < T and limsup,_,p || X ()| = +oo. However, we have || X ()| =
1,vt € [0,T"), thus 7" = T From

P9 X) g - u(xl)Hl](Xl — X?) — [u(X") — w(X?)|H1 X?,
(X = X2)(0) = Xg — X,

we get,

L41XT - X2

R{=ilHo — u(XV) Hy](X" — X2) + ifu(X") - u(XD)] H, X2, X! - X?)

—u(XY) — u(X2)|S(H X2, X! — X2)
u(X) — w(X2)[[[ L[] X - X2

N

Moreover, we have

u(X") — u(X?)|
= (U = X2, 00T o)) + S (X2, o) (KT = X7, 1))
< 2 H X" - X,

Therefore, we have
d 1 212 2 2
12X = XTI < 4HF1 X - X,

which gives (5.2.2). O
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5.3 Convergence: the non pathological case

The goal of this section is the proof of the convergence of the solutions of
the closed loop system to the ground state. This result is taken from [38].

Theorem 10 We assume
(Hip1, px) # 0,k € {2,.., N}. (5.3.1)

Then, for every Xo € CN with || Xo|| = 1 and (Xo, 1) # 0, the solution of
(5.2.1) satisfies
L(X(t)) — 1, when t — +oo.

Remark 7 The assumption (5.3.1) means that the (N — 1) last coefficients
of the first column of H1 are all different from zero.

The proof of Theorem 10 relies on LaSalle invariance principle. First,
we focus on the invariant set.

Proposition 11 We assume (5.3.1). Let Xo € CN with || Xo| = 1, (X0, ¢1) #
0, and X be the solution of (5.2.1). We assume that t — L(X(t)) is con-
stant. Then, there exists 6 € [0,2m) such that X (t) = %4y (t).

Proof of Proposition 11: From (5.1.3), we get u(X) = 0. We have

thus

Thanks to (5.1.2), u(X) = 0 gives

N

%(Z(Xo,g0k><H1g0k,g01>efi)‘kt<X0, gol)ei)‘lt) =0,Vt € [0,+00),
k=1

or, equivalently,

N

Z dre™ ™kt = 0,Vt € [0, 4+00).

k=2
where dj, = (Hipp, o1)(Xo, or)(Xo, 1), dog = —di, wp = A — A1,
w_p = —wg, Vk € {2,..,N}. Since w_y < ... < w9 < wy < ... < wp,

the family (e‘i”kt)2<|k|<N is linearly independent (see Corollary 1 in ap-
pendix) Therefore, d = 0 for k = 2,..., N. Thanks to (5.3.1), we have

<X07SOI€><X07S01> =0 fOI’ k= 27 7N Since <X07S01> 7& 07 then <X07Q0k> =0
for k =2,...,N, thus, Xo = e?p; and X (t) = %4, (t), for some 6 € [0, 27).
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0

Proof of Theorem 10: Let Xy € CV with || Xo| = 1, (Xo,¢1) # 0 and
X be the solution of (5.2.1). The function t — L(X(t)) is not decreasing,
thus, there exists L € [£(Xp), 1] C (0, 1] such that

tl}eroo L(X(t))=L.

Let (tn)nen be an increasing sequence of [0, +00) such that ¢, — +oo.
The sequence (X (t,))nen is bounded in CV (indeed || X(t)|| = 1,V €
[0, +00)), thus, there exist X§° € CV with || X§°|| = 1 and an extraction
s such that X(ty,)) — X§° Let X°° be the solution of the closed loop
system (5.2.1) with initial condition X§°. Then X (t,)+t) — X°°(t) when
n — o0 for every t € [0,+00) (see (5.2.2)). Thus,

LIX®(t)] = lim L[X(tsmn))] = L,Vt € [0,+00).
n—+0o00
The map ¢t — L[X*(t)] is constant. Moreover, (X§°, ¢1) # 0, because
LIX] = L € (0,1], and || X§°|| = 1. Thus, Proposition 11 ensures that
X§° = e for some 6 € [0,27). In conclusion, we have L = £L[X§°] = 1.
g

5.4 Convergence: a pathological case

We refer to the reference [15] for an adaptation of the previous strategy, to
situations where the assumption (5.3.1) is not satisfied.



Chapter 6

Stabilisation in infinite
dimension

6.1 Heuristic

First, let us perform the same heuristic as in the previous chapter. We
introduce the Lyapunov function

L) := (1, 1)]*. (6.1.1)

Let 1 be a solution of (1.1.1). Ifu € CY([0, T, R), then v € C*([0, T], L*(0,1)),
thus ¢ +— |(1(t), 1|? is differentiable and we have

L) =2R((G 0,00 W0, 01))
= 2R ( (=" (1) + ()b (1), 1) (B0, 21] ).

Since ¢ € H?(0,1) and (t,z) = ¢i(z) = 0 at = = 0,1, integrations by
parts give (=i, 1) = —iA1 (1), ¢1), thus, we get

dL ()
dt

() = —u®S (), 1) B0, 1))

Let us introduce

u(®) = =S ((u(t), 1) (D). 1)), (6.1.2)
then
aL@) _
e u(1)?. (6.1.3)
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6.2 Well posedness of the closed loop system

Proposition 12 Let ¢g € L?(0,1) be such that ||1g|| 2 = 1. There exists a
unique weak solution 1 € CO([O,T], L%(0,1)) of

9% = —" —u(y)p, x € (0,1),t € (0,+00),
P(t,0) = (¢, 1) =0, (6.2.1)
¥(0) = 2o,

where u(v) is defined by (6.1.2). Moreover, these solutions are continuous
with respect to initial conditions in the following sense: for every T > 0,
there exists C = C(T) > 0 such that, for every i, v¢ € L*(0,1) with

[l 2 = [¥§llze = 1, we have
19" — || oo qo.1),22) < C(T) kg — 5l 2 (6.2.2)
Proof of Proposition 12: Let 7" > 0 be such that
2TC2eTC% < 1. (6.2.3)
Let 1o € L?(0,1) be such that [¢g]/z2 = 1. We introduce the map

F: B[C%0,T],L%)] — B[C°([0,T],L?)]
§ —

where 1 solves

98 = " — (), x € (0,1),t € (0,+00),
¥(t,0) = ¥(t,1) =0, (6.2.4)
¥(0) = v,

and BICY([0,T], I2)] = {€ € CO([0, T, I2); JE(t) > < 1,¥¢ € [0, T}

First, let us prove that F takes values in B[C°([0,T],L?)]. For ¢ €
B[C°([0,T], L?)], the function u(£) is continuous over [0,7], in particular,
u(¢) € LY((0,T),R). Thus, Proposition 3 ensures the existence of a unique
weak solution ¢ € C9([0,7T], L?) of (6.2.4); moreover, ||[¢(t)||;2 = 1,Vt €
[0, 7], thus, v € B[C°([0,T], L?)].

In order to prove Proposition 12 it is sufficient to prove that F' has a
fixed point. Thus, we apply the Banach fixed point theorem.

(B[C°([0,T], L?)], [[-Il o< ((0,7),.2) s @ Banach space because it is a closed
subset of the Banach space (C°([0,T], L), ||.|| Lo (0,1, 12))-

For ¢4, ¢2 € B[CY([0,T], L?)], we have F(£!) — F(£2) = ¢! — % where

QW) (ph = 2) — (€ (et — 2) — [u(€l) — u(€?)]u?,
0) = wl ¥?)(t,1) =0,
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Applying Proposition 12, we get

m 1
(") — w(@)p? |11 (0,1, 2y Meron

191 = ?[| oo 0,1y, L2) < 1
< TC,||u(€r) — u(€?)|| poo oy CrllE) leeoim

Thanks to Cauchy-Schwarz inequality, we have
ule" ()] = IS (1), 1) (p1, €' (1)))] < Cp,

<IS((pg! = €, 1) (p1, € + IS, 1) {(p1, € = €2))]
<2016 — &llre

2
19" = 9 (oim).22) < 2TC 61 = &l 2™ .
Thanks to (6.2.3), F' is a contraction. [J

6.3 Convergence: the non pathological case

The goal of this section is the proof of the following result.

Theorem 11 We assume

(w1, or) # 0,k > 2. (6.3.1)

Let g € H(20)(0, 1) be such that ||¢ol|lr2 =1, (Yo, p1) # 0 and
I(tn)nen € [0, +00)N and & € L%(0,1) such that t, — +o0

and ||Y(tn) — &oll L2 — 0, when n — 4o0. (6.3.2)

Then, the solution of (6.2.1) satisfies
L(Y(t)) — 1 when t — +oo.

As in the previous chapter, Theorem 11 will be proved thanks to LaSalle
invariance principle. Let us emphasise that Theorem 11 contains the addi-
tional assumption (6.3.2) with respect to Theorem 10. This assumption is
a compactness assumption (it corresponds more or less to the relative com-
pactness of {1(¢);t € [0,4+00)} in L2(0,1)). As we will see in the proof, this
assumption is necessary to apply the LaSalle invariance principle. However,
this assumption is also very difficult to check in general. In particular, the
validity of (6.3.2) for the closed loop system (6.2.1) is still an open prob-
lem. Therefore, the asymptotic behaviour of (6.2.1) is still an open problem.

In order to prove Theorem 11, we first focus on the invariant set.
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Proposition 13 We assume (6.3.1) Let 1o € L?(0,1) with ||[¢o]|2 = 1,
(1o, ¢1) # 0, and ¢ be the solution of (6.2.1). We assume that t — L((t))
is constant. Then, there exists 6 € [0,27) such that ¢(t) = ePay (t).

Proof of Proposition 13: From (6.1.3), we get u(y)) = 0. We have

z%f (t,z) = =" (t,2),

thus
o0
= (o, pr)e” Mgy
k=1
From (6.1.2), we get
e . —_— .
(D Wosr) (ews or)e ™ (o, rje™t) = 0,9 € [0, +),
k=1

or, equivalently,

> dre ™ =0,V € [0, +00).
|k|=2

where dy 1= (ur, p1) (Yo, o) (Yo, p1), d_i = di, wi = A\ — A1, w_p =
—wg, Yk > 2. Therefore (see Theorem 7) di = 0 for every k > 2. Thanks
0 (6.3.1), we have (1o, vk ) (%0, 1) = 0 for every k > 2. Since (1o, p1) # 0,
then (o, r) = 0 for every k > 2. Since |[¢o||r2 = 1, we conclude that
() = ey (t), for some 0 € [0,27). O

Proof of Theorem 11: We consider 1) € L?(0, 1) be such that ||1o]|;2 = 1,
(¢0, ¢1) # 0 and (6.3.2) holds.

The function ¢ — L(1(t)) is not decreasing, thus, there exists L €
[L(10), 1] C (0, 1] such that

Jim (1) = L.
Let £ be the solution of the closed loop system with initial condition
0. Thanks to (6.2.2), we have ¥ (t, +t) — &£(t), strongly in L?(0,1), when
n — 400, for every t € [0, 4+00). Thus

LIEW)] = lm L[(t, +t)] = LVt € [0, 400).

n—-4o0o

The map ¢ — L[{(t)] is constant. Moreover, we have (£5°, ¢1) # 0 because
L&) = (&0, 01)]? = L € (0,1], and ||&]|z2 = 1 thanks to (6.3.2). Thus,
applying Proposition 13, we conclude that & = ¢, for some 6 € [0, 27)
and L =1.00
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Remark 8 The compactness assumption (6.3.2) is needed in the previous
proof. Indeed, let us assume that (6.3.2) is not satisfied and let us try to
perform the same proof.

We consider (tp)nen € [0,+00)Y such that t, — +oo. The sequence
(¥(tn))nen is bounded in L?(0,1) because ||1(t)|| 2 = 1,¥t > 0. Thus, there
exists & € L%(0,1) such that (t,) — & weakly in L?(0,1). Then, L(&) =
limy, 400 L(Y(tn)) = L. We have (&o, 1) # 0 because L > 0 and & #
epi,V8 € [0,27) because L < 1. However, we cannot apply Proposition
13, because & may not satisfy ||€ol|rz2 = 1. Indeed, the weak convergence
in L?(0,1), ¥(t,) — &, only provides ||&ol|r2 < liminf, oo [[10(tn) |2 = 1
and the inequality may be strict.

6.4 An alternative: Approximate stabilisation

The goal of this section is to propose an adaptation of the strategy pre-
sented in the previous section, in order to be able to conclude without the
compactness assumption (6.3.2). In order to do that, we introduce another
Lyapunov function, which aims at controlling the growth of the hight fre-
quencies (which are responsible for a possible non compactness).

6.4.1 Heuristic

For N € N* and € € (0,1), we introduce

N
Lne(W) =10, 01)|" = (1 —¢ Z! b, o) |°. (6.4.1)
k=2

This Lyapunov function encodes two tasks
e it prevents the L?-mass lost through the high frequencies,
e it privileges the increase of the population in the ground state.

When 1) solves (1.1.1), we have

dACN,e (77[))

e — Qiak%«uw,%ﬂwk,W)

k=1

where

[ lifk=1
WTY -6 ifke{2,..,N}.

Thus, we consider the following feedback law

N
u(®) ==Y a3 ((u, o) on ). (6.4.2)
k=1
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which realizes
dLN,(¥)

= —u(y)? < 0. (6.4.3)

6.4.2 'Well posedness of the closed loop system

The well posedness of the closed loop system can be proved exactly as Propo-
sition 12.

Proposition 14 Let 1)y € L?(0,1) be such that ||1o||z2 = 1. There exists a
unique weak solution of (6.2.1) where u(v) is defined by (6.4.2). Moreover,
these solutions are continuous with respect to the initial conditions for the
CO([0,T), H=1(0,1))-topology: for every T > 0, there exists C = C(T) > 0
such that, for every 1, v3 € L*(0,1) with |||l 12 = |32 = 1, we have
[ = || oo (0,0),1-1) < C(D) 15 — ¥l a1 (6.4.4)

Proof of (6.4.4): We have

(W' —¢?)(t) = eﬂAt(dfo %)
i fy €A (u(y! — U2)(s) + [u(6!(s)) = u(@?(s) ) (s) ) ds

For every t € R, e *4? is an isometry of H~! for the norm

[e.9]

1/2
feH0,1) ~ (Z Alk\<f, mﬁ) :

k=1

which is equivalent to the usual H~1(0, 1)-norm (i.e. ||f||g-1 = sup{(f,¢);¢ €
H}(0,1)}). Thus, there exists C; > 0 such that

e 4 fl g1 < Cu| fllg-1,Yf € H(0,1).

Let C, be a positive constant such that
lifllze < Cull fllzz, ¥V f € L*(0,1),
lief -1 < Cull fllr—1, ¥ € HH0, 1),

(such a constant exists because, there exists CL > 0 such that, for every
p € Hy(0,1), lnellms = I(upr)llze < Cpullellgy)- Since [lu(®h)]lL= < Cy,
we have

1! =) g1 < Collvg — ¥l

4 J3 o (C2W = )6l + (' (5)) — u(())[C ) ds

We also have
@) —u@?)] = |3 = v?), e lenwh) + e, ealen vt = v3)|
|

! =g llwerll gy + ? | zlleall ga 1ot — 2 |-
Col[yt — || g
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where Co = Co(u, ¢1). Thus,

1" =) () -1 < Cll!¢3—¢3!!H—1+/(Jt CLCHCC NI =) (s) || -1 ds
Gronwall lemma gives (6.4.4) with C(T') = CyeTlCh+C2Cu] O

6.4.3 Convergence result in the non pathological case

Theorem 12 We assume (6.5.1) and N = 3. Let e > 0, v > 0, 1y €
L?(0,1) be such that |1l = 1,

- 2 6’72
k:ZNH (o, o) |” < T (6.4.6)

Then, the solution of the closed loop system (6.2.1), (6.4.2) satisfies

liminf | (4(), p1) > > 1 — €. (6.4.7)

t——+o00

Remark 9 For every t € [0,400) and 6 € [0,27), we have

[ = e1e®lz - = I9@IE: + le1e? Iz - 2R @), 1))
=2(1 =R (w(t), 01))
<2(1 - [W(e),01)1)-

Thus, (6.4.7) ensures that

Itim+inf distr20,1y(¥(t),C1) < 2(1 = V1 —¢),
—T 00

where C1 = {p1€%;0 € [0,27)}, i.e. the asymptotic distance to the ground
state is arbitrarily small. Thus, the conclusion provides a strong convergence
in L?(0,1) to the ground state.

Remark 10 The assumption (6.4.6) means that the main components of
o are on 1,2 and ps. Notice that 1y may be far from Cy (for example,
when v is small), thus the feedback law allows to go closer to C;.

Remark 11 In Theorem 12, we take N = 3. This assumption is useful in
the proof, because one works on the particular model (1.1.1). However, for
slightly different models (for example, with 02 replaced by 0% — yu in the
Schradinger equation), N may be chosen arbitrarily. We refer to [32], in
which a global stabilisation result is proved, with the strategy of this course,
on different models, that allow to take arbitrarily large N.
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The proof of Theorem 12 needs the following technical result.

Proposition 15 Let k1,71 € {1,2,3} and ka, j2 € N* be such that k1 # ke,
J1 # j2 and g, — Mgy, = Njy, — Nj,. Then (ki, k2) = (J1, J2)-

Proof of Proposition 15: The conclusion is obvious when k1 = ji,
thus, it is sufficient to treat the following cases (k1,j1) = (1,2), (k1,71) =
(1,3), (k1,41) = (2,3).

Let £ > 1, 5 > 2 be such that k> — 1 = j2 — 4. Then j2 — k% =
(j+k)(G—k)=3,s0j+k=3andj—k=1ie j=2and k = 1:
contradiction.

Let £k > 1, j > 3 be such that k2 — 1 = j2 — 9. Then j? — k% =
(j + k)(j — k) = 8. The first possibility is j + k = 8 and j — k = 1, which
leads to j = 9/2, k = 7/2: contradiction. The second possibility is j+k = 4
and j — k = 2, which leads to j = 3, k = 1: contradiction.

Let £ > 2, j > 3 be such that k> — 4 = j2 — 9. Then j2 — k¥ =
(J+k)(j—k)=5,s0j+k=5and j—k=11ie. j =3 k=2
contradiction. [J

Remark 12 Notice that Proposition 15 is false if we consider ki,j1 €
{1,2,3,4}. Indeed, we have A7 — A1 = A\g — A4q.

Proof of Theorem 12: The function ¢t — Ly (1 (t)) is not increasing,
thus, there exists L € [0, L (1)o)] such that Ly (¢ (t)) — L when t — 4o00.
Using [|¢o|r2 = 1, (6.4.5) and (6.4.6), we get

L(o) =1~ e[{o,o1)]* = (1 =€) Xy (Yo, )
= 1—el(wo, p1) = (1 = (1= T2 xps [0, 00 )
<1—ey? —|—(1—e)<1 %
=€
Thus, L € [0,¢). Let (ty)nen € [0,+00)Y be such that t, — 400 when
n — +o00. The sequence (¥(t,))nen is bounded in L?(0, 1), thus, there exists
& € L?(0,1) and an extraction s such that Y(tymn)) — o weakly in L?(0,1)
and strongly in H~1(0,1). Then, thanks to (6.4.4), 1( ( y +T) — &(T)

strongly in H=1(0,1), for every T > 0. Thus L(£(t)) = L,Vt € [0, +o0).
From (6.4.3), we deduce that u(§) = 0 and

Z 507 on )\jtgoj'
The equality u(£) = 0 gives

N oo
(30D 6o e)e ™ gy, oid prs o)) = 0.

k=1 j=1



6.4. AN ALTERNATIVE: APPROXIMATE STABILISATION

Thanks to Theorem 8, and Proposition 15, we get

(€0, 5) (e 1) (01, 0) = 0,V > 2.

Thanks to (6.3.1), we get

<£O) Spk><</01)£0> = O,Vj > 2.

Let us prove that (p1,&) # 0. Since [|£o]|2 = 1, we have

€ > ﬁ(fo)
=1—el{€0, 1)|> — (1 — &) Xy |{0, 1))
>1—e{€,o1)2— (1 —¢)

o1

(6.4.8)

ie. |(€o,¢1)| > 0. Thus, we deduce from (6.4.8) that & = z¢; for some

z € Cwith |2| < 1. Then, £(&) =1 — |2]* <, thus
lim |<w(ts(n))a901>|2 = |Z‘2 >1—e

n—-+o0o

This holds for any sequence (t,)nen, thus we have (6.4.7).0

6.4.4 Convergence result in the pathological case

We refer to [32] for a convergence result when the assumption (6.3.1) is not

satisfied.
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.1 Cauchy-Lipschitz theorem, Gronwall Lemma

.2 Vandermonde determinant

Proposition 16 Let N € N* and ay,...,any € R. We have

1 a a .. ajlvfl
2 N-1
1 ax a3 ... ay _— o ( )
1< <N G — G4
1 apn a?\, a%il

Proof of Proposition 16: We prove Proposition 16 by induction on N.
The result is clear for N = 2. Let N > 2 and let us assume that it is proved
for N — 1. Replacing the j** column C; by Cj —a1Cj_q for j = N,...,2
(starting from the N** one) we get

1 0 0 0
1 as — a as —ay)ay ... (ag —aq)ad 2
Viay,.an) = (a2 —a1) (az —a1)az (ag —a1)ay
1 (ay —a1) (any —ai)az .. (a]\/—al)aé\[*2
(ag —ay1) (ag—aj)ag ... (a2 — al)aév_Q
(ay —a1) (any —ap)any ... (an —al)aﬁLQ
1 ay .. aéV_Q

= (CLQ — al)...(aN — al)
1 an .. a%iQ

= (a2 — al)...(a]\f — al)V(GQ, _..,aN).D

Corollary 1 Let N e N*, T > 0 and a1, ...,an € R be such that a1 < ... <
an. Then the family (!t ..., e*Nt) is linearly independent in L*((0,T),C).
Thus its Gram matriz for the L?((0,T), C) scalar product, G = (Gj.1)1<k1<N

T
Gy ::/ elox—ataqs vk 1 e {1,...,N}
0

15 tnvertible.

Proof of Corollary 1: Let ay,...,ay € C be such that aje!®? + ... +
ayeNt = 0 in L?(0,T). The lhs is a continuous function of ¢, thus, the
equality holds for every ¢ € [0,T]. The lhs is a C* function of ¢, thus, we can
differentiate the relation k£ times with respect to ¢, for kK =0,..., N — 1, and
evaluate it at ¢ = 0. This gives apal + ... + ayadl =0,k € {0,..., N — 1},
ie.

1 1 .. 1 ai
al a9 anN (65) —0
N—-1 N—-1 N—-1
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Thanks to Proposition 16, the matrix in the lhs is invertible. Therefore
a1 = ... = ay = 0. We have proved that the family (e, ... einN?t) is
linearly independent in L?((0,7),C).

Let 81, ..., 8n € C be such that 31Cy + ... + BnyCn = 0, where () is the
j¥-column of G. Then, we have

T /YN N\
/ et (Z ﬁlewzt>dt =0,k € {1,...N}.
0 =1

The function t — > B¢ belongs to the final dimensional space Span(e'@?, ..., e?ant)
=1
and it is orthogonal to any vector of its basis, thus this function vanishes.

Since the family (e, ..., e%N?) is linearly independent, we conclude that
B1 = ... = By = 0. We have proved that the column of G are linearly
independent in CV, thus, G is invertible. [J

.3 Weak convergences
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