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Abstract

The problem of turbulence is one of the central problems in theoretical physics. While the theory of fully
developed turbulence has been widely studied, the theory of wave turbulence has been less studied, partly
because it developed later. Wave turbulence takes place in physical systems of nonlinear dispersive waves. In
most applications nonlinearity is small and dispersive wave interactions are weak. The weak turbulence theory
is a method for a statistical description of weakly nonlinear interacting waves with random phases. It is not
surprising that the theory of weak wave turbulence began to develop in connection with some problems of
plasma physics as well as of wind waves. The present review is restricted to one-dimensional wave turbulence,
essentially because finer computational grids can be used in numerical computations.

Most of the review is devoted to wave turbulence in various wave equations, and in particular in a simple
one-dimensional model of wave turbulence introduced by Majda, McLaughlin and Tabak in 1997. All the
considered equations are model equations, but consequences on physical systems such as ocean waves are
discussed as well. The main conclusion is that the range in which the theory of pure weak turbulence is valid
is narrow. In general, wave turbulence is not completely weak. Together with the weak turbulence component,
it can include coherent structures, such as solitons, quasisolitons, collapses or broad collapses. As a result,
weak and strong turbulence coexist. In situations where coherent structures cannot develop, weak turbulence
dominates.

Even though this is primarily a review paper, new results are presented as well, especially on self-organized
criticality and on quasisolitonic turbulence.
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1. Introduction

The problem of turbulence is one of the main problems in theoretical physics. While the theory of
fully developed turbulence has been widely studied (see the pioneer work of Kolmogorov [54] and
the book [34] for a review on fully developed turbulence), the theory of wave turbulence has been
less studied, partly because it developed later. Wave turbulence takes place in physical systems of
nonlinear dispersive waves. The energy transfer between waves occurs mostly among resonant sets
of waves. Wave turbulence is a very common natural phenomenon. Here is a partial list of physi-
cal situations where wave turbulence is realized: capillary waves [79,42,87,14—17], plasmas with or
without magnetic field [52,64,63], magnetohydrodynamics [78,35-37],' superfluid helium and pro-
cesses of Bose—Einstein condensation [53,59,65], nonlinear optics [26], acoustic waves (compressible
fluid for which the flow is potential and constitutes a set of interacting sound waves) [100]. Wave
turbulence plays an important role in physical oceanography and in the physics of the atmosphere
[2-4], where waves of different types and different scales are excited. These are capillary and gravity
waves on the ocean surface, internal waves inside the ocean, Rossby and inertial gravity waves in
the ocean and in the atmosphere.

In most of these examples, nonlinearity is small and wave interactions are weak. Then wave
interactions can be described by one or several kinetic equations for averaged squared wave ampli-
tudes. The initial work on wave turbulence was done by Hasselmann [39], who developed four-wave
equations for water waves. The three-wave equations appeared at the same time in plasma physics.
Soon after that, the four-wave equations also appeared in plasma physics. These early achievements
of plasma physicists are summarized in the monograph by Kadomtsev [49,50]. Later Benney and

!'Strictly speaking, Alfvén waves from incompressible magnetohydrodynamics are nondispersive waves, but this does
not prevent a weak turbulence theory to be developed.
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Saffman [8] as well as Benney and Newell [9] also introduced the statistical closures based on the
resonant wave interactions. The resulting kinetic equations have families of exact Kolmogorov type
solutions. These solutions were found by one of the authors of this article (V.E. Zakharov) in the
mid 1960s, first in the context of weak turbulence in plasmas [88], then in the context of surface
waves [94,95]. Following Balk [1], we will call them Kolmogorov—Zakharov spectra (KZ spectra).
KZ spectra describe the transport of integrals of motion (energy, wave action, momentum) to the
regions of small or large scales. In our opinion KZ spectra play a central role in wave turbulence.
There is strong experimental evidence in support of this point of view. KZ spectra for capillary
wave turbulence were observed independently in three laboratories (at the Physics Department of
the University of California, Los Angeles [87], at the Niels Bohr Institute, Denmark [79,42] and
at the Institute of Solid State Physics, Russia [14—-17]). High-frequency tails of wind-driven gravity
waves are perfectly described by the spectrum E(w) ~ w~* [94], which is a KZ solution to the
kinetic equation with constant energy flux [43,44,71,82,51]. Here, w denotes the frequency while E
denotes the spectral density (in frequency space) of the free-surface elevation. Recently, comparisons
were performed between the universally observed Garrett—Munk spectrum of internal waves and the
corresponding KZ spectrum [58]: both spectra look quite similar.

KZ spectra have been obtained in several numerical simulations of the time-dependent behavior
of solutions to the kinetic equations [76]. Moreover, the theory of KZ spectra looks elegant and
self-contained. Therefore this theory should not be left aside. But further developments and justifi-
cation are needed to strengthen it. In fact the validity of the kinetic wave equation, even in the limit
of small nonlinearity, should be investigated more carefully. The derivation of the kinetic equation
is based on the assumption of phase randomness, which means that the statistics of a wave ensemble
is as close to Gaussian as possible. This is a very strong assumption which needs stronger founda-
tions. Doubts in the universal applicability of the weak turbulence (WT) scenario of wave turbulence
appeared with the results of Majda, McLaughlin and Tabak (MMT) [61], who performed massive
numerical computations on a one-dimensional model of wave interactions (MMT model) and found
in some cases spectra which were different from the KZ spectra of weak turbulence (see also the
additional numerical computations in [18-20], as well as the computations on a Benney—Luke-type
equation in [10]). The introduction of the MMT model was a crucial step in understanding wave
turbulence.

In our opinion, the results of the MMT group can be explained by the interference of coherent
nonlinear structures. In general, wave turbulence is not completely weak. Together with the weak
turbulence component, it can include coherent structures. Inside such structures, the phase correlation
is very strong. The presence of the coherent component violates to some extent the assumption of
phase randomness and can lead to deviations of spectra from the KZ form. The dynamic breakdown
of the weak turbulence approximation by intermittent events associated with nonlinear coherent
structures was recently addressed in [11,12].

The theory of possible coherent structures is far from being complete. So far only three types of
coherent structures have been studied properly—solitons, quasisolitons and collapses [96,97]. In this
report we display one more type of coherent structure, the so-called ‘broad collapse’, which was
observed in numerical solutions to the ‘negative’ (focusing) MMT model.

The coherent structures that have received the most attention are the stable solitons. In a few
integrable models, such as the nonlinear Schrodinger (NLS) equation or the sine-Gordon equation,
they interact elastically and their amplitudes do not change after collision. In general solitons interact
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inelastically, thus showing a tendency to merge and form a rare gas of solitons of high amplitude.
This gas can be called ‘solitonic turbulence’. In reality solitonic turbulence is always mixed with
weak turbulence, which carries away what is left after soliton collisions.

Wave collapses are nonstationary localized coherent structures, which lead to the formation of
point singularities. Often (but not always) collapses appear as a result of the instability of solitons.
Both the merging of solitons and the formation of singularities are mechanisms of energy transport
to large wave numbers, which compete with the weakly turbulent Kolmogorov cascade of energy.

Quasisolitons are in fact ‘envelope solitons’, which can exist when ‘true’ solitons cannot be
formed. They live only for a finite time and can be compared with unstable particles in nuclear
physics. We believe that they play an important role in wave turbulence. Quasisolitons collide,
elastically or not, merge and create ‘quasisolitonic turbulence’. Quasisolitons of high amplitude
can be unstable and lead to singularity formation. Again, the collision, merging and collapse of
quasisolitons provide a mechanism of direct cascade of energy, which is quite different from the
weakly turbulent Kolmogorov cascade.

In our opinion, the results of the MMT numerical experiments might be explained by the formation
of quasisolitonic turbulence. One of the remarkable aspects of the MMT paper [61] is that it attracted
attention to the numerical simulation of wave turbulence in one-dimensional models. The idea that
the basic conclusions of weak turbulence theory should be examined by direct numerical simulations
of the primitive equations is not new. Massive numerical simulations of the two-dimensional nonlin-
ear Schrodinger equation were done in 1992 [26]. Four years later, direct numerical simulations of
capillary wave turbulence were successfully performed [75] (see also [77,27] for more recent com-
putations). Successful numerical experiments on two-dimensional gravity waves were also performed
[68,28,29,80] (see also [33] for computations on a modified nonlinear Schrédinger equation and [47]
for computations on the Zakharov equations). All these experiments support weak-turbulence theory
in two dimensions.

Nevertheless, numerical simulations of wave turbulence in one-dimensional (1D) primitive equa-
tions are very important. In 1D computations, one can use much more modes than in two dimensions.
Typically two-dimensional experiments are performed on a mesh with 256 x 256 modes. In 1D, 10*
is typical for the number of modes in the computational grid. It is possible to have a much wider
inertial range (two decades for example) and to perform a careful measurement of the basic statis-
tical features of a wave field, including frequency spreading of spectra, cumulants and higher-order
moments. In addition, in the 1D case, coherent structures play a more important role than in higher
dimensions. The study of solitonic or quasisolitonic turbulence as well as the study of the turbulence
created by wave collapses are interesting problems. One should not think that 1D wave turbulence is
a subject of pure academic interest. In many real situations the turbulence is almost one dimensional.
This is especially true for wind-driven gravity waves. Their energy spectra are usually pretty narrow.
One can say that they are ‘quasi-one-dimensional’.

Coherent structures lead to some effects that are important from a practical point of view. In the
ocean, the formation of ‘freak’ or ‘rogue’ waves of very large amplitude and steepness can apparently
be explained by the existence of coherent structures [67]. Real freak waves are not one-dimensional
but a careful study of the one-dimensional limit is essential.

In this report we gather the main results obtained in direct numerical simulations of one-
dimensional wave turbulence. An essential part of the results is new and has not been published
before. Hence this paper is a combination of original and review material.



V. Zakharov et al. | Physics Reports 398 (2004) 1-65 5

A large part of the report is devoted to various versions of the MMT model and some of its
generalizations. However, consequences on physical systems such as ocean waves are discussed
as well.

The report is organized as follows. Section 2 provides an overview of the weak turbulence theory
in the framework of the MMT model. In Section 3, the difference between solitons and quasisolitons
is explained. Section 4 gives a description of coherent structures—solitons and collapses—in the
‘negative’ (self-focusing) MMT model. In Section 5, we describe quasisolitons in the ‘positive’
(defocusing) MMT model. In Section 6, the tools used for the numerical integration of the model and
its generalizations are briefly described. Section 7 presents numerical simulations in the framework
of the focusing MMT model. We observe wave collapses on the weakly turbulent background and
discuss their role in energy transport. Section 8 provides again a discussion on the focusing MMT
model when the background state is unstable. In this case, the development of wave turbulence leads
to ‘self-organized criticality’, that is relaxation oscillations of wave energy. The numerical simulations
of wave turbulence in the defocusing MMT model are discussed in Section 9. The spectrum of wave
turbulence is well described by the MMT spectrum, first introduced in [61] and revisited in [96].
Section 10 is devoted to the description of quasisolitonic turbulence in the defocusing MMT model.
With some caution, one may believe that in this case the MMT model can be used for the study
of one-dimensional gravity wave turbulence. In Sections 11 and 12, generalizations of the MMT
model are studied. First (Section 11), we study a defocusing model including two types of waves,
in the case where both quasisolitons and solitons are forbidden. Then (Section 12), we discuss a
generalized MMT model including not only 2 — 2 interacting waves, but also 1 — 3 interacting
waves. The notation m — n is used to describe the scattering process of m waves into n waves.
In these two cases, the applicability of the theory of weak turbulence and the formation as well as
the universality of the KZ spectra are demonstrated. Section 13 is devoted to one-dimensional wave
turbulence on the surface of a deep fluid layer. The relevance of the MMT model for the description
of water waves is discussed. In Section 14, we go beyond the scope of the report by presenting
some ideas on what is beyond weak turbulence. Section 15 provides a conclusion. Details on water
waves (governing equations, Hamiltonian formulation, spectra) are summarized in Appendix B.

2. Weak turbulence in the Majda—McLaughlin—-Tabak (MMT) model equation

Most of the results presented in this review paper are based on the family of dynamical equations

* B4 a1 o (ke
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ig = W v, i==+1, (2.1)
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where Y(x,t) denotes a complex wave field. The real parameter o controls dispersion while the real
parameter f§ controls nonlinearity. The fractional derivative |0/0x|* is formally defined in Appendix
A. Its interpretation in Fourier space is clear: the Fourier transform of [0/dx|™ simply is |k|™x,
where tﬁk denotes the Fourier transform of . The nonlinear Schrodinger equation is a special case
of Eq. (2.1) with « =2, B =0, if one recognizes that |0/0x|> = —0?/0x%. The two-parameter family
of dispersive wave equations (2.1) was first introduced in [61] with 4 =1 (defocusing model). This
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one-dimensional model has resonant quartets for o < 1, and an exactly solvable weak turbulence
theory with explicit dependence of the predicted wave number spectra on the parameters o and f.
Our parameter f is the opposite of the parameter f in the original paper by MMT. The extension
A==1 in Eq. (2.1) was first treated independently in [18] and [38]. This extension is nontrivial
because the balance between nonlinear and dispersive effects may change according to the sign
of /.
System (2.1) is a Hamiltonian system with Hamiltonian

5 2 B4
/|l |l

where E is the part of the Hamiltonian corresponding to the linearization of Eq. (2.1). The level of
nonlinearity €, defined as the ratio of the nonlinear part Hyyp to the linear part £ of the Hamiltonian,
ie.

2 4
H=F+ HnL = lp dx +*/L lp dx, (22)

_Ha

=
will be useful later on to monitor the level of turbulence. Besides the Hamiltonian, system (2.1)
preserves two other integrals of rnotion' wave action and momentum, respectively

(2.3)

N = /|1M2dx and M—f / ll/aw _ W dx , (2.4)
2 Ox Ox
where (x) stands for complex conjugation. In Fourier space, Eq. (2.1) becomes
éptk = w(k )Wy + )L/T123klpllﬁ2lﬁ35(k1 +ky — k3 —k)dk dkrydks (2.5)
where

~ 1 o0 .
() = — / Y(x,t)e ™ dx, keR.
2n J_o
The inverse Fourier transform gives
o
Y, 1) :/ (e dk, xeR.
—00

In the form (2.5), the MMT model looks like the one-dimensional Zakharov’s equation determined
by the linear dispersion relation

o(k)=k]*, a«>0, (2.6)
and the simple interaction coefficient
Tiose = T(ky ko, ks k) = [kikoksk [P (2.7)
In Fourier space, the Hamiltonian reads
. 1 A a o n
H = /co(k)|l//k|2 dk + > i/TlBklpuﬁzl[/;l//Z olky +hky — ks —k)dkydky dks dk (2.8)
and Eq. (2.5) can be rewritten as
0 oH
(e _ (2.9)

ooy
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Table 1
Various shorthand notations for the interaction coefficient 7'(k1, k2, k3, k)

Notation T3k Tok To Rik,

Meaning T(k],kz,k3,k) T(ko,k, k(),k) T(ko,ko,k(),ko) T(k, 2k() — k, k(),k())

The integrals of motion N (wave action) and M (momentum) become
N:/w}kyzdk and M:/kw}kyzdk. (2.10)

One easily sees that the kernel 7,3, possesses the symmetry associated with the fact that Eq. (2.1)
is Hamiltonian:

T23r = To13r = Thaxs = Tr12 - (2.11)

The last equality comes from the fact that the Hamiltonian is real. Moreover, the absolute values
in Egs. (2.6) and (2.7) ensure the basic assumptions of isotropy and scale invariance. In other
words, w(k) and Ti,3; are invariant with respect to the symmetry & — —k (which is equivalent to
rotation invariance in higher dimensions) and they are homogeneous functions of their arguments
with degrees o and f§ respectively, i.e.

(k) = &o(k),  T(Ek, ha, Ehs, Ek) = T, ko, ks, k), € >0 . (2.12)

When some of the wave numbers appearing in the interaction coefficient T'(ky, ks, k3, k) are equal,
a shorthand notation is introduced and summarized in Table 1.

Following MMT, we fix oz:% by analogy with deep-water gravity waves whose dispersion relation
is w(k)=(g|k|)"/?, g being the acceleration due to gravity. Appendix B provides some essential results
on gravity waves. The power f takes the value 3 if the analogy between water waves and the MMT
model is extended to the nonlinear term. Most of the new results presented in this paper are for the
case f = 3. In order to make the comparison with hydrodynamics more visible, we introduce the
variable 2

n(x,t) = /_Oo e“‘"\/?(nﬁk + ) dk . (2.13)

In the theory of surface waves, formula (2.13) gives a connection between the complex normal
amplitude y; and the shape of the free surface 5(x,¢). Another useful variable is [(x,?)|>. Note that
Willemsen [85,86] introduced an alternative toy model to mimic water waves in deep water.

Eq. (2.5) describes four-wave interaction processes obeying the resonant conditions

ki +hky=k +k, (2.14)
o+ =w;+o. (2.15)

2In order to make n(x,7) the real shape of the free surface in the water-wave problem, Eq. (2.13) should read
nx,t) = [~ B S on2) Wk + ) dk. For simplicity, we keep (2.13) for the definition of . It is important to

e
— 00
use the proper definition of # only when comparing with experiments.
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Fig. 1. Nontrivial solutions (2.16) to the four-wave resonance condition, k1 + k» = k3 + k, w1 + w2 = w3 + , for the
dispersion relation w(k) = |k|"?.

When three-wave decay processes are not allowed, the terminology nondecay case is sometimes
used. The four-wave interaction described by (2.14) and (2.15) is called 2 — 2 interacting waves.
In Section 12, we discuss an extension including also 1 — 3 interacting waves. For o« > 1, Egs.
(2.14) and (2.15) only have the trivial solution k3 = ki, k =k, or ks = ky, k = k. For o < 1 there
are also nontrivial solutions. In this case the signs of the wave numbers cannot be all the same.
For instance, &k < 0 and &y, k3, k > 0. If = %, nontrivial solutions to Egs. (2.14) and (2.15) can be
parametrized by two parameters 4 and & > 0:

ki = A28, ky=AA+E+ ), k=42 1+ &P, k=41 + &7~ (2.16)

Plots of k/A%, k;/A%, i =1,2,3, versus ¢ are shown in Fig. 1. R
The dynamic equation (2.5) describes the time evolution of y(¢) = |lﬁk(t)|ei"’(k’t), i.e. of the
wave amplitude |lﬁk(t)| and its phase ¢(k, ). For weak nonlinearities and a large number of excited
waves, such a description is in general highly redundant: it includes the slow evolution of amplitudes
(constant in the linear approximation) and the fast but uninteresting phase dynamics ¢(k,¢) ~ —w(k)t

which leaves the amplitude evolution virtually unaffected. This redundancy is eliminated by the
transition from the dynamic description of a wave system of | (¢)| and ¢(k,¢) to the statistical

one in terms of the correlation functions of the field lﬁk(t). The two-point correlation function is
defined by

(O (1)) = n(k, )k — k')

where brackets denote ensemble averaging. The function n(k,¢) can be interpreted as the spectral
density (in k-space) of the wave field :

/W(x,t)]zdx:/n(k,t)dk:N . (2.17)

Recall that the definition of N was given in (2.4). Below, we will also use the function e(k,¢) =
w(k)n(k,t), which can be interpreted as the spectral density (in k-space) of the free-surface elevation:

/|17(x,t)]2dx:/e(k,t)dk:E. (2.18)
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These two equations can be interpreted in frequency space. Let
N(w, ) =n(k(w),t) % and E(w,t)=oN(w,t) .
Then
N—/N(a))dw and E—/E(a))da).
We also introduce the four-wave correlation function

(Wi O (O (OW(0)) = Trasedlr + Fa — by — k) (2.19)

On this basis, WT theory leads to the kinetic equation for n(k,¢) and provides tools for finding
stationary power-law solutions. The main steps of the procedure applied to model (2.1) are reviewed
below. As said in the introduction, the derivation of the kinetic equation is based on the assumption
of phase randomness.

The starting point is the original equation for n(k,¢). The notation ni(¢t) = n(k,t) is introduced.
From Eq. (2.5), we have

% =21 / ImJ123kT123k5(k1 + kz — k3 — k) dkl dk2 dk3 . (220)
Due to the quasi-Gaussian random phase approximation
ReJiozx = mnp[0(ky — k3) + o(ki — k)] . (2.21)

The imaginary part of Jj,3; can be found through an approximate solution to the equation imposed
on this correlator. The result is (see for example [98])

Im Jyo3; = 27AT10300(w1 + @y — w3 — w)(nynyns + nyngng — nynzng — nonsng) . (2.22)

This gives the kinetic wave equation

al’lk
2
— =4n | T (ninans + nyngng — nynzng — nansny)

ot
><5(U)1 + Wy — w3 — CO)(S(kl +bky — ks —k)dkydkydks . (2.23)

An analogy with the quantum kinetic equation is given in [98], Section 2.1.6.3

It is clear that the WT approach is independent on 4. It should be pointed out that in Eq. (3.9) of
[61], which is the equivalent of Eq. (2.23), the 12% factor should read 47 and that the negative sign
in the right hand side of Eq. (2.23) should be a positive sign. This sign is particularly important
when determining the fluxes of wave action and energy.

3 The kinetic wave equation is sometimes called Boltzmann’s equation. This terminology is, in fact, misleading because
the kinetic wave equation and Boltzmann’s equation are the opposite limiting cases of a more general kinetic equation
for particles which obey Bose—Einstein statistics like photons in stellar atmospheres or phonons in liquid helium. It was
first derived by Nordheim in 1928 [66] in the context of a Bose gas (see [48] for a review) and by Peierls in 1929
[70] in the context of thermal conduction in crystals. In spite of the fact that the kinetic wave equation and Boltzmann’s
equation can both be derived from the quantum kinetic equation, the kinetic wave equation was derived independently and
almost simultaneously in plasma physics and for surface waves on deep water. This was done in the early 1960s while
Boltzmann’s equation was derived in the 19th century! The derivation for surface waves is due to Hasselmann [39-41].
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The next step consists in averaging over the sign of the wave numbers (this is the one-dimensional
equivalent of angle averaging in higher dimensions). One gets

aN(w) B2— oH—l
/(0)1602(030))

(nynan3 4 nynayng, — nin3ng, — Nan3ng, )

X + wy — w3 — ) {5(w1/0 + o) — ol + ')

1/o

l/oc ;/oc + w;/zx o wl/a) + 5(@}/% N w;/% o a)l/x)

+ (o,
_a 1/a Vo /o .
+ 0(—w," + )" — wy ') doydwrydw;, ;>0 (2.24)

where n,, stands for n(k(w)).
The next step consists in inserting the power-law ansatz

nw)~w ", (2.25)

and then performing the Zakharov’s conformal transformations [61,26,98]. Finally, the kinetic
equation becomes

% ~o 7 (wpy), (2.26)

where

I(o, B,y) = % /(515253)/3/2“1/&17(1 +8-E-8E)(1+&-¢& —&)

XOET+EHE D+ & - & - E)dE dE dé (2.27)
with

2
A={0<& <1,0<&H<LE+E>1) and y=3y+1- 213

The dimensionless integral (o, f5,7) is obtained by using the change of variables w; — w¢;
(j=12,3).

Ansatz (2.25) makes sense if the integral in (2.24) converges. It could diverge both at low and
high frequencies. The condition of convergence at low frequencies coincides with the condition of
convergence of the integral in (2.27) and can be easily found. It reads

4
2y < — 1+ pra (2.28)
o

The condition of convergence at high frequencies can be found after substituting (2.25) into (2.24).
Omitting the details, we get the result
p+o—1

y> 2T (2.29)
o

The combination of both conditions implies that  must be less than 3(2 — «). In all the cases
discussed in this article, both conditions (2.28) and (2.29) are satisfied. Recall that it is assumed
that « < 1, otherwise the kinetic equation (2.24) does not hold and should be replaced by the
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six-wave kinetic equation. The nonlinear Schrodinger equation (=0, =2) is an integrable system,
and the theory of weak turbulence is not applicable in this case to any order of nonlinearity.
For the case o = %, one can transform Eq. (2.24) into the form

ON
a(t“’) = 64n* FI(S) + 85 + S5+ S4) (2.30)
The four integrals S, S,,S; and S4 are given below, with the use of the shorthand notation
y 14u y u u(l 4+ u)
=7, P — s Uy = B
"l ut 2 YTl ur? T lrut?

1
S =2 / ul Pul B Ul n(uow)n(uy 0)n(urm) 4 n(o)n(uew)n(uyo)
0

— n(o)n(ugw)n(u;w) — n(w)n(uyw)n(uyw)] du ,

1
S, :/ ug+2u1_3ﬂ_2ug_l [n(ul_lco)n(u]_luzw)n(uoul_la)) + n(a))n(ul_luzcu)n(uoul_la))
0

—n(co)n(uflw)n(uouflw) — n(a))n(uflco)n(ufluza))] du ,

1
S3 :/ uO_Sﬁ_3ulf+2ug [n(ua))n(uo_la))n(uo_lulw) + n(w)n(uo_lw)n(uo_lula))
0

—n(w)n(uw)n(ualw) — n(w)n(uw)n(ualulw)] du ,

1
Sy :/ ug+2uf+lu;3ﬁ74 [n(u_lw)n(uglw)n(uluglw) + n(w)n(u;lw)n(uluglw)
0

—n(a))n(u_lco)n(uluglw) — n(a))n(u_]a))n(u{lw)] du .

Note that there are some typos in the expression of S; in [96]. Eq. (2.30) can be used for the
numerical simulation of weak turbulence.

Next, one looks for stationary solutions to the kinetic equation. From Egs. (2.26) and (2.27) one
easily finds that the stationarity condition

ON(w)
o

is satisfied only for y=0,1 and y =0, 1.
The case y = 0 represents the thermodynamic equilibrium solution

0 & I(apy)=0 (2.31)

n(w)=c, (2.32)
where ¢ is an arbitrary constant, while the case y =1 represents the equilibrium solution

nw)~o "=k, (2.33)
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which stems from the more general Rayleigh—Jeans distribution
Cl

o+o

nri(w) = (2.34)

Solutions (2.32) and (2.33) correspond, respectively, to the equipartition of wave action N and
quadratic energy FE,

N:/n(k)dk:/N(w)dw : (2.35)
E:/co(k)n(k)dk:/a)N(w)dw : (2.36)

In particle physics, the quantity which plays the role of wave action is the number of particles. These
equilibrium solutions are not what we are looking for, since we are interested in open systems, where
energy is pumped into the system and then dissipated, through viscous damping or wave breaking.
What we are looking for are stationary nonequilibrium distributions. The cases y = 0,1 give the
nonequilibrium Kolmogorov-type solutions, respectively

l’l(U)) ~ w—2[3/31—1/%+1/3 — |k|—2/3/3—1+36/3 (237)
and
}’l((,{)) ~ w*Zﬁ/&t*l/a — |k|72[f/371 , (238)

which exhibit dependence on the parameter § of the interaction coefficient. Realistic sea spectra are
of Kolmogorov type by analogy [43,44,71,82,51].

For the case o = % and f§ =0, the Kolmogorov-type solutions are

n(w) ~ o> = k|7, (2.39)

nw)~w =k ". (2.40)

Both exponents satisfy the conditions of locality (2.28)—(2.29).
The stationary nonequilibrium states are related to fluxes of integrals of motion, namely the quan-
tities N (2.17) and E (2.18). The fluxes of wave action and quadratic energy are defined as

_ ["ON@) .,
O(w) = /0 5 do' , (2.41)
P(o) = — /O o' aNa(tw)dw’. (2.42)

In fact, flux (2.42) is not an ‘exact’ flux of energy. Eq. (2.42) is valid only in the case of weak
nonlinearity. The more general case will be discussed later on. Solution (2.37), resp. (2.38), is
associated with a constant mean flux Qp, resp. Py, of wave action, resp. quadratic energy. Let
us now mention a physical argument which plays a crucial role in deciding the realizability of
Kolmogorov-type spectra (a more detailed justification is provided at the end of the section—see
also [61,98]). Suppose that pumping is performed at some frequencies around w = w, and damping
at w near zero and w>w,. The weak turbulence theory states that the energy is expected to flow
from wy to higher frequencies (direct cascade with Py > 0) while the wave action mainly flows
to lower frequencies (inverse cascade with Oy < 0). Accordingly, we need to evaluate the fluxes
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Table 2
Signs of the fluxes of wave action and quadratic energy for the Kolmogorov-type solutions to the model system (2.1)
with dispersion relation o = |k|"?

B -1 —5 -3 -3 0 3
) 1 2 1 4 s i
/0 3 3 3 3 3
Sign of Qo + + 0 — — —
7P 2 1 3 3 2 6
Sign of Py — 0 + + + +

in order to select, among the rich family of power laws (2.37) and (2.38), those that are likely to
result from numerical simulations of Eq. (2.1) with damping and forcing.

By inserting Eq. (2.26) into Egs. (2.41) and (2.42), we obtain
—y+l

-y
0o o lim 21, Py oc lim I, (2.43)
y—0 y y—1 y— 1

which become

QO oC g , 0 oC ﬂ (244)
Using Eq. (2.27), the derivatives in Eq. (2.44) can be expressed as
of . .
- o —[seamarg-g-miasa-a-a)
Yiy=0 A
i (S2) a4 4 &7 - D et
of Y g gy
P (€16, G +G - —G)o(l+G -4 — &)
X(GIngG —&Ing — & ENsE” + & + &7 - 1)dé d& dé
with
4n e
5(51,52,53):y(élfzfs)ﬁ/zaﬂ/a .
The sign of each integral above is determined by the factor (see [26])
f=1+&-6-&.
It is found that f(y) is positive when
Pp<0 or y>1. (2.45)

For the same values of f as those considered by MMT and the additional value f = 3,
Table 2 displays the corresponding frequency slopes from Egs. (2.37), (2.38) and the signs of
0Qo, Py according to criterion (2.45).

Our calculations show that the WT theory should work most successfully for f =0 (instead of
p = —1 in [61]). They yield both Oy <0 and Py > 0. Incidentally, MMT reported the smallest
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difference between numerics and theory for ff = 0. The cases with spectral slopes smaller than
the Rayleigh—Jeans distribution (i.e. y < 1) are nonphysical. At best, a thermodynamic equilibrium
is expected in the conservative regime. Hence, we cannot strictly rely on the Kolmogorov-type
1

exponents for f=—1, — % to compare with the numerical results in forced regimes. The case f=— 3

is a critical case. There is a ‘regular’ WT theory only for f§ > — % At f=— %, although we find
Py >0, a pure thermodynamic equilibrium state (i.e. y = 1) is predicted instead of the inverse
cascade. This is however not valid because of the necessity for a finite flux of wave action towards
w = 0. The direct cascade may then be influenced one way or another, and the theory may not be
applicable to the whole spectrum. Using condition (2.45), we deduce that the fluxes of wave action
and energy simultaneously have the correct signs in the region of parameter

p<—32 and B>20- 32, (2.46)

or

ﬂ<—% and [3>—% ifoc:%. (2.47)

Since the strength of the nonlinearity increases with f3, the case ff < — %, which is close to a linear

problem, is not interesting from a general point of view and may raise some difficulties in numerical
studies.

Restricting again to o = % and § =0, one has for the spectrum
n(w)=aPPw?, (2.48)
where P is the flux of energy towards high frequencies, and
o]\
a=| — (2.49)
) -
is the Kolmogorov constant. Numerical calculations give
a=0.376 . (2.50)

It is interesting that in this case the link between the spectral density n(k) of the wave field and the
spectral density E(w) of the free-surface elevation,

E(w)dw = wyn(k)dk ,

leads to E ~ constant. This is not the equipartition. In comparison, one has for the Rayleigh—Jeans
spectrum n(k) ~ 1/w, or E ~ w. This is the real equipartition.
The general turbulent solution to the kinetic equation (2.24) has the form

Pl/3 Q(u
e = =1 r <p>
Here F is some function of one variable, P is the energy flux (2.42) and Q the flux of wave action
(2.41). The meaning of this solution is that there is a source of energy of intensity P at w =0
and a source of wave action of intensity —Q at w — oo. The fluxes P and O flow in opposite

directions (P > 0 and Q < 0). If the intensity of one of the sources is zero, one gets one of the two
nonequilibrium KZ solutions.
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In a real situation, the existence of a stationary distribution requires the presence of damping
regions both at large and small w, even if there is only one source. In the presence of damping and
linear instability, Eq. (2.9) can be written in the form

0 O0H . .
— = — 1D(k , 2.51
1 o0t + 1Dk )i (2.51)
where D(k) is the damping (D(k) < 0) or the growth rate of instability (D(k) > 0).

Recall that the wave action N is equal to [ [iJx|* dk. From (2.51), one obtains the exact equation

for the wave action balance

dn .
0= =2 [ DU dk 2.52)
After averaging, one has
) =4 <2 [ ptom ak (2.53)

The total mean flux of wave action (Q) is a linear functional of n; at any level of nonlinearity.
For the total flux of energy, one has the exact identity
dH A A
b =2 [ oD@l dk+ 5 [ D00)+ Dlke) + Dk + D)

XT123klﬁllﬁzlﬁ;:lﬁ;:5(kl + kz — k3 — k) dk] dk2 dk3 dk . (254)

After averaging, one has

A
diil;U:Z/O)(k)D(k)ﬂkdk+2/[D(k1)+D(k2)_|-D(k3)+D(k)]

X T3k ReJ1o3e0(ky + ky — ks — k)dky dky dks dk . (2.55)

The right-hand side of Eq. (2.55) can be found if the nonlinearity is weak. In this case, the assump-
tion of Gaussian statistics leads to (recall Eq. (2.21))

ReJiosr = mmy[0(k) — k3) + o(ky — k)] . (2.56)
Simple calculations yield

d<dl;[> = 2/&)(1{)D(k)nk dk (2.57)
where

o(k)=wk) + 21/ Tyn(ky)dk

is the renormalized frequency (see Table 1 for the definition of Ti;).
In the case =0, T} =1 and

d
<dHt> =2 / w(k)D(k)n dk + 2N (Q) . (2.58)

In a strongly nonlinear situation, the estimate of the total flux of energy is more complicated. We
will show that in the case of wave collapse, the coherent structure can dissipate and carry wave
action to the large wave number region without carrying any energy.
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‘ w™ Wo wt ‘ w™ Wwo wt

I N

Fig. 2. A system with one source at wo and two sinks at w® of wave action and energy; the directions of the fluxes are
indicated by the arrows.

In the stationary state, wave action and total energy are conserved as waves interact with each
other: (Q) = 0,d(H)/dt = 0. Going back to the case of weak nonlinearity, we write the balance
equations as

/ D(k)ny dk =0, / w(k)D(k ) dk =0 . (2.59)

In this particular case, the renormalization of the frequency does not influence the balance equations.
The total flux of energy can be replaced by the flux of quadratic energy P.
Let us consider the situation shown in Fig. 2. The balance equations (2.59) can be rewritten as

Q=0"+0Q0", Py=P" +P, (2.60)
where Q) and Py are the input of wave action and energy in the area of instability @ ~ @y, O and
P* are the sinks of wave action and energy in the high frequency region w ~ w*, O~ and P~ are
the sinks in the low-frequency region w ~ w™.

Roughly speaking,

Py~ wyQy, P'=ow'0f, P =~w Q0 , (2.61)
so that
0 =0"+0", wQy~w'0 +w 0 . (2.62)
Hence
+ - + + -
gzz‘i_‘;{) JIZQZH‘ (2.63)

For ™ ~ wy<w™, one has
0" wy—w PT _wy—a
o-" ot P o
In other words, if wy<w™’, most of the wave action is absorbed at low frequencies. The amounts
of energy absorbed in both ranges have the same order of magnitude. If, in addition, w™ < my,
P™>P~ and most of the energy is absorbed at high frequencies. These two cases of equilibrium
are summarized in Fig. 3.
These conclusions are valid only under the hypothesis of approximate Gaussianity of wave turbu-
lence.

(2.64)

3. What is the difference between a soliton and a quasisoliton?

Section 2 provided an overview of the theory of weak turbulence. As said in the introduction,
wave turbulence is often influenced by coherent structures. In this section, we introduce two types of
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—_—

Q,p~ Pt

Case l. w rwy<kwh, QT Q™ , Pt~ P,

—_—

QP
Case 2. w” K wo < wh, QT <« Q~, Pt > P~.
Fig. 3. Two special cases of equilibrium. The directions of the fluxes are indicated by the arrows.

coherent structures: solitons* and quasisolitons [97]. Formally, solitons and quasisolitons are defined
as solutions to Eq. (2.5) of the form

() =@y (3.1)
Here Q2 and V' are constants. In the physical space
lp(xat) = eiQti(x - Vt) » (32)

where &(-) is the inverse Fourier transform of qSk and V' is the soliton or quasisoliton velocity. Thus
the amplitude |y(x, )| =|&(x — Vt)| propagates without change of form. The quantity ¢ satisfies the
integral equation

- ) N

r=— O— K + o) / Tioskpr1p2p30(ky +ky — ks — k) dky dky dks (3-3)
Let us introduce the functionals

1) = [ Tasdidadiotn + ko — ks ) dh die (3.4)
and

F=—-Q+kVl —w(k)=—-Q+kV — |k|* . (3.5)
The quantity (,zAﬁk now takes the form

A T(k)

b = -+ (3.6)

*In the literature, the word ‘soliton’ is sometimes used to describe solitary waves with special properties, such as pre-
serving their shapes when they collide with each other. In this review, the word ‘soliton’ is regarded as being synonymous
with solitary wave.
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Fig. 4. Four examples of typical ‘solitonic’ situations. (a) The dispersion relation is @ = |k|*, with o > 1. The constant
Q is positive and the functional F is negative for all £ € R. The case o =2 corresponds to the dispersion relation for
the NLS equation. (b) The dispersion relation is w® = glk| + o|k|’, with g the acceleration due to gravity and ¢ the
coefficient of surface tension. The constant €2 is positive but small. This case corresponds to steady envelope solitons for
capillary-gravity waves. (c) The dispersion relation is w?® = gk tanh kk. This is the dispersion relation for gravity waves on
the surface of a fluid layer of finite depth 4. This case corresponds to solitons for gravity waves in shallow water. Their
speed V is greater than /gh. The constant Q is equal to zero. (d) The dispersion relation is w® = (gk + ok*)tanh kh,
with ¢ > gh*/3. This case corresponds to capillary-gravity waves on very shallow water. The soliton speed ¥ is less than
v/gh. The constant Q is equal to zero.

The key feature in the expression for dA)k is the presence of the denominator Q — kV + w(k). If
this denominator has no zeros on the axis k£ € R, then solitons may exist. They may also exist if
T(0) =0 and the denominator has only one zero at k =0. In this case, 2 =0 and solitons may exist
if zeros of the numerator and the denominator in (3.6) cancel each other. The ‘classical’ soliton
in the Korteweg-de Vries equation belongs to this case. The solitons in the MMT model will be
discussed in Section 4. Four typical ‘solitonic’ situations are shown in Fig. 4. The quantity qAbk is
sharply localized near the wave number k,,. The case shown in Fig. 4(b) has been widely studied in
recent years. It occurs when the phase velocity w(k)/k exhibits a local minimum at a nonzero wave
number, which results in a gap in the spectrum (k). Depending on the community, this case is called
differently: capillary-gravity waves with damped oscillations in the water wave community (see for
example [84,24]), ice waves with decaying oscillations in the ice community (see for example [69]),
Cherenkov radiation in the theoretical physics community (see for example [97]). The existence
of a minimum phase velocity is analogous to the existence of the Landau critical velocity for the
phonon-roton energy spectrum in a superfluid helium (see for example [73]).
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w(k)

.7 w=ke o<1l

Fig. 5. Example of a typical situation where ‘true’ solitons cannot exist. The dispersion relation is @ = |k|*, with o < 1.

The next figure, Fig. 5, demonstrates a typical case where ‘true’ solitons cannot exist for any type
of nonlinearity. In this case F=—Q+kV — |k|* always has at least one zero. Suppose that F(k) has
one zero at k = ky. There are no localized solitons in this case. However one can hope to be able
to construct a nonlocal solution to Eq. (3.3), consisting of the localized soliton and of one or two
oscillating tails. In this case, one can talk about ‘quasisolitons’. This special case will be discussed
in detail in Section 5.

Let us consider the situation presented in Fig. 6(a). In this case, a ‘true’ soliton is impossible.
Nevertheless, Eq. (3.3) has a solution consisting of the localized soliton, propagating in the right
direction, and of an oscillating tail €e'** (with € < 1) propagating with group velocity ’(ky) towards
the left. If the straight line —Q+ kV = w is almost tangent to the dispersion curve w(k), the solution
is the well-known ‘envelope soliton’ on the surface of a deep water layer. Another possibility is
illustrated in Fig. 6(b). This is the dispersion relation for gravity-capillary waves in deep water.
It was shown in Fig. 4 that true solitons are possible in this case. However quasisolitons are also
possible. They have two oscillating tails, one going to the left with wave number k;, the other one
going to the right with wave number £,. If the amplitudes of the tails are small, quasisolitons can be
treated as ‘slowly decaying’ real solitons which lose their energy by radiation in order to form the
tail. Finally, we mention that the ‘classical’ soliton of gravity waves on the surface of shallow water
turns into a quasisoliton in the presence of moderate surface tension. This situation is illustrated
in Fig. 6(c). It has been widely studied in recent years. It results from the interaction between a
solitary wave and a periodic mode that have the same phase velocity (see for example [62]).

In a conservative medium, quasisolitons exist for a finite time only, due to radiation. In reality, this
time can be much greater than the lifetime resulting from linear damping, and the difference between
a soliton and a quasisoliton is minor. A review on weakly nonlocal solitons with an extensive list of
references can be found in the book by Boyd [13] and in [25]. In all cases, the adjective “weakly”
means that the wave is very much like a classical soliton in that the amplitude of the “far field”
oscillations is very small in comparison to the maximum amplitude of the soliton. Boyd’s definitions
are as follows. A classical solitary wave is a steadily-translating, finite amplitude disturbance of
permanent shape and form which is spatially localized. A weakly nonlocal solitary wave is a coherent
structure which approximately satisfies the classical definition of a solitary wave. The adjective
“nonlocal” means that the wave asymptotes to a small amplitude oscillation as |x — V#| increases
(rather than asymptotes to zero). Depending on the size of the asymptotic oscillations (exponentially
small or algebraically small), such weakly nonlocal solitary waves are sometimes called nanopterons
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Fig. 6. Occurrence of quasisolitons. In the three examples, the straight line always crosses the curve w = w(k). Therefore
the denominator Q—kV +w(k) in Eq. (3.3) has one or several zeros. (a) The dispersion relation is w=|k|*, with o < 1 (for
example o= %) The constant © is negative and the velocity ¥ is positive. (b) The dispersion relation is w® =g|k|+ o|k|*.
Again the constant Q is negative and the velocity V' is positive. This example corresponds to capillary-gravity waves, with g
the acceleration due to gravity and ¢ the coefficient of surface tension. (c) The dispersion relation is w? =(gk+ k> )tanh kh,
with ¢ < gh*/3. The constant Q is equal to zero. This case corresponds to capillary-gravity waves on the surface of a
fluid layer of finite depth 4 with moderate surface tension.

or micropterons. His definition of a radiatively decaying soliton is what we call a quasisoliton. It
is a nonlinear solution which satisfies all the requirements of a classical soliton including spatial
localization except that the structure decays very slowly with time through the radiation of energy
to large |x|.

4. Solitons and collapses in the focusing MMT model

It was shown in [96] that ‘true’ solitons can only exist in the focusing MMT model (A = —1).
The structure of solitons depends critically on «. As said in Section 3, for oo > 1, solitons exist for
any value of the velocity V. However, for « < 1, solitons can only have zero velocity. They are
solutions to Eq. (2.5) of the form

Ui(t) = ey, (4.1)

where 2 is a positive constant. In the physical space,

P(x,1) = e Ué(x) | (4.2)
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where £(x) is the inverse Fourier transform of q?)k. The amplitude g?)k satisfies the integral equation
(Q + [k[*) i = / kykaksk |41 ot 0k + ky — ks — k) dky dky des (4.3)
The free parameter Q can be eliminated by the scaling

Q= QPP (K), K=" Pk (4.4)

where y(K) satisfies the equation

(1 + [K[")u(K) = / K\ KKK | 1075 0(K) + Ky — K3 — K) K dK, dKG (4.5)
The total wave action in the soliton is

N = / \pe|? dke = QPr+1=Vap, (4.6)
where

No = / l7|* dK. (4.7)

The stability question can be answered by computing 0N/0Q. As is well-known (see for example
[83] or [56]), a soliton is stable if 0N/ > 0. In our case,

ON p—a+1\N

- _ el [ 4.8
0Q < o > Q (4.8)
The soliton is stable if f < a — 1, otherwise the soliton is unstable. For o =

soliton instability reads

p>—1. (4.9)

%, the condition of

This condition is satisfied in all the cases considered in this review paper.

The soliton instability is an indication that the typical coherent structure in the case of negative
nonlinearity is a collapsing singularity. Typically, the formation of such singularities is described
by self-similar solutions to the initial equations. Eq. (2.5) has the following family of self-similar

solutions:
R . _ 2
Yi(t) = (to — P 1(K), K =k(ty— )", £ 20hL -,
o

where ¢ is an unknown real constant. The constant ¢ is in fact an eigenvalue of the following
nonlinear boundary value problem for y(K):

(4.10)

. . 1
i(p+ie)y+ &KX, + [K|*x

a / K\ Ko KK Py 0y 0Ky + Ky — Ky — K)dK dK, dK3 =0 (4.11)

The boundary conditions will be given below.
Solution (4.10) should stay finite when ¢ — #y. This requirement imposes the following asymptotic
behavior on y(K):

|7(K)| — const. x K~ #*2=1 g 40 . (4.12)
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At time t = £y, solution (4.10) turns to the power-like function
p—a+2
—

In reality, the self-similar solution is realized in physical space in a finite domain of order L. Hence
solution (4.13) should be cut off at £ =~ 1/L. In Fourier space, solution (4.13) represents the formation
of a powerlike “tail” (4.13). The wave action concentrated in this tail must be finite. Therefore the
integral

/OO |2 dk (4.14)
0

should converge as k — oco. It leads to the condition on parameters

Y| — const. x k™", v=oap= (4.13)

p>a—1, (4.15)
which coincides with the condition for soliton instability.
Plugging (4.10) into the Hamiltonian in Fourier space (2.8) gives
b 1 T T Tk
H:/a)(k)lpk|2 dk — 3 / Ty o(ky + ko — ks — k)dky dky dks dk

=(to — 1)/ *""Hy | (4.16)

where
o 1 * ok
HOZ/K 7> dK — 2/|K1K2K3K|ﬂ/4xl;gz;{3x 0K + K> — K3 — K)dK; dK, dK;3 dK .

Ifo—1<pf <20—1, then H— oo as t — f, unless
Hy=0. (4.17)

Identity (4.17) holds on the whole interval o — 1 < f§ < 2a — 1. Solutions of Eq. (4.11) must be
continuous in . The same holds for H. Hence Hy, must be equal to zero at the ends of the interval,
in particular when ff =20 — 1. Condition (4.17) imposes implicitly a constraint on the constant e.
In fact, it can be realized only at one specific value of ¢, which is an eigenvalue of the boundary
problem (4.11) with the boundary conditions

|7(K)| — const. x K~#*271 'k 50 and |y(K) — 0, |K| = oo .

Note that there is a typo in the limit as |K| — oo in [96]. In the case f > 20— 1, H — 0 as t — 1.
There is no limitation on the value of Hy. If v <1 in Eq. (4.13), i.e. « — 1 < ff < a, a collapse is
the formation of an integrable singularity in physical space. If v > 1, i.e. > o, the singularity is
the formation of a discontinuity of the function y/(x) or its derivatives.

The formation of singularities leads to the formation in Fourier space of a powerlike spectrum

me = (l?) =~ k|72 = k| A2 (4.18)

Estimate (4.18) can be obtained from simple considerations. Assuming that in the Hamiltonian H
(4.16) the quadratic term (linear part) and the quartic term (nonlinear part) are of the same order
of magnitude leads precisely to estimate (4.18)! At large wave numbers (or large frequencies), the
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spectrum (4.18) decays faster than the Kolmogorov spectrum. The case o« = %, f =0 is marginal
(f =20 —1). In this case one obtains

k=073, (4.19)

while the KZ spectrum gives n; =~ |k|~'. The quadratic energy

E:/e(k,t)dkz/ldw
w

diverges logarithmically as &» — oo. There is no contradiction since the total energy in any collapsing
structure is zero.

By analogy with deep water gravity waves, let us study the case o = %, p =3 in more detail.
Spectrum (4.18)
m~ kP =0 (4.20)

can be called Phillips spectrum by analogy to the well-known “w—> spectrum” for deep water waves
[72]. The KZ spectrum is n; ~ |k|~>. For both of these spectra, the quadratic part of the total energy
converges as @ — o0.

The shape of the free surface is given by Eq. (B.3), that is>

’k|1/4
i = 2

Since ([Y|)? ~ |k|=2, we have (|n|)? ~ |k|~*, which implies discontinuity of the first spatial
derivative in agreement with Phillips initial assumption. The spectral density of the free-surface
elevation e(k,t) = w(k)n(k,t) behaves like (|n;|*), so that one has e(k) ~ |k|=*. This result holds
in the one-dimensional case as well as in the two-dimensional case. Note that the Phillips spectrum
E(w) ~ @™° is realized only in the two-dimensional case. In the one-dimensional case,

W+ (4.21)

dk
E(w)do = e(k)@ dw

and E(w) ~ w~’. This is the limiting spectrum of one-dimensional swell. At the same time, the WT
KZ spectrum E(w) behaves like »~* in any dimension, and {|n;|)? =~ |k|~2.

In this section, we have shown that the formation of singularities in the focusing case leads to
spectra steeper that KZ spectra. In the next section, we describe the influence of coherent structures
in the defocusing case.

5. Quasisolitons in the defocusing MMT model

It was shown in [96] that quasisolitons are important structures in the defocusing MMT model
(A =1). For quasisolitons the denominator in (3.3) is allowed to have a zero at k = ky and ¢y is
assumed to be a function which is sharply localized near the wave number k =k;,,. Let the width of
¢ near k =k, be q.

5 See comment in the footnote just before Eq. (2.13).
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E 1/F

Fig. 7. Qualitative behavior of the function F and of its inverse 1/F. The expression of F is given by Eq. (5.5).

Recalling expression (3.4) for T(k), we might expect that
T(ko) ~ e~ Vb1 (K, (5.1)

where C is a constant. In other words, qASk has a pole at k=k, but the residue at this pole is exponen-
tially small. It means that solution (3.2) is not exactly localized and goes to a very small-amplitude
monochromatic wave with wave number k£ = ky; as x — —oo.

In reality, quasisolitons are localized. They radiate quasimonochromatic waves with wave number
ko in the backward direction. If ¢/k,, <1, this radiation is a very slow process. The velocity of the
quasisoliton ¥V is obtained from the equation

oF

— =0. 5.2

Ok |, (5-2)
This implies

V=ok !, (5.3)

For quasisolitons which are narrow in Fourier space, {2 can be present in the form

2
Q=(a— Dk <1+;a<kq>) , (5.4)

with g/k, <1. Then
F =k — [k|" + akp " (k — k) + 3 (1 — o)k g7 . (5.5)

Note that if o < 1, F has a zero at k = ky < 0 for any k,. Hence, 1/F always has a pole on the
negative real axis, and soliton (3.3) cannot be a real soliton. But if ¢ <k, 1/F has a sharp maximum
at k = k,,. The qualitative behavior of the function F and of its inverse 1/F are shown in Fig. 7.
Introducing « = |k — k|, one has approximately

Fr Lol — o)k (K +q%) , (5.6)
and one gets for the width of the maximum of 1/F

KRq . (5.7)
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If k< |ko|, one can construct a quasisoliton which is supported in Fourier space near k,. In the
general case, |ko| ~ k. If « = % and ¢ =0, one can easily find

ko=—(V2 = 1Yk, . (5.8)

The quasisoliton moves to the right direction with the velocity V' (k,) and radiates backward mono-
chromatic waves of wave number ky. The shape of the quasisoliton can be found explicitly in the
limit ¢ — 0. Now k <k, and one has approximately

T(k) ~ kf / D1haid(rcy + 163 — K3 — K) dicy dicy dics (5.9)
Taking into account Eq. (5.6), one can rewrite Eq. (3.3) as

% (1 — )y 2% + ¢ )i = k) / b1h2p30(1 + 12 — K3 — 1) dicy diy drcs (5.10)
Using the inverse Fourier transform, one can transform (5.10) into the stationary NLS equation

Sl — ks <—aax¢ +%0) =kLIoP (s.11)

which has the soliton solution

(1l —a) q
o(x) = 1/ kff“” coshgx (5.12)

It gives the following approximate quasisoliton solution to Eq. (2.1) with A =1:

W 1) = §(x — V)il

Q=—(1— ks — Lol — )k g,

V=ak . (5.13)

Quasisoliton (5.13) is an “envelope soliton”. In [96], it was shown that it can be obtained directly
from Eq. (2.1), by looking for a solution of the form

W(x, 1) = Ulx,)e (1l glnb=V) (5.14)
and using a Taylor expansion. At leading order, U satisfies the nonstationary NLS equation
ouU ouU 1 0*U
i|—+V—)=coa(l—a)k*?— +kP|UPU 5.15
1<at + ax> 2“( O() m axz + m| | > ( )
which has soliton solutions of the form
Ux,t) = ¢(x — Vt)exp(—3 io(1 — o)k, 2q°t) (5.16)

To find the shape of the quasisoliton more accurately, one should keep more terms in the Taylor
expansion. The expansion runs in powers of the parameter ¢/k,. Note that one cannot find the
lifetime of the quasisoliton. The lifetime grows as el®!/4 and its calculation goes beyond a perturbation
expansion.
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As a matter of fact, the parameter g/k,, is crucial for quasisolitons. The smaller it is, the closer
the quasisoliton is to a “real soliton”. The amplitude of a quasisoliton is proportional to g/k,,.
Quasisolitons of small amplitude satisfy the integrable NLS equation and are stable. It is not obvious
for quasisolitons of finite amplitude. One can guess that at least in the case f > 0, when collapse
is not forbidden, there is a critical value of the amplitude of a quasisoliton. Above that value it
is unstable and generates a singularity at a finite time. Our numerical experiments confirm this
conjecture for ff =3.

Quasisolitons move with different velocities and collide. If the amplitudes of the quasisolitons are
small and their velocities are close, they obey the NLS equation and their interaction is elastic. One
can guess that the same holds for small-amplitude quasisolitons even if their velocities are quite
different. This is not obvious for quasisolitons of moderate amplitude. One can conjecture that their
interaction is inelastic: they merge and form a quasisoliton of larger amplitude.

6. Brief description of the numerical tools

The direct method employed to perform numerical computations on the model is similar to the
method used in [61]. With the aim of observing direct and inverse cascades, the complete equation
to be integrated reads

i% _ w(k)x@kH/lezktﬁlxﬁzlﬁ;‘é(kl Yk —hy — k)dky dky dhy + i[F(k) + DU . (6.1)
Typical expressions for the forcing term F' and the damping term D are
Fk)y=" f;0(k —k) and D(k)=—v_ k|7 —v" [k .
J

The forcing term F(k) denotes an instability localized in a narrow spectral band. The damping part
D(k) contains a wave action sink at large scales and an energy sink at small scales. The presence
of these two sinks is necessary to reach a stationary regime if two different fluxes are assumed
to flow in opposite k-directions from the stirred zone. In our experiments, we set d~ = 8 and
d™ =16 unless other values are specified. The purpose of using high-order viscosity (also referred
to as hyperviscosity), which separates sharply the inertial and dissipative ranges, is to minimize the
effects of dissipation at intermediate scales of the simulated spectrum. In connection with Section 2,
we introduce the dissipation rates of wave action and quadratic energy for small wave numbers

0 =2 / VIR el dk (62)
k<ke

Pr=2 [ el dk (6.3)
k<kp

and for large wave numbers

0" =2 [ k" Il d (6.4)
k>k{
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P+:2/ VI k)| dk (6.5)
k> k¢

where k¢ is the characteristic wave number of forcing.
A pseudospectral code solves Eq. (6.1) in a periodic interval of Fourier modes. We define the
discrete direct Fourier transform (FT) as
Na—1

. ~ 1 ik
k) = 0 = FTO)) = 5 > e (6.6)
j=0
and the discrete inverse Fourier transform (FT~!) as
Na/2
V)= =FT ') = > e, (6.7)
n=— d/2+l

where N, is the number of grid points, k, =2nn/L is the nth wave number, x; =jL/N; is the location
of the jth grid point and L is the size of the computational domain 0 < x < L. We usually choose
L =2m so that the k,’s are integers and the spacing in Fourier space is Ak = 1.
In our experiments, quantities defined as integrals along the spectral interval are computed in their
discrete forms without any renormalisation. For instance, we use for wave action the formula
Na/2
N= > [l (6.8)
n=—Ny/2+1
and for the quadratic part of energy
NaJ2
E= Y o)l . (6.9)
n=—Ny/2+1
The linear frequency term is treated exactly by an integrating factor technique, thus removing it
from the timestepping procedure. As emphasized by MMT, the natural stiffness of the problem as
well as possible numerical instabilities are thus avoided. Consequently, we do not need to shorten
the inertial interval by downshifting the cutoff of ultraviolet absorption (as in [75]). The nonlinear
term is calculated through the Fast Fourier Transform by first transforming to real space where
a multiplication is computed and then transforming back to spectral space. For the multiplication
operation, twice the effective number of grid points are required in order to avoid aliasing errors.
A fourth-order Runge—Kutta scheme integrates the conservative model in time, giving a solution to
which the diagonal factor exp([F(k) + D(k)]At) is applied at each time step Az. For our purpose,
it is not necessary to use symplectic integrators (see for example [5] for cases when symplectic
integrators must be used).

A series of numerical simulations of Eq. (6.1) with resolution up to N; =2048 de-aliased modes
has been performed. It is important to check carefully the level of nonlinearity. It was shown for ex-
ample in [21,74] that for a very weak nonlinearity the modes which can take part in the resonances,
the active modes, are very sparse. There is therefore a critical level of nonlinearity below which
an energy cascade may not be possible. The effects of discretization of the spectrum on the evolu-
tion of weak turbulence of surface gravity waves were investigated by direct numerical simulations
in [81].
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7. Numerical experiments on weak turbulence and collapses (focusing MMT model)

In this section, numerical computations based on the focusing model (4 = —1) with f =0 are
presented. Originally, this case was chosen in order to test the direct cascade of weak turbulence.
Forcing is located at large scales and the inertial interval is defined by the right transparency window
ke <|k| <kq (Where k¢ and kq are the characteristic wave numbers of forcing and ultraviolet damping,
respectively). The forcing and damping used in Eq. (6.1) are

02 if 6< k| <9
F(k) =

. and D(k) = —196.61]k|"% —2.16 x 10~*7|k|'¢ .
0 otherwise

As displayed in Table 2, the theoretical spectrum which can be realized in this window is
me~ k|7 (7.1)

Typically, initial conditions are given by random noise in the spectral space. Simulations are run until
a quasi-steady regime is established. By quasi-steady, we mean a regime which is characterized by
small fluctuations of the energy and the wave action around some mean value. Then time averaging
begins and continues for a length of time which significantly exceeds the characteristic time scale of
the slowest harmonic from the inertial range (free of the source and the sink). The time-step of the
integration has to provide, at least, accurate enough resolution of the fastest harmonic in the system.
It turns out that one has to use an even smaller time-step than defined by the last condition: the
presence of fast nonlinear events in the system requires the use of a time-step Az = 0.005, which
is roughly equal to 2mw,,l /40, where wpmay is the largest linear frequency in the system. Time
averaging with such a small time step leads to a computationally time-consuming procedure despite
the one-dimensionality of the problem.

The time-averaged values of the wave action N, quadratic energy £ and corresponding fluxes O,
O*, P~, P* in the stationary state are

N=1, E=9, Q =00098, Q"=0.0478, P~ =0014, P"=1430. (7.2)

One sees that Q7/O~ = 4.9 and P"/P~ = 102. Sporadic collapsing events developing on top of
the WT background have been observed. They send most of wave action to large wave numbers
without violation of energy conservation, since in each self-similar collapse structure the amount of
total energy is zero. Fig. 8 displays the evolution towards collapse at the point x = 1.006 between
t =4999.980 and 5000.205. One can conjecture that collapses are described by self-similar solutions
(see Section 4). For such solutions H = 0. It means that the collapse can carry wave action to
high frequencies, without carrying any energy! Since the Hamiltonian is the difference of quadratic
and quartic terms and both of them go to infinity, it becomes possible to explain the apparent
contradictions of the dissipation rates.

The hypothesis related to the prevailing role of collapses at A=—1 is corroborated by the following
facts:

e Intermittency in dissipation rates of quadratic energy and wave action for A=—1 is much higher
than for 4 =1 in the region of large wave numbers. This intermittency can be explained by
outbursts of dissipation when wave collapses occur.
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Fig. 8. Focusing MMT model (A= —1) with = %, f=0. Evolution towards collapse at x ~ 1 between ¢ =4999.980 and
5000.205. The period corresponding to the fastest frequency in the system is roughly 0.2.

e The analysis of time Fourier transforms of separate harmonics (e.g. k=200) shows the presence
of two components, as shown in Fig. 9. The peak at w ~ 13 corresponds to a linear wave with
a moderate nonlinear shift of frequency. This right peak is the “weak turbulence” component
of the wave field. Another component is roughly symmetrical with respect to the reflection
o — —m, with maximum at w = 0. This is certainly a strongly nonlinear component which
could be associated with wave collapses.

Another experiment is performed by taking the isolated initial condition
Y(x,0) = e 2T GeER. (7.3)

Fig. 10 shows the early stages of the conservative evolution of the system. A sufficiently large initial
condition collapses into a sharp spike. This experiment could serve as an evidence of the finite-time
singularity formation for the case A= —1.

Fig. 11 provides a plot of the Kolmogorov spectrum calculated by putting P = P™ = 1.430 and
a=10.376 in Eq. (2.48). The spectrum provides a higher level of turbulence than the observed one.

The high-frequency asymptotics is fairly close to the one predicted by WT theory. One can explain
this fact as follows. In this case, the turbulence is the coexistence of collapsing events and weak
turbulence. Collapses carry most of wave action to high frequencies. But their contribution to the
high-frequency part of the spectrum is weak, because they produce Phillips-type spectra that decay
very fast as |k| — oo. Recall that this spectrum is given by Eq. (4.19) and is equal to n; = |k|~>/>.
Hence as |k| — oo, only the WT component survives. Even P ~ 1072P* is enough to provide an
observable tail in the WT Kolmogorov spectrum. Cai et al. [20], who performed similar numerical
experiments both in the case of free waves and the case of driven-damped waves, claim that they
observed the Phillips-type spectrum for free waves evolving from smooth initial data (see their

1

Fig. 15 showing a collapsing wave front in Fourier space, with « = 5 and = 0).
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Fig. 9. Focusing MMT model (4= —1) with o = %, f = 0. Square amplitude of the time Fourier transform for the mode

k =200 vs. frequency (the time resolution is 0.015). There are two peaks: one at w ~ 13 (linear wave with moderate
nonlinear frequency shift) and one at @ ~ 0 (strong nonlinear component associated with wave collapses).
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Fig. 10. Focusing MMT model (1= —1) with o = %, f =0. Evolution towards a collapsing peak of the isolated solution

(7.3) for the initial amplitude Yo =2 and ¢ = 0.5: dotted line # = 0, dashed line # = 0.55, solid line 7 = 1.1.

8. Supercritical wave turbulence and self-organized criticality in the focusing MMT model

In this section, we continue to discuss one-dimensional wave turbulence in the framework of the
focusing (A = —1) MMT model (2.1), in the case /2 > o, that is f > 1 if « = % The reason for
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Fig. 11. Focusing MMT model (A= —1) with o= %, f =0. Computed spectrum and weak-turbulence spectrum vs. wave
number. The weak-turbulence spectrum (straight line) is given by n(k) = aP'|k|™", with aP'? ~ 0.42 (see Eq. (2.48)).

choosing f3/2 > o will be explained below: a short-wave instability develops. The equation

. Oy A .

1 % = w(k)l//k — / T123kl//1l//2l//35(k1 + kz — k3 — k)dk] dkz dk3 (81)
has an exact solution describing nonlinear monochromatic waves with wave number ky > 0 and
linear frequency wy = w(ko):

V(1) = AS(k — ko)e (o= ToldP) (8.2)
where Tj is defined in Table 1. One can study the stability of this solution, assuming that the
perturbation Sy, of Y satisfies the linearized equation
00

ot

i

=I5V — R | A0,y - (8.3)
Here

2k = g — wy + (T — 2Tio)|A[?

and Ry, was defined in Table 1. Assuming that (31&;{ and 51/;§k0_k are proportional to ¢!, one finds
after simple calculations:

A= Y0tk = 2) %\ S0k + g 1P — R AL (8.4)
Note that

A + /lzkofk = W + Woky—k — 2mw0 + Z(T() — Two — TZkofk,ko)|A|2 . (85)

Let us consider modulational instabilities. Let £ — ky and denote k& — ko by k. In this limit
Ak + ﬂ2ko—k ~ a)g(5k)2 — 2T0‘A|2

or

V3G dai i P — R AL e\~ Too Sk PIAP +  og(0k)* . (8.6)
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Formula (8.6) describes modulational instability if «” > 0. In our case, ®” < 0 and modulational
instability does not occur. However, it does not mean that the nonlinear monochromatic wave is
always stable. Instability occurs in a neighborhood of the point where

lk + AZkg—k =0.
In the present report,
o = |k|*,  Tisr= ’k1k2k3k\ﬂ/4 .
Assuming k > kj, one can write
Dk + Dogy k= 2k* — 4kPREPP 47 (8.7)

If /2 > o, Ak + Zox,—r always has a zero at

1/(B/2—0)
k = kunstable = <2kg/2’,ﬂ2> . (8.8)

If |[A]> — 0, kunstable — 00. Apparently perturbations with wave number close to kypsple are unstable
and grow exponentially.

To understand the nature of this instability one should mention that in the presence of a monochro-
matic wave of amplitude A4, the dispersion relation for waves of small amplitude is modified as
follows:

wp — O = g — 2TyolA)? = k* — 2kPPK)? 4 (8.9)

For f3/2 > o, &; changes sign and becomes negative at large wave numbers. This short-wave insta-
bility corresponds in fact to the excitation of waves of negative energy. Usually, instabilities of this
type are not suppressed by nonlinear terms. Moreover, the nonlinear terms could enhance instability,
leading to singularity formation. This explosive singularity can take place over an interval of finite
length rather than at one spatial point. We will call such a singularity a ‘broad collapse’.

It would be interesting to prove the existence of the broad collapse analytically. In this paper we
describe numerical results showing this phenomenon. We take f=3. Eq. (6.1) was solved numerically
in the domain [0, 2] in real space using fast Fourier transforms algorithms for the spatial integration
and a split-step technique for the integration in time. The spatial resolution was 2048 modes and the
time step was .} /50, where wmay is the largest linear frequency in the system. The parameters of
the forcing and damping terms in Eq. (6.1) were chosen as follows:

0.1 if 30 < |k| <42, —0.01(4— k)2 if |k| <4,
F(k)=

) and D(k) =
0  otherwise —0.001(|k| — 824)* if |k| > 824 .

The numerical integration of the equation started from low-level random noise initial conditions. It
was found that the system of waves did not reach a stationary state, but exhibited a complicated
quasiperiodic behavior. The total wave action N(¢) shows strong nonlinear relaxation oscillations.
Its maximum and minimum differ by one order of magnitude, as shown in Fig. 12(a). The level of
nonlinearity and the rate of energy damping are both quasiperiodic functions of time, consisting of a
sequence of sporadic outbursts that occur roughly when N(#) reaches its maximum (see Figs. 12(b)
and (c)). Fig. 13 presents plots of [y/|> as a function of x at successive times close to the occurrence
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Fig. 12. Focusing MMT model (A= —1) with o = %, p =3. (a) Total wave action vs. time. (b) Level of nonlinearity vs.
time. (c) Rate of energy damping vs. time. The time unit is roughly five times the period of the fastest harmonic.

of the first maximum of N(7). Before the maximum the wave field consists of modes concentrated in
the interval of unstable modes 30 < |k| < 40. This estimate is obtained by looking at the wavelength
of the oscillations in Fig. 13(a) for example. Wave amplitudes grow almost exponentially, as shown
in Fig. 14. When the total wave action reaches a certain critical level (approximately 2 or 3 x107%),
the short wave instability explodes (see Fig. 13(e)).