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Abstract

In the continuation of [DF], we study reversible reaction-diffusion
equations via entropy methods (based on the free energy functional)
for a 1D system of four species. We improve the existing theory by
getting 1) almost exponential convergence in L' to the steady state
via a precise entropy-entropy dissipation estimate, 2) an explicit global
L* bound via interpolation of a polynomially growing H' bound with
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1 Introduction

1.1 General presentation

This paper is part of a general study of the large-time behaviour of diffusive
and reversible chemical reactions of the type

01A1—|—...—|—Oéq./4q‘:‘61¢41—|—...—|—ﬁq¢4q Oéi,ﬁieN, (1)
in a bounded box O C RN (N > 1).

Systems of type (1) are well known in the numerous literature on reaction-
diffusion systems. For the large time behaviour of global classical solutions
(e.g. within invariant domains) we refer, for instance, to [Rothe, CHS] and
the references therein. For global weak solutions see e.g. [MP, Pie, PS] with
references. Many authors (e.g. [Zel, Mas, HMP, Web, HY88, HY94, KK]
and the references therein) have deduced compactness and a-priori bounds
from Lyapunov functionals. We recall in particular [Mor, FMS, FHM], where
generalized Lyapunov structures of reaction-diffusion systems yield a-priori
estimates to establish global existence of solutions. We mention also [Rio,
Mul] and the references therein where peculiar Lyapunov functionals are
designed to show optimized stability and instability properties for reaction-
diffusion systems.

As in [DF], we exploit as much as possible the free energy functional of
these systems. The basic idea consists in studying the large-time asymptotics
of a dissipative PDE by looking for a nonnegative Lyapunov functional E(f)
and its nonnegative dissipation D(f) = —%E(f(t)) along the flow of the
PDE, which are well-behaved in the following sense: firstly, F(f) =0 <—
f = fx for some equilibrium f., (usually, such a result is true only when all
the conserved quantities have been taken into account), and secondly, there
exists an entropy/entropy-dissipation estimate of the form D(f) > ®(E(f))
for some nonnegative function ® such that ®(z) = 0 < a2 = 0. If
®’(0) # 0, one usually gets exponential convergence toward f,, with a rate
which can be explicitly estimated.

This line of ideas, sometimes called the “entropy method”, is an alter-
native to the linearization around the equilibrium and has the advantage of
being quite robust. This is due to the fact that it mainly relies on functional
inequalities which have no direct link with the original PDE.

The entropy method has lately been used in many situations: nonlinear
diffusion equations (such as fast diffusions [DelPD, CV], equations of fourth
order [CCT], Landau equation [DVO00], etc.), integral equations (such as the

spatially homogeneous Boltzmann equation [TV1, TV2, V]), or kinetic equa-
tions ([CCG], [DVO01, DV05], [FNS]).



An approach related to the one we propose shows (in a non-constructive
way) that systems quite more general than (1) have a unique asymptotically
stable steady state [Gré, GGH, GH].

In our previous paper [DF], we have proven quantitative exponential con-
vergence to equilibrium with explicit rates (all constants are also explicit)
for the systems modelling the reactions 2.4; = Ay and A; + A; = As. The
proven entropy/entropy-dissipation estimate used global L* bounds on the
concentrations, which are known for these systems (they are consequences of
maximum principle type properties).

In this paper, we prove exponential convergence in L' (and consequently
for any Sobolev norms) for a system with four species

A+ A = Ay + Ay, (2)

for which a global L* bound was so far - up to our knowledge - unknown,
but for which, at least in 1D, a polynomially growing L* bound can be es-
tablished. We focus on this particular system to present in a simple way the
proposed method, which is our primary aim rather than the actual asymp-
totic result.

Note that for the equation that we consider, existence and uniqueness of
classical solutions in 1D is a consequence of [Ama] and [Mor, theorem 2.4].
Global existence of weak solutions in any dimension follows e.g. from [Pie].

The method that we present here is very different from the tools used
in these works and can be summarized in this way: Firstly, we prove a
polynomially growing L* bound for the solution of our equation (this a
priori bound is therefore called “slowly growing”). Then, we establish a
precise entropy /entropy-dissipation estimate, for which the constant depends
logarithmically on the L* norm of the solution thanks to a somewhat lengthy,
but elementary computation. Thus, a Gronwall type lemma implies “almost
exponential” decay in L' towards the steady state. Secondly, we prove an
explicit, uniform in time L* bound by interpolation of the almost exponential
L' decay with a polynomially growing H! bound. Finally, thanks to this
global L* bound, the entropy/entropy-dissipation estimate can be used a
second time and yields exponential decay towards the steady state.

Note that slowly growing a priori bounds have already been used in the
context of entropy methods in kinetic theory (cf. [TV2]), as well as inter-
polation between an explicit decay in weak norm and controlled growth in
strong norm (cf. [DM]). The last step (getting the exponential decay) is
however a new result in the context of entropy methods.

To state the problem, we denote with a;, = a;(t,z) > 0, ¢ = 1,2,3,4,
the concentrations of the species A; at time ¢t > 0 and point z € Q (Q is a
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bounded interval of R), and assume that reactions (2) are taken into account
according to the principle of mass action kinetics, which leads to the system

Ora; — d;O0ppa; = (—1)i(l ajas — k azaq) , (3)

with the strictly positive reaction rates [,k > 0 and with a; satisfying homo-
geneous Neumann conditions

Vo e 00,t >0, Oza;(t,x) =0, (4)
and the nonnegative initial condition
Vo € Q, a;(0,z) = a;o(z) > 0. (5)
Without loss of generality - we assume
l=k=1, Q] =1, (6)

;. Finally, thanks to a

thanks to the rescaling t — +t, = = |Q|z, a; — 5

translation, we can suppose that @ = [0, 1].

The solutions of (3) — (5) conserve the masses, that we assume to be
strictly positive:

M;, = /Q(aj(t,:c) + ai(t,z))de = /Q(aj70(3:) + ago(x))de >0, (7)

where we introduce the indices 7 € {1,3} and k € {2,4}. Note that only
three of the four M;;’s can be chosen independently since they are linked via
the total mass

M = Mg+ Msy = Myy+ Ms,. (8)

Moreover, the conserved quantities provide naturally the following bounds

sup/aj(t,;v) de < min {M;p, Mjp} := M;,
Q

>0 ke{2,4}
sup/ ap(t,z)de < min {M;p, M1} := M, . (9)
l‘ZO Q je{LS}

When all the diffusivity constants d; are strictly positive, there exists a
unique equilibrium state a; o, for (3) — (6) satisfying (7). It is defined by the
unique positive constants solving ay oo @300 = 2,00 U400 provided a; oo+ g oo =

My, for (5,k) € ({1,3},{2,4}), that is:

Mo My Mo Mso MszoMsy
Cl]7oo == 71M 1 > 0, a3,oo - ]\432 - 1M 2 = 3M 3 > 07
Mo Mso MiaMiy MiaMsy
CLZ’OO — 1]\4 2 > 07 CL47OO — M 4 1M 1 — IM 3 > 0 . (10)



Finally, we introduce the entropy (free energy) functional E(a;) and the

entropy dissipation D(a;) = —%E(ai) associated to (3) — (6):

E(a;) = /QZai(ln(ai)—l)d;v, (11)

ap as

)dx .

Ay ay

4 T
D(al) = 4Zd2 |az\/ a2|2dxdt—|— (Cll asz — dy CZ4) ln(
=1 0J8 Q

Outline of the paper: In section 2, we start by studying a priori bounds
entailed by the decay of the entropy functional. These bounds allow to boot-
strap an explicit, polynomially-growing (in time) L* bound on the concen-
trations a; (proposition 2.1), implying global existence of classical solutions

(this result of existence can be proven by other means, Cf. for example
[Ama, Mor]).

In section 3, we establish an entropy/entropy-dissipation estimate with a
constant depending logarithmically on the (polynomially growing) L* bound
(proposition 3.1).

Hence, by a Gronwall lemma, we obtain in section 4 (proposition 4.2) an
almost exponential decay in L' towards the steady state a; o, of the form

Cyt

4
D M it ) = aicoll oy < 2V2(E(aip) — E(ai0)) e B, (12)
=1

with a constant Cy which can be computed explicitly (Cf. appendix 5).

Furthermore, the almost exponential decay interpolates with a polynomi-
ally growing H' bound and we obtain an explicit, uniform in time L* bound
(13). Finally, in return, exponential decay towards the steady state can be
proven, and we obtain our main theorem:

Theorem 1.1 Let Q be the interval [0,1], and let d; > 0 fori = 1,2,3,4
be strictly positive diffusion rates. Let the initial dala a;p be nonnegative
functions of L(Q) with strictly positive masses M;y, (defined by (7)) for
(7, k) € ({1,3},{2,4}). Then, the unique classical solution a; of (3) — (6) is
globally bounded in L*>:

lai(t)||zee(@) < Cay, (13)

and decay exponentially towards the steady state a; o, given in (9) — (10) :
4
> MM ai(t, ) = diolle) < 2V2(E(ai0) — E(ai)) e,
i=1
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where Cy; and Cs can be computed explicitly (Cf. appendiz 5).

Remark 1.1 Note that exponential decay towards equilibrium in all Sobolev
norms follows subsequently by interpolation of the decay of theorem 1.1 with
polynomially growing H* bounds, which follow iteratively for k > 1 from
(13) and (68) inserted into the Fourier-representation used in lemma 2.3
and presented in appendiz 5 (Sobolev norms of any order are created even
if they do not initially exist, thanks to the smoothing properties of the heat
kernel).

Notations: The letters C', Cy, Cy,, ... denote various positive constants
(most of them are made explicit in appendix 5). It will also be convenient
to introduce capital letters as a short notation for square roots of lower case
concentrations and overlines for spatial averaging (remember that || = 1)

A’i:\/a_i7 Ai,oo:‘/a’i,oo7 E:/Ald;C, l:172,3,4
Q

Finally, we denote || f||3 = [, f* dz for a given function f: Q — R.

2 A-priori estimates

In this section, we establish a polynomially growing L> estimate (proposition
2.1) for the solution of eq. (3) — (6). We start with the

Lemma 2.1 (A-priori estimates due to the decay of the entropy)
Let a;, 1 = 1,2,3,4, be solutions of the system (3)-(6) with initial data such
that a;gln(a;o) € L'([0,1]). Then, for all T > 0 (and with M; defined in
(9),

1 rd ~
il %2([0,T]><[0,1]) = ] 5,0 7,0 L= 4,0
1|0z Al < oy ajoln(a;o)de + 4e™ 1= Cy,; ,(14)
iJo 3

1 4
sup ||aiIn(as)|| o) < /0 Zaﬁoln(am) dz + 5¢~' = Cs, (15)
imj

te[0,7]

sup || Aillzz o) < M. (16)
tefo,T]

Proof of lemma 2.1: Integration of the entropy dissipation (11) yields

4 4 T 4
a; In(a;) dz (1) + 4 dz// 8zAi2d$dt§/ aioln(a;o)de,
A;<><>;OQ| | [ ol
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so that (since —a;|In(a;)| < e71), estimates (14) and (15) hold. Then, esti-
mate (16) is just the conservation of masses. O

Lemma 2.2 (A-priori bounds in L*([0,T] x [0,1]))
For v = 1,2,3,4, the solutions a; of (3)-(6) with initial data a;oln(a;g) €
L*([0,1]) satisfy for T >0,

laillZ2 ooy < Coi (L+T), (17)
where the constants Cg; are stated explicitly in appendiz 5.

Proof of lemma 2.2: Note first that

1 1 x 1
At - [ aseyal=|[ [ aqut,u)dudy\s | oAl du.
0 0 u=y u=0

Hence . .
AdoF <2 [oat ol dis2 [ Aol .
0 0
which yields (17) (using (16) and (14)), thanks to the following computation:
112 < (T (4 )2 LA 2
iMooy < 3 ( sup 14:C60)R) ([ 142 da)

S ZMZ fOTfol |6qu(t, u)|2 dudt + QMZ»QT S 06,2'(1 + T) .

|

The next technical lemma provides classical polynomially growing bounds
for the solution of the 1D heat equation, which can be proven in an elementary
way.

The main steps of this proof are explained in appendix 5, together with
a formula for the constant C; which appears in (19).

Lemma 2.3 (Ezplicit L” bounds (r > 1) for the 1D heal equation)
Let a denote the solution of the 1D heat equation (t > 0,z € [0,1], with
constant diffusivity d,) with homogeneous Neumann boundary condition, i.e.

0ia — d, Oppa = g, 0:a(t,0) = 0a(t,1) =0, (18)

and assume for the initial data a(0,x) = ag(x) and for the source term g(t, x)
that

ap € L=([0,1]), g € L7([0,+00) x [0,1]).
Then, for the exponents r,p > 1 and q € [1,3) satisfying %—I—l = ]l)—l— % and
for all T >0, the norm ||a|

Lr([0,T]x[0,1]) grows at most polynomially in T like

1,1
L ([0,1]x[0,1]) < T ao|| Loy + Cr (1 + T2\ gl oo ryxpoyy - (19)

la



Next, we apply lemma 2.3 to the right-hand side g = ajas — asayq of our
system, which is bounded in L' by lemma 2.2. As result, we obtain an L"
bound with r < 3 on the a; and thus an improved bound on g. Hence, after
three iterations (detailed below), we obtain that the L norm increases at
most polynomially in time:

Proposition 2.1 Leta;, 1 = 1,2,3,4, be solutions of the system (3)-(6) with
bounded initial data a; o € L*(Q). Then, for T >0,

@il Lo (o, 17x[0,1)) < Cs,i (1 + T22_1) :

The constants Cs; and the constants in the proof are stated in appendiz 5.

Proof of proposition (2.1): By lemma 2.2, we have

4
1
Hd1d3—a2a4HL1 [0,T7x[0,1]) SEZ (L+T).

Then, by lemma 2.3 with p=1and r = g € [1,3), for : = 1,2,3,4,
L (o.1]x[oa) < iy Coi(L+T743)(14 1),

< (llaiollz=ion + 5Cr icy Co)(1 +T7F3). (20)
Next, for any s € [2,3),

lai]

2
Ha1a3 — a2a4HL%([O,T]X[O,1]) S 015 (1 —|— T5+3) .

Using again lemma 2.3, but with p = 5, ¢ € [1,3) and r € [1, 00), it follows
that

Cus (1 + T 5)(1+ T349)
< Ciei(l +T%+%)a (21)

@]l ro.17%[0,17) <

since TatzT3+3 = T%+%, and with the constants Cjg; given in appendix 5.
Then, for s € [2,00), we see that
_iy .
Ha1a3 - a2a4|\L2 [0,77x[0,1]) 5 Z ‘alHL [0,T]x[0,1]) < 20162 L+ T;+9)’
‘ (22)
?nj,lsiczndly, by a last application of lemma 2.3 with p = %, r = oo, and
P q’
laillzorristo < Nlazollsmton + Cr iy Clos (14 T )(1 4 TE)
< Csi(14T%),

since Tat2T349 = T%, and with the constant Cg; defined in appendix 5. O
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3 Entropy/entropy dissipation estimate

In this section, we prove proposition 3.1, which details an entropy/entropy-
dissipation estimate for F(a;), D(a;) defined in (11). The proof uses the
technical (but elementary) lemmata 3.1 and 3.2. Despite being lengthy, we
believe that the lemmata 3.1 and 3.2 provide a strategy which extends to
more general reaction-diffusion systems. In particular, in the special case
of spatial-independent (nonnegative) concentrations, lemma 3.1 establishes
a control of a L%-distance towards the steady state in terms of a reaction
term, which - due to the conservation laws (7) - can’t cease until the steady
state is reached. Lemma 3.2 generalizes this control to spatial-dependent
concentrations.

We begin with the :

Lemma 3.1 Let A; ., 1 = 1,2,3,4, denole the positive square rools of the
steady state (10). Let A; > 0 be constants satisfying the conservation laws

(1), ie. A7 + A" = A2+ A2 for (j,k) € ({1,3},{2,4}). Then,

4
D A = Aol < Co || A A5 — A; A4ll3, (23)
i=1

where Cy ts given in appendiz 5.

Proof of lemma 3.1: The proof exploits the ansatz

A=A (1 +mw)?, —1<p, fori=1,2,3/. (24)

The conservation laws (7), more precisely the relations

A} @+ ) + (1) AL 2pi +pf) =0, i=2,3,4,  (25)

allow to express pa, ps, and py as functions of py :

A .
pi = pilpn) = =1+ \/1 — (1) AIQ’ 2m +pi), =234 (26)

7,00

The function gy — ps(p1) is monotone increasing, while py — pa(p1) and
p1 +— pa(p1) are monotone decreasing. Moreover, p;(p1) = 0 if and only if
pr =0 (for 0 =2,3,4).

Since pa(p1), ps(pr), pa(pn) are real, gy is restricted to

Ml,min S H1 S ,ul,mazy (27)
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with

min min 2
”1vmm:—1+\/1—M, /nmm:—1+\/1+%@8

Due to the above monotonicity properties, we see that

—-1< ,u3(,u1,mm) < Ms(o) =0< ,LLS(Ml,maar)a (29)
—1 S ,U/i(,ull,maz) S /’LZ(O) =0 S Mi(ﬂl,min)? 1= 274 (30)

We now quantify how pq — p;(p1) (for @ = 2,3,4) are “close to proportional”
to p1. In particular, for ps, we Taylor-expand

AT o 1+g A7
\/1 —I_ A%oo (2,“1 —I_ /JL%) =1 -I_ \/1+(Aioo )(2<+<2) A2 /’Ll )

for some ¢ € (0, ), and consider the remainder

A1 oo(1+<) AT A o (e 2
Rs(p1) = V(A2 D) A m ( 1L+ \/1 + A3 o (2 +/“L1)) ’

for w1 € (1 min, 1 maz]. 1t is straightforward that Rs(p;) is continuous at
p1 = 0 with R3(0) = A «, and monotone increasing or decreasing in pu; €

[(1,miny f1,maz) if and only if Ay o < Asze or A1oe > Az, respectively.
Therefore,

0< RS(Ml,min) < RS(,Ull,maz) S AS,ooa for Al,oo S AS,ooa
0< RS(Ml,maz) < RS(Ml,min) < 2A1,oo; for Al,oo 2 AS,OO;

so that
0 < Rg S mELX{QALOO, A37oo} . (31)

For ps (and analogously for py), we expand

1= A= (o +p2) =1 — LC A
A7 T = N RO Lh

for some ¢ € (0, 1), and consider the remainder

Al 00(1+C) _ Ag o] 1 A?,oo ¢
R ( ) \/1 0o )(2¢+C3) - A Joo M1 <1 - \/1 N K(ZMI T 'u%)) ’

which is continuous with Ry(0) = A; , and increases with respect to p;.

Therefore,

0< R2(M1,min) < RQ(Ml,maz) S Al,oo + \/A + mlH{A2 ,009 Aé?l,oo} )

10



so that finally,

0< RQ) R4 S Al,oo + \/A + mlH{A2 oo?A?l,oo} . (32)

Using the ansatz (24) to expand (23) (and using the identity A; o As 0 =
Ay 00 A4 o), We see that in order to prove lemma 3.1, we only have to establish

that . ) ,
Af ot T A 2,00M2 T A3 oo/’LB + A4 oo/M

A2 AS S (Iu’l + p3 + pips — fho — fhg — /LQ,LL4)2

fOI’ H1 € [ﬂl,minaﬂl,mam]-
Considering the numerator of (33), we estimate thanks to (31), (32) that

< Cy, (33)

2 R R _
ZAZOOILLZ <ILL1 < —I_ A2 —I_ A%; —I_AZ;) <M1A2 A?&,ooc97 (34)

where Cy is given in the appendix 5. Regarding the denominator of (33), we
assume first that y; < 0. Then, thanks to the properties of monotonicity

of i — wi(p1), we observe in the sum py + ps + paps + (—p2) + (—pa) +
(—papeq) that only the term pqipus is nonnegative and all the other terms are
nonpositive. Moreover, we know in this case that —1 < py and —1 < pg3; and
therefore pz < —pqps, implying

p1+ fs s — po — e — flofla < 1 — flo — pa — popa < —|pg|. (35)

If we secondly consider the case gy > 0, only the term —puyp4 is nonpositive
and —1 < py as well as —1 < py, therefore py < —popy and

p1+ fs + pafs — p2 — pa — flafla > 1+ fs + paps — pa > | - (36)
Altogether, by (35) and (36), we estimate the denominator of (33) by
AT GAS (i1 s+ papis — pa — o — papia)’ > AT JAS

which proves (with (34)) that we can take the constant (73), and lemma 3.1
is obtained. O

The following lemma extends lemma 3.1 to nonnegative functions A;
which satisfy the conservation laws (7).

Lemma 3.2 Let A, ., 1 = 1,2,3,4, denole the positive square rools of the
steady state (10), and A; be measurable, nonnegative functions satisfying the
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conservation laws (7), i.e. A_?—{— A_z = M, = A3+ AL for (4, k) €
({1,3},{2,4}). Then,

4 4
DA = A3 < Cuo [l Auds — A2 Au|3 + Cua Y A = A3, (37)

AM AM :
Cho :max{cg’;n?)?f{MpMﬂ} ’?:lgi{MlkM?’k}} ’ o

with Cy defined in (73) and

where

Cro (VMyuMsy + M), 2f\/ 2 <g; for some1=1,2,3,4,
Cov/ M4 Ms <1 + max {£}> + max {—QA’,"’O }, else.

i=1,2,3,4 €i i=1,2,3,4 €
(39)

Cll =

Here

MM, M My + M
Ej—\/ = J4<\/ 21 34—1), i=13, (40)

]2+M]4
v M My M. M M.
cp = Y Tk TSk 1_|_M_1 . k=24, (41)
My + M3k 2M

Proof of lemma 3.2: In order to apply lemma 3.1, we expand around the
mean values

AZ:AZ—I-(SZ(TE), (SZ'ZO, ‘i:172,3,4, (42)
and consider the ansatz in lemma 3.1:
AZ= A (L4 pm), —1<u, (43)

which preserves the relations (25) and thus all the sequel of lemma 3.1.
The ansatz (42), (43) implies readily for the right-hand side of (37) that

1A, — A2 = A7 - A" = 57, (44)

— /@ -x, (15)

Since .
42
VA + A

12



it follows that

Ai

zoo 1‘I’/lz

,¢—+A o

For the left-hand side of (37), we use (46) to expand

24; 0o —
[Ai — Ai ol = A7 op + F 67 . (47)

Thus the expansions in terms of 5_22 is unbounded for vanishing A? > 4;” and
we consider ﬁrstly the

Case Af > &2: (leaving the case for small A2 for later). We factorize

[A1As — AsAqll; = [[Ar Az — Ap Agl + 2(A1 Az — Ay A4)(8105 — d204)
+HA153 + A351 + 5153 - A254 - A452 - 5254”% . (48)

A? by Jensen’s inequality and A_%A_g < MyyMsy, AZ A2

2
<
244 =
Mi4Ms5, by the conservation laws (7), we estimate the second term on the
right-hand side of (48) using Young’s inequality:

Since A; <

2(Ay A5 — A3 Ag)(8105 — 0201) > —[Ay Ag — Ay Ay| (67 + 03 + 62 + 67)
> =/ MM, (5? + 5_3 + % + 5_2) . (49)
Then, we insert (46) (recalling Ay o A3 .00 = Ag,00A44,00) into

A A3 — Ay Ay} = t oo AS o (pn 4 ps + paps — pa —

Ha — /~L2M4)2
= (Vam- VQZE)(V=W ok il

_ 5 53
A2+ A7 AZ+A; (VAZ+AN)(VAZ+A)

A2 62 A282 52 52
A+ Az AJHAT (VAR AR)(V AT+ AY)
_ _ 2
I |V R L (50)
AT+AL (V A3+42)(V AT +Aq)

For the second factor on the right-hand side of (50), we estimate like above

VAR - T

A

< VMi14M33 and use (45) to compute

Aj8r 8% 83 _1VAMHA S
A3+As Ar

AZLA, A24A)(\/A2+A5) 2

1VAHA 3
~ —1 —03
A3+ 2\ A3+A;
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and we compute in the same way the product proportional to 626%. Thus, by

A; < \/A_?< vV M for all : = 1,2, 3,4, we obtain
\/=+A352 \/=+A152 \/=+A452 \/_+A252

\/ 32

A+ AL A2+ A5 A2+ A A2+ A,
VI s () (R B 845) 6

Therefore, inserting (47) into the left-hand side of (37) and combining
(44) and (48)—(51) for the right-hand side of (37) we have to prove that

Z Az OOIU’Z < CloAl ooAS %) (lul + K3 + M1ty — 2 — g — ﬂ2ﬂ4)2

B 2\/M . 24 00 <2
+ (Cu Crov/ M4 M3y <1 + mzax{\/A:?}> miax{ A24A; }> 25

When Cig > Cy with Cy stated in (73), then lemma 3.1 (see (33)) implies

22 VAR i < CoAT AL (1 + pis 4 papis — po — g — piapis)’ and we look
for

2\/M 2Ai,oo ¢
Ch1 > Co/Mis M3, (1 + i:Illf{gL7>§74 { \/A——?}> + i:r{l,g,}?fA{ v } . (52)

We now treat the case o
Case A? < e?: More precisely, we suppose that A? < &7, where ¢; are con-

stants to be specified later. In particular for A; < A_%l/Z < 1, we estimate
(using Az < VM, A, < \_M&A_L; < /M4 and A_22 A_42 = (A2—03)(A2—03)
with (7) for the product A3 A3) that

AT Ay — AL} = A A" — 24 A A Ay + A7 Ay (53)
> —2e10/ M My Myy + (Mqa — 5%)(M14 — 5?) — A_ZCS_% — A_QQ(S_Z-
Moreover by (7), a straightforward expansion yields

4
A - Ao} < 2M. (54)

=1
Thus, combining the left-hand side of (37) with (54) and the right-hand
side with (48), (49), and (53) where AZ7A_22 < M, we must prove that

2M < Cho (M12 My — 251\/ M Mys My — € (Mm + M14) +é )
011 —010\/ 14 M3y — CmM <5f‘|‘5_§‘|‘%‘|‘5_2>- (55)
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We treat the first bracket on the right-hand side of (55). After neglecting &7,
we denote the nonnegative solution of the (in terms of ¢) quadratic equation

vy —2ev/May —e*(z+y)=hfor 0 <h <ayby

VM zy M zy xy —h

e(z,y,h):=— + + . 56
S z+y (z+y)?  w+y (56)
In the present case, where x = M3 and y = M4, choosing in particular
h = ZF confirms (55) with
Cho > 2 = AN — My M
h M2 Mis fOI’ A% S g1 = €(M12, M14, 712_ 14) .
Ci = Cho <\/ M4 M3y + M) ) 2
o (57)
Similarly, for the cases A? < &?, 1 = 2,3,4, we obtain the same C}; and
AM — M3y M.
Cio > AT for \/ A3 < g3 := e( M5z, M3y, %)a (58)
AM — My, M3y _
Cio > MMy, for \/ A} < e i= (Mg, Msy, #)7 k=24,

and this yields (38) and (39). O

We are now in position to state the entropy/entropy-dissipation estimate
for £, D defined in (11), which holds for admissible functions regardless if or
if not they are solutions (at a given time t) of eq. (3) — (6).

Proposition 3.1 Let a; be (measurable) functions from [0, 1] to R such that

0 < a; < flaillp=qouy, and fy(a; +ar) = My for (j,k) € ({1,3},{2,4}).
Then,

D)= g mind g G B B 50

Cha
where P([0,1]) is the Poincaré constant of interval [0, 1], C19 = C1o(M,i) is
defined in (38), C11 = C1i(Mji) in (39), and

Cralllasll o (po,17), Mijr) = max {@(lasl| Lo (fo,17), @io0) } - (60)
Here, ® is the function defined by the formula

z(In(z) —1In(y)) — (z —y)
(Ve = /y)? ’

D(a,y) = @(z,y) = O(ln(z)).  (61)

15



Proof of proposition 3.1: Using the inequality (aja3 — azaq)(In(aias) —
In(azaq)) > 4(A; Az — AyA4)? and Poincaré’s inequality, we obtain the esti-

mate
4

4d;
D(a;) > 4| A1 As — AyAq||2 + Z

)

We show in the sequel that the right-hand side of (62) is bounded below by
the relative entropy E(a;) — F(a;00).
First, we use the conservation laws (7) to rewrite the relative entropy as

E(a;) — E(aiq) / Z (aZ In

and we use the boundedness of the function ® defined in (61), (see [DF,
lemma 2.1]) to estimate

_ 2 .
i — Ail], (62)

aZOO

— (a; am)> dz

4
E(a;) = E(aio) < Cra ) || Ai = Avoll (63)

=1

with C1, as defined in (60). The statement of proposition 3.1 follows now
from lemma 3.2 by comparison with (62). O

4 Estimates of convergence towards equilib-
rium
In this section, we use the estimates of the two previous sections in order to

obtain proposition 4.2 and theorem 1.1. We begin with a Cziszar-Kullback
type inequality relating convergence in entropy with L' convergence.

Proposition 4.1 For all (measurable) functions a; : [0,1] = R*, 1 =1,2,3,4,
for which fol(aj—l—ak) = M, for (5,k) € ({1,3},{2,4}), we have the inequality

4
2V2(E(a;) — Bain)) > Y M7 a; — a;colf7

i=1
with M; defined in (9) and for the entropy functional F(a;) defined in (11).
Proof of proposition 4.1: We define ¢(a;) = a;Ina; — a; and rewrite

E(a;) — E(ai o) Z/azlna—ldaj—l—z ) —qlai)). (64)

=1
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Using the conservation laws (7), we define moreover
Qjk( Mk, @;) = q(a;) + q(Mjx — @) = Qjn(Mjx,ax) for aj,a, € [0, Mji],
and rewrite the second sum on the right-hand side of (64) as

4

D (gla) = qlaie) = Qin(Min, @) — Qin(Mik, aj00)

=1
+ Qe (M, @5r) — Qo (Mijige, aje o)
= Qir(Mjp,ax) — Qi(Mjr, aroo)
+ Qi (M @) — Qi (Mg, apr o) 5

with 7 # j' and j,j' € {1,3} and k& # k' and k, k' € {2,4}. Since the
derivatives Q% and Q% satisfy

Q' ( Mk, @) + Qo (Mg, @5r) = Q' (Mg, k) 4+ Qo (M, @pr) = 0,

and

_ 4 o 4
Q(Mjy, a;) > Moy Qu( My, @) > M

we Taylor-expand (64) (where the first order terms vanish due to a; — a; o =

a3 — (3,00 and T3 — a3 00 = Gg — G400, Tespectively) and get

4

Z(Q(Gi) —q(ai00)) = Z M a; — a0

Secondly, for the first term on the right-hand side of (64), we estimate with
the classical Cziszar-Kullback-Pinsker inequality (Cf. [Csi])

o 1
/ﬂ‘“lna:zdx > —lla; — @},

k3

for which moreover @; < M;. Alltogether, we obtain (by Young’s inequality
i — asoll? < V2l — @l + 2020 — )

24 lai — @il
E(a;) — E(a; ) > 7 “noolil
() = Ba )—izl 2V2M;
This ends the proof of proposition 4.1. O

We now are in a position to state the

17



Proposition 4.2 Let d; > 0 for 1 = 1,2,3,4 be strictly positive diffusion
rates. Let the initial data a;o be nonnegative functions of L*([0,1]) with
strictly positive masses M for (3,k) € ({1,3},{2,4}). Then, the unique
classical solution (t,x) — a;(t,x) to eq. (3) — (6) satisfies (for M; defined in
(9) and E in (11)) the decay (12), i.e.

cyt

4
Z M ai(t, ) = aioollis o) < 2V2(E(aio) — B(di)) €m0+,
=1

with a constant Cy which can be computed explicitly (Cf. appendiz 5).

Proof of proposition 4.2: Thanks to the entropy identity %E(ai) =
—D(a;), proposition 3.1 yields
d 4 mln{ 1 min{dl,dg,dg,d4}}7 (65)

“In(E(a;) - Eais)) > —,
g n(Ele) = Blaice)) 2 7o Co Cn P

where C13(t) = maxi—1,2,34{ ®(]|a: || ([0,4x[0,1])> Ti,00) } With @(z,y) defined in
(61) (this function is monotone increasing in x, Cf. [DF], lemma 2.1), and
C10, C11 and P defined in proposition 3.1.

Moreover, it is easy to see that for k > 1,

Eln(k) — (k—1) <\/E+1ln
WVk-1)?2 7 VE-1

Note that the factor (\/E—I— 1)/(\/%— 1) is strictly monotone decreasing in k.

Next, we know thanks to lemma 2.1 that |[a;||5e0,qx[0,1)) < Cs, (1+ t22_1)
Thus, in order to apply (66) with e.g. k> 2, we estimate ||a;||r([0,4x[0,1]) <
max{Cs;,2a; .} (1 + t%) so that

O(ky,y) = (k), Vk > 1. (66)

D(|las|| e (0,0 x[0,1])s Ciroo) < D <maX { O ,2} (1 + t22_1> ai,ooyai,oo>

a7 co

< gi (ln (max{fg’i ,2}) +1In (1 + t%>>

and therefore

Cra(t) < (\/E—I— 1)2 ( max {ln <08’2> ,ln‘Z} +In (1 + t22_1>> )
i=1,2.3,4 i oo

Next, we notice that

/T dt N 1 T
o max{ln % In2} +1In(1+¢7)  (max{ 2 1n2} + Z)In(e +7)’
| | (67)
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since both sides vanish at 7' = 0 and the time-derivatives of the left-hand
side can be estimated below by

1 1 1
>
%ot In2) + Zin(e+T)  (max{ %o 1n2} + ) In(e +7)

a a5 00

~ max{ln

1 1 T 1
> 1 ,
(max{fsyi ,In2} 4+ 2y In(e +7) ( e+ Tln(e+ T))
which is the time-derivative of the right-hand side of (67).

Finally, estimate (12) follows from integrating (65) on [0,7] and the
Cziszar-Kullback type proposition 4.1. O

We now present the proof of theorem 1.1, which is based on interpola-
tion properties, and a second application of the entropy/entropy-dissipation
estimate (proposition 3.1).

Proof of theorem 1.1: To establish an H' bound on the solution of eq.
(3) — (6), proposition 2.1 and (14) yield

. 21
Ttel[%fT] 102ail| 720,17y < 11006l L2 (o 11x70,17) < 4C7a,i Cs,i (1 + 7> > ;

for all 7' > 0. Since the function (T_1 + T%) assumes its minimum value at
time T' = (2/19)%/2!, there exists a time 7 € [0, (2/19)*?'] when

19
1

21 2\
()12, SACLiCsi 5 (79 -
195ai(T) [ Z2 (o) < 4C4i Csi 5 (19)

Next, multiplying eq. (3) formally with 0,,a; yields with Young’s inequality

d [t 1 1 1
%/0 |8za2-|2d$—|—di/0 (8ma2-)2 dx < I, Halag—a2a4]\%z([071])—l-di/o (azzai)Q dz .

We integrate over a time interval T > (2/19)%/2' > 7 this formula and obtain

1

Hazai(T)H%%[o,u) < Haxai(T)H%z([og]) + 4—diHa133 - CL2@4H%2([0,T]><[0,1])-

Using the bound (22), i.e. |laias — aza4||r2(0,17x[0,1]) < Zle Cles (1 + le_g),
we obtain

102ai(T)| 720y < Caz (L+T%)  for T > (2/19)**, (68)
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with the constant C}7 given in the appendix 5. This formal argument can be
made rigorous by approximations of the solution (see e.g. [MP]).

Next, we use (see e.g. [Tay]) the Gagliardo-Nirenberg-Moser interpolation
inequality

1 1

laillz< o)y < G0, N1 Oaill Lz o, il 22 0,17y - (69)

Then, interpolating the almost exponentially decaying L' norm of proposition
4.2 for T > (2/19)*?' > 7, we get

lai(T)|| Lo (o)) < Gioo + [|@i — @ico|lnoqo,1]) < @ipoo +
1 1 1

10 W00 — 1) oyl — s goplos — a5 sy < Ci

where (68), proposition 2.1 and proposition 4.2 lead to the constants Ci3;

given by (74) in appendix 5. Moreover, for 0 < 7 < (2/19)%/2!, the L*

bound of theorem 1.1, i.e. the value of Cy; (70) follows from proposition 2.1.

Finally, using this global L*> bound, the right-hand side of (65) is bounded

below by a constant and the exponential decay stated in the theorem can be
obtained by the standard Gronwall’s lemma. W

5 Appendix

In order to convince the reader that all constants in this work are explictly
computable, we provide the following formulas:

Lemma 5.1 (Ezplicit constants)
A mind L min{d; ,dp,dg, d4}}

Cl _ Cio’ P[0, 1]
)
(V2+1)2 (maxz 1234{ s JIn 2}-1— )

cus{ B SHET ()
Cs = (mlrjé‘?{;gzﬁfji)}}) o Cei=2M;(M; + Cy),
0 = T ()T ()T ()T g () )
Csi = |laioll Loy +3Cr Yimy Clss, (72)
Cy = Hma}j; :%J} + <A§m + Azloo) Lot OOF e a)) (73)

Ciay = oo + G(Q) O CF, (z Mi(E(a;0) — E(am))) 350, (T4)

20



59 % : min c; mmC{dlj—'fb[odf] d4}}
014 = 8sup (1 —+ t?) exp | — 10 11
€[0,00) D oz (e [ Tey) )

i=1,2,3,4 | %i,00

\2

Cis = Xy (lacollz=pon + 507 Xisy Cei) (75)

Che,i = ||aipll Lo +3C7 Cis (76)

Cir = 401 G2 (B)™ + 2 (D C) (77)

where M; is defined in (9), Cy; is given in (14), Cyo is defined in (38) (de-
pending on Co given in (73)), Cy1 is defined in (39), Cis in (75)), Cie;
in (76), and the function ® is given in (61). Moreover, P(]0,1]) denotes

the Poincaré constant of [0, 1] and G([0,1]) denotes the Gagliardo-Nirenberg-
Moser constant in (69).

We also provide a short proof of lemma 2.3 for the sake of completeness.

Proof of lemma 2.3: The proof uses Fourier series, which simplify when
(18) is mirrored evenly around x = 0, i.e. when the functions are extended

like
. _Joa(t,z) zel0,1],
at,z) = { a(t,—z) x€[-1,0], (78)

and when ¢ and dy are defined analogously. Then, the eigenvalue-problem
Grz = A@ on [—1, 1] with homogeneous Neumann boundary and periodicity
conditions is satisfied by the eigenvalue-eigenfunction pairs

(A, @r()) = (—(km)?, cos(kmz)) for k=0,1,2,...
and yields the Fourier representation
= [1, doly) dy+22e“da (flao dy)m()

+ Jo [2y d(s,y) dyds + 2 Z Jy eMetalt=2) (fl g(s,y)@rly )dy> ds or(x)(79)

Thanks to Poisson’s summation formula, we can write down

. . 0 _2k+z—y2
a(t,w)Zﬁf_llao(y)k_E e dy (80)
b (s y) Y e S dyds.

2ﬁ 0=t k:—oo\/m



This yields the estimate

a2 o, 11 [=1,17) < THGO* SNz qorx=1,17)
"’ﬁ |G *t0 S L7([0,T]x[~1,1]) * (81)
(2k+ )2

where S(t,2):=> 1. %6_ 1.t satisfies (for g € [1,3))

a

1St Moy =2vr, IS rx-1.1) < Cr (1 4 Tg+5> L (82)
The second formula of (82) can be obtained by using (when n # 0)
(2n—|—x)2 >2n+z|>2n—1

in order to estimate

S Lago,11x(-1,1)) <

22 > n—
(dat)_% (e_m +2 Z e_ﬁ>
n=1

La([0,T]x[-1,1])

H (dat) -1 ( 1/4dat —1/4da)

H(d t) 3 e —3dgt

La([o,T]x[-1,1])

g(/o (dt)""?2/7 p 2\/_ dt) +4(/ |(dat)1/2|th>l/q

Returning to (81), we can estimate each term in the right-hand side in
order to obtain lemma 2.3, the fourth term being the most difficult. In
order to treat it, we apply Young’s inequality ||§ * S||zr < ||g]|z#||S]|ze for

% +1= zla + % and estimate (82) for ||.S]|ps. O
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